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PEEFACE TO THE FIEST EDITION 


In the follow’ing work I have m\ estigated the more 
elementary pioperties of the Ellipse, Parabola, and Hy- 
perbola, defined with leference to a focus and directrix, 
before consideiing the General Equation of the Second 
Degree I believe that this arrangement is the best for 
beginners 

The examples in the bodj' of each chapter aie for the 
most part very easy applications of the book-woik, and 
have been caiefully selected and arranged to illustrate 
the principles of the subject The examples at the end of 
each chapter are more diflScult, and include very many of 
those which have been set in the recent University and 
College examinations, and in the examinations for Open 
Scholarships, in Cambridge 

The answeis to the examples, together with occasional 
hints and solutions, are given in an appendix I have 
also, m the body of the work, given complete solutions 
of some illustrative exaniples, which I hope will be found 
especially useful 
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PREFACE 


Although I have endeavouiod to present the ele- 
mentary parts of the subject in as simple a mannoi as 
possible foi the benefit of beginneis, I have tiled to make 
the woik in some degiee complete , and have therefoie 
included a chaptei on Tiilincai Co-oidinates, and shoit 
accounts of the methods of Recipiocation and Conical Pio- 
jcction For fuller infoimation on these lattei subjects 
the student should consult the works of Di Salmon, 
Dr Feiiers, and Di C Taylor, to all of whom it will be 
seen that I am largely indebted 

I am indebted to several of my fi lends foi their kind- 
ness m looking ovei the pi oof sheets, for help in tlie 
venfication of the examples, and ior valuable suggestions , 
and it is hoped that few mistakes have escaped detection 

CHARLES SMITH 

SniNE\ SUShJX OOLliEOD, 

Ajml, 1882 


PREFACE TO THE SECOND EDITION. 

The second edition has been carefully levised, and some 
additions have been made, paiticulaily m the last 
Chaptei 


Sinsr\ Sussix CoiLFor 
July, 1883 
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CHAPTER I 


CO-OKDINATLS 

1 If in a plane (.i\o fixed straight lines XOX', YOY' 
be t*iken, and thioiigh any point P in the plane the two 
straight lines PM, PL be <liawn jmiallel to XOX', YOY' 
respcctueR , tho position of the point P can be found 



ivhen the lengths of the lines PM, PL aic given For we 
have only to take OL, OM equal lespcctively to the 
b^wu lines PM, PL and complete the paiallelogiam 

The lengths MP and LP, oi OL and OM, which thus 
define the position of the point P with lefcience to the 

SCR 1 
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lines ox, OY aie called the co-mdinates of the point P 
ivitli leference to the axes OX, OY The point of intei- 
section of the axes is called the oixgvn. When the angle 
between the axes is a right angle the axes aie said to be 
1 ectangulav , when the angle between the axes is not a 
light angle the axes are said to be oblique 

OL IS generally called the abscissa, and LP the oj- 
dinate of the point P 

The co-ordinate which is measured along the axis OX 
IS denoted by the letter x, and that measmed along the 
axis OY by the letter y If, in the figure, OL be a and 
OM be b , then at the point P, x = a, and y — b, and the 
point IS foi shoitnoss often called the point (a, b) 

2 Let OM" be taken equal to OM, and OL' equal to 
OL, and thiough M, IJ draw lines paiaJlel to the axes, as 
in the figure to Ait 1 Then the co-oidinatos of the three 
points Q, R, S will be equal in magnitude to those of P 
Hence it is not sufficient to know the lengths of the lines 
OL, LP, we must also know the directions m which they 
are measured 

If lines measuied in one direction be taken as positive, 
lines measured in the opposite direction must be taken as 
negative We shall consider lines measuied in the di- 
lections OX or 03^ to be positive, those theiefoie in the 
diiections OX' or OY' must be consideied negative 

We aie now able to distinguish between the co-ordi- 
nates of the pomts P, Q, B, S The co-oidinates of E are 
OL’, L'R and these aie both measured in the negative 
direction, so that, if the co-ordinatos of Pbe a, b, those of 
B will be — a, —6 The co-oidinates of S ivill bo n, — b, 
and those of Q wdl be — a, & 

3 It must be carefully noticed that whcthei a line is 
positive or negative depends on the dit ection in which it is 
measured, and does not depend on the position of the 
origin , for example, in the figure to Art 1, the hue LO is, 
negative although the line OL is positive 

If any two points K, L be taken and the distances 
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OK, OL, measuied fiom a point 0 in the line KL, be a 
and h respectively, then the distance KL must be KO+ OL, 
01 — OK + OL, that is —a + b, and this aviU be the case 
ivherevei the point 0, from ■which distances are measured, 
may be 

If 0A=-3, andOE=4, then - (-3)+4=7 If 0A = 3, and 
0B=:-4:, thenAJ5=-3 + (-4}=-7 

The reader may illnstrate this by means of a figure 

4 To express the distcmce between two points in teims 
of their co-ordmates 

Let P be the point (/»', y'), and Q the point 
and let the axes be inclined at an angle ca 



Draw Pilf, QL parallel to OY, and QB parallel to OX, 
as in the figure 

Then OL = x", LQ = y", OM^x'. MP^y' 

By trigonometry 

pq^ =QJP + BP^-2. QR RPcqs QRP 
But QB = LM= OM -OL = x- x", 

BP = IIP- MB =:MP-LQ=y'- y", 
and angle QRP = angle OMP= tt — angle KOY—n-ui, 
Pq = (ai' _ dj + (/ - + 2(a?' - d') {y' - y") cos m, 

/or PQ= ± ,^{{d-dj+ {if -iff + 2(aj' - a?") {i/ - if) cos m} 
If the axes be at right angles to one another ive have 
If PQ=± -xy+ {if -iff] 


1—2 



4! 


CO-ORDINATES. 


The distance ot P fiom the origin can he obtained from 
the above by putting v" = 0 and — 0 Tlie lesiilt is 

op=± + y'" + s-cy cos w] , 

or, if the axes be rcftangulai, 

OP^±^/{7P+y'--\ 

Except in the case of straight linos jiiiallol to one 
of the axes, no convention is made •with legard to the 
direction -which is to be considered positive AVe ina}’ 
theiefore suppose eithei PQ oi QP to be positive ]f 
liowevei we have tliiee or more points P, Q, Ji in the 
■jame stiaight line, we must considei the same diicclion 
as positive thioughoiit, so that in all cases -we must ha\e 
PQ+ QR = PR 

5 To find the co-o) dmate’s of a jmnt nvlnch divide: ?« 
a given latio the stiaight line jonnng two given jmnh. 

Let the co-oidinates of P be 'i^, ?/,, and the eo-oidi- 
nates of Q bo .r„, and let R (a,, y) bo the point 
which divides PQ in tlie latio /. I 



Draw PL, ItF, QM paiallel to the axis of y, and P,S7’ 
parallel to the axis of v, as in the figuie 

Then LR- mf PS ST PR RQ I I, 

I LR-k i\W=0, 


or 
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/ lx + hx 

Similarly y = 

The most useful case is ai hen the line PQ is bisected 
the co-ordinates of the point of bisection are 

If the line weie cut externally in the latio h I we 
should have 


01 


hny 

and therefoie x= — - 


LN 
LN 
lx. 


Jo-l 


MN h I, 

m¥ k -I, 

k-l 


The above results are tiue whatever the angle between 
the co-ordinate axes may be But in most cases foimulae 
become more coraphcated when the axes are not at 
nght angles to one another TFe shall tn future cm- 
s^r the axes to be at rtght angles %n all cases except 
lohen the conti ary zs expressly stated 

Ex 1 Mark in a figure the position of the point x=l, y=2, and 
of the point x— - 3, y= - 1 , and show that the distance between them 
IS 5 

Ex 2 Find the lengths of the lines joming the following pairs 
of points (i) (1, -1) and (-1, 1), (ii) (a, - a) and {-&, 6), (ui) (3, 4) 
and ( - 1, 1) 

Ex 3 Shew that the tluee points (1, 1), ( - 1, - 1) and ( - sj$, sjd), 
aic the angular points of an eciuilateral triangle 

Ex 4 Shew that the four pomts (0, -1), (-2, 3), (6, 7) and (8, 3) 
arc the angular pomts of a rectangle 

Ex 5 Mark in a figure the positions of the pomts (0, - 1), (2, 1), 
(0, 3) and ( - 2, 1), and shew that they are at the coiners of a square 
Shew the same of the points (2, 1), (4, 3), (2, 5) and (0, 3} 

Ex 6 Shew that the four pomts {2, 1), (5, 4), (4, 7) and (1, 4) are 
the angular pomts of a parallelogram 

Ex 7 If the point (r, y) be equidistant fiom the two pomts (3, 4) 
and (1, - 2), then im11 x+3y=S 
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6 To expiess the aiea of a triangle wi teims erf the 
co-oi dinates of its angulai points 

Let the co-ordinatcs of the angular points A, JB, G be 
a-i. Vt> •'®s> lespectively 



Draw the lines AK, BL, CM parallel to the axis of y, 
as in the figure 

A ABG^KAGM- MGBL - LBAK 
Now KAGM= A AGM+ A ARM 

MG+^EM KA 

= i(®3-®i)(y8 + V») 

Similaily MGBL = iVo + 

and LBAK ®i) iVs + Vi) > 

A ABG = I {{y^ + y,) (*3 - a?j) + (y^ + y^ 

, , , +(Z'a + yi) 

01 , omitting the terms which cancel, 

h ABG - {B„y, + ^3^3 - + x^j^ - xpj^ 

*11 Vi, 1 

“ ^ ®8’ i/a> ^ 

®3> ^ 

The nbovo expression for the area of a tnangle will be found to be 
positne if the order of the angular points be such that in going round the 
triangle the area is always on the left hand Whenever on substitution 
a negative result for the area is obtained, a leverse oider of proceeding 
round the triangle has been adopted 
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7 To enpiebS the aieit, of a quadi ilatei ul in tcinis of 
the co-01 d mates of tts angidai points 

Let the angulai points A, B, G, J), taken in oitlei, he 

Ui), (.^s, y>), (•'Ka. I/a) (•'»4* I/i) 



Draw AK, BL, CM, DN paiallcl to the axis of;/, as in 
the figure 

Tlien the area ABGD 

= KABL + LBGM- MGDN- NDAK 


And, .'IS in the piecedmg Aiticle, 


KA BL = ]^ G/i + K - •» i)' 
LBGM = ^ ly„ + y^) - a,), 
MGDN=^ 

NDAK = 4 + y,) {x^ - .•»,) 


Hence ABGD = ^{{y^+ y^) (.i„ - + (y^ +y^) (.r, - x„) 

+ iVs + y*) (®4 - ^a) + iy* + Vi) (®i - ®4)1 > 
01 , omitting the terms which cancel, 

ABGD = \ {y^ic^- yps^ + y^x^ - yp:^+ y^^-y^'Ca + ^4®!“ 

The area of any polygon may he found in a similai 
manner 


Ex 1 Find tlic area of the tnanglo whoso angular points aro (2, 1), 
(4, 3) and (2, B) 

Also find tho nroa of tho tnanglo whoso angular points nro (4, -6), 
(5, - 6) and (3, 1). Ans 4, f 


s 
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E\ 2 Find tbe aiea of the quadrilateral •whose angular points are 


(1, 2), (3, 4). {5, 3) and (G. 2) / o 

Also of the quadrilateral •whose angular points aio \Z, 2), \ - i, o), 

* ^ 1 „ _ -1 1 t\e\ 

( - 3, - 3) and (1, - 2) 


Ans 20 


8 If a cuive be defined geometncally by a propci ty 
common to all point*? of it, tlieie will be some algebiaical 
relation whicb is satisfied by the co-ordmates of all jioints 
of the cun'e, and by the co-oidinates of no othei points 
This algebraical i elation is called the equation of the cui've 
Conversely all points ■whose co-ordinates satisty a given 
algebraical equation he on a cuive which is called the locus 
of that equation 

Foi example, if a straight line be diawn parallel to the 
axis OY and at a distance a from it, the abscissae of points 
on this line are all equal to the constant quantity a, and 
the abscissa of no othei point is equal to a 
Hence .t = a is the equation of the line 
Conversely the line drawn paiallel to the axis of y 
and at a distance a fiom it is the locus of the equation 


'c = a 

Again, if X, y be the co-oidinates of any point P on a 
circle whose ccntie is the oiigm 0 and whose radius is 
c^ual to c, the squaie of the distance OP will be equal to 
.«•-}' y® [Alt 4] But OP IS equal to the ladius of tbe 
ciicle Theiefore the co-ordmates x, y of any point on the 
circle satisfy the relation ar -py® = c® ' That is, in® + y® — c® 
IS the equation of the circle 

Conversely the locus of the equation a;® y® = c® is a 
ciicle whose centre is the ongin and whose radius is equal 
to c 

In Analytical Geometiy wo have to find the equation 
which IS satisfied by the co-ordinates of all the points on a 
curve which has been defined by some geometrical pro- 
perty , and we have also to find the position and dedune 
the geometiical propeities of a cun^e from the equation 
which IS satisfied by the co-oidinates of all the points on it. 

An equation is said to bo of the degree when, 
after it has been so reduced that the indices of the vari- 
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ables are the smallest possible integers, the teim or teims 
of highest dimensions is of ?» dimensions Foi example, 
the equations a%y + ft.® + c = 0, x' + xy tja + = 0, and 

\fx + = 1 aio all of the second degiee 

E\ 1 A point mo\c9 so that its distances fioin the two points, (3, 4), 
and (5, - 2) arc to one another , find the equation of its locus 

Alls a:-3y = i 

11\ 2 A point mores so that the sum of the squares of its distances 
from the two lived 2ioiuts (a, 0) and {-a, 0) is constant [2o-), find the 
equation of its locus Ans x-+y“=c--- a- 

Ev 3 A point moves so that the difference of the squares of its 
distances from the tuo fixed points (n, 0) and {-n, 0) is constant (c®), 
find the equation of its locus Ans 4aa: = i c- 

Ex 1 A point mores so that the latio of its distances from trro 
fixed iioinls is constant , find the equation of its locus 

E\. 5 A point mores so that its distance from the axis of r is half 
its distance from the ongiii , find the equation of its locus 

Ans By^~a?=0 

E\ 6 A jioint mores so that its distance fiom the avis of r is cqnal 
to its distance from the jioint (1, 1), tuid the equation of its loous 

Ans t--2«-22/h 2=0 

9 The position of a jjoini on a plane can be defined 
by other metliods besides the one desciibed in Ait 1 A 
useful method is the following 

If an origin 0 be taken, and a fixed line OX be drawn 
tlnougli it, the position of any point P will be known, if 
the augle XOP and the distance OP be given 



These are called the j)olm co-oi dvnates of the point P 
The length OP is called the radius vector, and is 
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usually denoted Ijy and the angle XOP is called the 
vectorial angle, and is denoted by 0 

The angle is considered to bo positive if measured 
fiom OX contraiy to the direction in ivliich the hands of 
a ivatch revolve 

The radius vcctoi is consideied positive if measured 
from 0 along the line bounding the vectorial angle, and 
negative if ineasuied in the opposite direction 

If PO he pioduced to P', so that OP' is equal to OP 
in magnitude, and if the co-ordinates of P be ? , those 
of P' will be eithei ? , tt + 0 or — r, 6 

10 To jmd tlve distance between two points whoso polai 
co-01 dinates ai e given 

Let the co-ordinates of the two points P, Q ho ? , 6 ., 
and 6 ^ 

Then, by Trigonometry, 

PQ* = OP"- +OQ‘-WP OQ cos POQ 
But OP=i^, OQ^r,tm(l^POQ=^XOQ-^XOP= 0 „~O„ 
p^ 3 ® = 1 + » a® — 2 » cos ( 0 J, - 0 ,) 

The polar equation of a circle 'wlioso centre is at the point (a, o) and 
whoso ladius is c, is — 2aroos(<?-tt), Mhcroi, dare the polar 

co-ordinates of any point on it 

11 To find the area of a triangle having given the 
polar C0-07 dinates of its angulai points 



Let P be ex q be (»„ 9,). and P he (r„, 0^) 
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Then area of triangle PQR == A POQ + A QOB— A POR, 


and 

APOQ=\OP OQsmPOQ 



so 

A QOR = i- 7 g sin (^3 — OX 

and 

A POR— sm (^3—^1) 

jf 

= -^7.7jSin(0,-03), 

/. APQR = 

^ , 7 3 sm (6„ — ^i) + ? 2 ?’3 sm (6^ - 6^ 


+ 737, sm 


12 To change from i ectangulai to polai co-oi dxnates 



If through 0 a line be drawn perpendicular to OX, and 
OX, OlThe taken for axes of rectangular co-ordinates, we 
have at once 

»= 0N= OPcos XOP=r cos 6, 
and g = NP = OP sin XOP=r sin 6 

Ex. 1 liVliat are the rectangular co-ordinates of the points whose 
polar co-ordinates are ^1, , ^2, and ~ respectively? 

Ex 2 What are the polar co-ordinates of the points whose lect- 
angnlar co-ordinates are ( - 1, - 1), { - 1, and (3, - 4) respectively? 

Ex 3 Find the distance between the points whose polar co-ordinates 
are (2, 40®) and (4, 100") respectndy 

Ex 4 Find the area of the triangle the polar co-ordinates of whose 

angular points are (1, 0), ^1, ^ and f V^i respectively 



CHAPTER II 


The Stuaigiit Line 

13 To find the equation of a stiaight line q^dioMel to 
one of the co-oi dinate aves 

Lot IjP be a straight line parallel to the axis of a 
and meeting the axis ot y at L, and let OL — h 



Y 

P 





[0 NX 


Let a, y be the co-oidmates of any point P on the line 
Then tlie oi dinate NP\s equal to OL 
Hence y~h le the equation of the line 
Similarly ai = a is the equation of a straight line 
parallel to the axis of y and at a distance a fiom it 

14 To find the equation of a stt aight hne which passes 
tin ovgh the origin 

Let OP be a straight hne through the ongin, and let 
the tangent of the angle XOP=m 

Let ic, y be the eo-ordinates of any point P on the 
line 
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Then iYP = tan iA^OP ON 

Hence y — mx is the requiied equation 



15 To Jind the equitation of any stuiight line 



Let LMP he tlie stiaight line meeting the axes in the 
points L, M 

Let OM— 0 , and let tan OLM = vi 
Let X, 7/ he the co-oidinates of any jioint P on the line 
Biaw PN paiallel to the axis of y, and OQ paiallel to 
the Im&LMP, as in the figiiie 

Then iVP = iYQ+(3P 

= ON tan NOQ + OM 

But 

NP = y, ON — OM — 0 , and tan NO Q = tan OLM= m 
. y = mx + c (i) 

•which IS the required equation 

So long as wo consider any paiticulai straight line the 
quantities m and c remain the same, and are theiefoie 
Ciilled constants Of these, m is the tangent of the angle 
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between tlie positive direction of the axis of and the 
part of the line above the axis of .r, and c is the intercept 
on the axis of y 

By giving suitable values to the constants m and c the 
equation y=7n®+ c may be made to lepresent any straight 
hne whatever For example, the straight hne which cuts 
the axis of y at unit distance from the origin, and makes 
an angle of 45® with the axis of a:, has for equation 
2 / = ® + ! 

"We see from (i) that the equation of any straight line 
IS of the first degree 

16 To shew that eveiy equation of the first degree 
lepiesents a stiaight hne 

The most geneial foim of the equation of the first 
degree is 

An + By + 0=^0 (i) 

To piove that this equation lejiresents a straight line, 
I it IS sufficient to shew that, if any three points on the 
|locus be joined, the area of the tnangle so formed will be 
zero. 


Let (®', y ), if', y"), and {u'" y") be any thiee pomts 
on the locus, tlien the co~oidinates of these points ivill 
satisfy the equation (i) 

We therefore have 

Aaf +By' +0=0, 

^®"+%"+a=o, 

Ax"'+By"’+Q=.0 
Ehmmating A, B,G we obtain 



the area of the triangle is therefore zero [Art 6] 
The equation Ax -\-By + G — Q is therefore the 
tion of a straight hne 


equa- 
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17. The equation Ax + By + G=Q appeals to in- 
volve thee constants, whereas the equation found in Ait 
15 only involves two But if the co-oidmates x, y of anj’^ 
point satisfy the equation Ax+By + (7=0, they will also 
satisfy the equation when we multiply or divide through- 
out by any constant If we divide by B, we can wnte 
A 0 

the equation y = — ^ ® ^ , and we have onl)'^ the two 

A 0 

constants and — which correspond to m and c in the 
equation y = mx + c 


18 To find the equation of a straight line in teims of 
the intercepts which it makes on the awes 

Let A, B be the points where the stiaight line cuts 
the axes, and let OA = a, and 0B=h 

Let the co-ordinates of any point P on the line be 



Draw PiV parallel to the axis of y, and join OP 
Then A APO + A PBO = A ABO , 

ay + hw = ah, 


- + f = l 

a b 


\| This equation may be ivntten in the form 

lx + my = l. 



Tin srn\it.UT jjm 


n; 

\\lK*rr I ukI m ,irc the loi ipiocals ot the nitcicopts ou the 
a\e^ 

10 To iiml the equation of a stiaifjht bne zn tei tns of 
the lenifth of the jicrpemhcuhv vpon it flow the oiigin and 
ihe anrtlc v’hitji that pri j>cnfbciita> males vnth an ams 

Let Ob be the pel i)cmliculai upon the stiaight Ime 
AJi, .iii'l let ()L = jK and let the angle XOL^o 

Let till* ce ordinates of aiij point P on the line he 
a, V 

Draw PX panllel to the axis of y, XM perpen- 
dicnlni to OIj, and PK jieipendicvdai to XM, as in the 
hgure 



'I’hen, 0 b = OM + ML = OM + KP 
— 0-tVcos a + XP Rin a , 
oi p — n cos a +y sin a, 

whuh IS tin lecjniiod eipiatioii 

20 In Ai tides Ti, IS and 19 ivo have fonnd, by 
iiuhiHiident methods the oipiation of a straight lino 
iniohiiig (liffeicnt constants Any one foim of tlie 
C’lpiition inn howcier he deduced fioin any other 

hoi exnniplo if wo know' the equation in tenns of the 
iiit'TK'jits on the iixes, we can find llio equation in terms 
oi p .ind a from the relations n cos o = p and 5 sin a = p, 
whuh we obiam at once linin the figure to Atf 10 Hence 
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substituting these values of a and h in the equation 

SO 7/ 

=1, we get a!Cosa + ysina = _ 2 i 

CL 0 


If the equation of a straight line be 
Aoa-{-By+ G=0 , 


then, b}' dividing throughout by + B", we have 

X W +- -^=^=0 


Now 


A 

\/TTT^ 


and 


>jA^ + B-‘ 
B 


arc the cosine and sine 


V^-‘ + i5“ 

respectively of some angle, since the sum of their squaies 
IS equal to unity If we call this angle a, we have 


a; cos a + y sin a —p =■ 0, 
wheie p IS put for ^ r 

Ex 1 If 3a!-4y-5s=0, then dividing by wo have 

fx-^y-lssO Thisisof thcform xcosa+y sintt-2i=0, vhere ooBtt=|, 
Bino=— 4, and jj=l 


Es 2 The equation a;+^+ 9=0, IB cgunalent to 

OTT 5rr 5 

X cos -r- +w sin -j- = -p 

^ ^ v/2 


21 To find the position of a stiaight line whose 
equation is given, it is only necessaiy to find the co- 



ordinates of any two points on it To do this we may give 
S C. s 2 
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to V any two values whatever, and find fiom the given 
equation the two coricsponding values of y The points 
where the line cuts the axes are easiest to find 

Ex 1 If tlie equation of a line be 2r + 5i/=10 Where this cuts tbe 
axis of X, i/=0, and then x—5 Wheie it cuts the axis of j/, 'c=0, and 
»/ = 2 

Ex 2 The inteicepts made on the axes by the line ix-y +2=0 are 
- 1, and 2 respectively 

Ex S x-2y = 0 Here the ongin (0, 0) is on the line, and when 
t=4, y=2. 

The Imes are inaited in the figure 

22 If we vnsh to find the equation of a straight line 
■which satisfies any two conditions, we may take for its 
equation any one of the geneial foims 

(i) y^vix+c, (u) ^ + 1 = 1. 

(in) liv+my=l, (iv) acosa + y sm a — = 0, 

01 (v) Ax + By + G—0 

Wo have then to determine the values of the two 
constants m and c, oi a and b, or I and m, or a and p, 
A B 

or and ^ foi the line in question from the Uoo con- 
ditions which the hne has to satisfy 

Ex 1 Find the equation of a straight hne which passes thio'ugh the 
point (2, 3) and makes equal intercepts on the axes 

Let - + ^=1 be the equation of the hne 

Then, since the intercepts are equal to one another, a=l 

Also, smee the pomt (2, 3) is on the hne. 


n=5=6 and the equation required is - + -=1 

5 5 

Ex 2 Find the equation of the straight hne which passes through 
the point {-Js, 2) and which makes an angle of 60® with the axis of x 
Let y=vix-\ c be the equation of the straight hne. 
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TJiDii, since the lino nukch nn angle of CO'’ Mith the a'-is of *, 
m=t.m (>0'’= ) 

AKo. if Ihi ponil (sAl.O) boon the line 2=m s/.J+t, Uiucfoicc- - 1, 
and tlic mjuircd cijualion ih ^=. 1 

23 To find the equation of a litiaight line diaivn 
thiough a given jnjint in a given diiCLtion 

Let y be the c()-onluialos of the gi\eu point, and 
let the lilie inahc t\ilh the axis ol o .in angle t.in"* m 

ILs equation \\ill then be 

7/ = in t + c, 

and, 'since (x, g) i'- on the line, 

g' — nil' + 1 , 

Iherc'foic, by subtraction, 

,y_2/'=wi (.t-a') (i) 

The hue gucii b} (i) passes thioiigh tlie point (a', g') 
•\\batevei the value ot m may be , and by giving a suitable 
value to ni the equation will icpiescnt an} stiaight line 
thiougli the ]H»int (»', g‘) 

If then we know that a straight line p.isses thiough .a 
particulai ]»oint (?', g') we at once v\iitc down y — y' 
= m{i — a') foi Its equation, and ibid the value of m fioin 
the other condition that the line has to satisfv 

24 To find the equation of a sti night line winch 
puhiCi) thiough two given jioints 

Take any one of the geneial fonns, foi example, 
y = mx + c (i) 

Let the co-ordinates of the two points be a', y' and ?/" 
lespcclivoly 'I'hcn, since these points aic on the line (i), 
we have 

y ~m% -i-c . . (ii), 

and y"—mi''-\-c (iii) 

From (i) and (ii), by subtraction, 

g —y — in {po — x’) (iv). 
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Fioin (ill) and (ii), by subtraction, 

y'— y' — m (ps" ~ of) (v), 

y — y' eo — cc' 
aud ihcrGiorc — — — n » 

y ~y ® 

This equation could be found at onco Irom a figure 

E\ Tho equation of the lino joining the points (2, 3) and (3, 1) is 

25 Let the straight lino AP make an angle 6 with 
the axis of a Let the co-oidmates of A be aj', i/, and 
those of P be r, y, and let the distance AP be ? 



Draw JjST, PM parallel to the axis oi y, and AK 
parallel to the axis of ® 

Then AK = ilPcos 6, and KP = ^Psin 6, 
or a — a' = 7 cos 6, and y — y' = r sin 9 

The equation of the line AP may be written in the 
form 

a> — x' _y — y _ 
cos 9 ~ sax 6 ~ 

2G Let the equation of any straight line be 

Ax + By +(7=0 (i) 

Let the co-ordinates of any point Q be x', y', and let 
the line through Q parallel to the axis of y cut the given 
straight line in the point P whose co-ordinates are x, y" 
Then it is cleai from a figure that, so long as Q 
remams on the same side of the straight line, QP is drawn 
in the same diiection , and that QP is drawn in the oppo- 
site direction, if Q be any point whatever on the other side 
of the straight lmc> 
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Thut Ji. to *:'n, QP i<! pmiiac for uU jvimt*- on ojjo ‘■ulo 
of tbo f-tniglit Inn nntl jivpttdn f<»r all })f>ints«>n tho othor 
t«nlo of the stnuiihl hno 

Ko« fjP~->r-p . ..(n), 

.nnl Ar ‘. J /-5 n). 

[for »/ ) S'* on lilt* Inn inn! lliojoftno A,i‘ Ih/' { t'«0] 
, J.r*j /(,/ s-r /I ‘ (ns). 


Krosn <is) 'iss'l ;ns} «»* •■‘o th it -f I'-i- />V*i f* i** postlno 

fiir ill point*- on »itii '-t»lo of (In ‘-IithuIiI hno, nistl ist"j:iti\i 
j‘>r .ill ji'isnt'' on tin* otln t of tin' hin 

If tin* (ipt.n.oii of I ‘*‘! Ui'lit hin* In* .Ini J}if i f* — (), 
snn! tin* to-oinlni.ii** ‘ of jin_\ j»'*nn In* ••uh'.istnh tl 

ns ilin I \pi* -'ion .I** * 7fy*) (\ tin n if .// i- Ijif j tJ lx* 
p '•ifi**/ tin pant i,< , n ) i** * tul to li.* on tho tnli’ 

of fin Inn*. *niil if -.I*'* > Pjf ? f* It* iKt'.ifun, (»’, i/j i** 

‘■.ml fo In* on tin* nr'/n/n**' Mt/** of iln Imo 
If tin* f«jlt ifloll of tilt hlH IlO Wlltt* It 


- .W - 0, 

if !*• rh it fli'if tin ‘Kin v.hltli v.o pii\nttnil\ t'.illiil flio 
n»‘ '■lioiiM nou t ill tin* jirv/i/m t-ulr 
J.s 1 Iln n.s n { 1, .*) J" m ibp is* ith(‘ * i !•’ of Jx 1 0. mid 

cn l! • jvj ii t. ‘'!d< * f .’r Jj- t o 


V,t '* '1 1 • jM ill I t'J, - 1) n*nl (1.1/ ni«' on I'jijn if** m It -) of thu Im** 

.ijr ? tv -ft n 


J 1 . T fiJn w thni tl.i ftt'ir I'-dnli («». 0). ( - 1 1), ( ~ n) niid {’J, •'') 

ati iH tin f't.ir ilj'Itnnt oj' ijotlnn nl*- iiiiilt* l>\ th> luo itriii’ht Inn i 
Ur - ill / 1 1 0, niul 1r - flv i U.-II 


27 To find thf' to oi'ihnnU of the jujiut of inieiiiiction 

of too pht n rtuwiht /imx 

Li I fin* t«pi itifiii'' ot tin htifs In* 

«.r J htf f f =- 0 ... (i), 

and f/'t 1 ////-I r' 0 .. . . ,fn) 

I’linii the co-onlin ito, of tin* poml v.lm'li Ik ooninton to 
Insth ‘ifniif'ht Hin *1 Viill hiti'-f^ both ni|n,iiiou*i (ij and (ii). 
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We have therefoie only to find the values of ca and y 
Tvhich satisfy both (i) and (n) 

These are given hy 

^ _ y _ 1 

he' — b'c CO,' — CO ah' — a'b 


28 To find the conditim, that th ee straight lines may 

meet in a point 

Let the equations of the three straight lines be 

aoB + by + c = 0 (1), a'x + b'y + c' = 0 (2), 

a"a! + h"y + c" = 0 (3) 

The tliree straight lines will meet in a point if the 
point of intersection of two of the lines is on the thud 
The co-ordinates of the point of intersection of (1) and 
(2) are given by 

_ y _ 1 

be' — b'c ca' — c'a ah* — a'b 


The condition that this point may he on (3) is 


he — b'c _ T„ca' — c'a 
ah' 


c" = 0, 


01, a" (be' - b'c) + b" (ca' - c'a) + c" (ah' - a'b) = 0 


EXAMPLES 


1 Draw tlie straight lines ■whose equations are 

(i) a!+y=2, (n) 3a:-4y=12, 

(ill) 4a:-3y+l=0, and (ii) 2a:+5y+7=0 

2 Eind the equations of the straight lines joining the following pairs 
of points— (i) (2, 3) and (-4, 1), (n) («, 1,) and (6, a) 

Am (i) x~3y + 7=0, {n) x+y=a + b 

3 "Write do'wn the equations of the straight hncswhich pass through 
the point (1, - 1), and make angles of 150® and 30® respeotnely with the 
asis of « 

Am y + l==F_(jg_l) 
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4 Write tlie following equations in tbe form -r cos a + sin a - = 0, — 
(i) 3a:+4y-15 = 0, (ii) 12a;-6y + 10=0 

(i) 5T+^y-3=0, (ii) -\l=0 

5 Find the equation of the straight hue through (4, 5) parallel to 

2x — 3t/ — 5 = 0 Alts 2x-3y+7=0 

G Find the equation of the line through (2, 1) parallel to the Ime 
joining (2, 3) and (3, - 1) ‘la: + y=9 

7 Find the equation of the line tlirough the point (5, 6) winch makes 

equal mtercepts on the axes Ans a: +7/ =11 

8 Find the pomts of inteisection of the following pairs of stiaight 
hncs {i)5T + 7y=99and3r+2i/+77=0, (n)2as-5j/ + l=.0anda!f!V+4=0, 

(ill) - + ^=land^+ ^^=1 

a b b a 

Alts ( 1 ) ( - 67, G2). ( 11 ) ( - 3, - 1), ( 111 ) 

9 Shew that the three lines ox+3y-7=0, 3®-li/-10=0, and 
x+2i/=z0 meet in a point 

10 Shew that the three points (0, 11), (2, 3) and (3, -1) are on a 
straight line 

Also the three pomts (3u, 0), (0, 3b) and (a, 22i) 

11 Find the equations of the sides of the triangle the co ordmates of 
whose angular pomts are (1, 2), (2, 3) and (-3, - 5) 

Ans 8 t- 5y-l=0, 7r-4y + l=0, a;-7/ + l=0 

12 Find tho equations of the straight hues each of winch passes 
tlirough one of the angular pomts and the middle pomt of the opposite 
side of the triangle m Ex 11 

Am 2x-y=0, 3a;-2y=0, 5x-3y=0 

13 Find the equations of the diagonals of tho parallelogram the 
equations of whoso sides arc j:-a= 0 , 11 - 6 = 0 , y-c=:0 and i/-d=0 

Am (tl—c)x+(a-h)y + hc-ad=:0 and (d-c) x + {b-a) y+ac — bd—0 

14 "Wliat must be the value of a in oidei that the three hues 
3x+y-2=0, ax+2y-3=0, and 2r-jr-3=0 may meet in a pomt’ 

Ans a =5 

15 In what ratio is the Imc joining the pomts (1, 2) and (4, 3) divided 

by tho Ime joining (2, 3) and (4, 1)’ Ans The line is bisected 

16 Are the points (2, 3) and (3, 2) on the same or on opposite sides 
of the straight line % - Cr + 4 = 0’ 


24 


THE STRAIGHT LINE 


17 Shew that the iioints {0, 0) and (3, 4) arc on opposite sides of 
the line v- 2*+ 1=0 

18 She^^ that the ongm is witlun the tnnnglo the equations of ■whose 
sides arc a:— 7y+23=:0, oa:+3i/ + ll— 0, and 3*— Sii— 1=0 

29 To find the angle between two straight lines 
whose equations ate given 

(i) If the equations of the given lines be 
a? cos 0 + ysmo— |j = 0,and'tcos a' 4-i/sm a —;/= 0, 

the leqiiired angle •will be a — s or tt — a — 

FoiCsa and a' are tlie angles nhich the peipendicuJars 
fiom the oiigin oil the two lines lespectivcly make ivith 
the axis of i, and the angle betivecn any tw’O lines is equal 
or supplemental y to the angle betw^con two lines peipen- 
diciilai to them. 


(ii) If the equations of the linos be 

y — nix + c, and y = mW + c , 

then, if B, 6'* be the angles the lines make witli the 
axis of .r, tan B — in and tan B = in, 

. fo Q,. in— in" 

tan ^ ) =r j 

^ 1 + mm ’ 

the lequiied angle is fair’ | 

® Vl + mmJ 

The hues are peqiendiculai to one another when 
1 + mm' = 0, and paiallel wlicn in = m' 

(ill) If the equations of the lines be 

ff r + + c = 0, and a'i + h'y +c~0, 

these equations may be iviitten in the foims 

S'— 5’ -5- 

Theiefore, by ( 11 ), the lequned angle is 
tan~^~ £ J i , , 01 tan-' 

•f I (Id 1)1) 

^ *U’ 
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The lines a^ + 6y + c = 0 and a'x-\-l)'y + c' = Q will 
be at light angles to one anothei, if aa + hh’ = 0, and 

will be parallel to one another if ha' — h'a = 0, or if ^, = 


30 The condition of perpendiculaiity is clearly satis- 
fied by the two lines n hose equations are 

aa? + + c = 0 and hm — ay + c = 0 

The condition is also satisfied by the two lines 

j. aa; + &y + c = 0 and - — 7 +c' = 0 

/ - ® r # 

S/ Hence if, in the equation of a gii en straight Ime, we 

interchange, or invert, the coefficients of ic and y, and alter 

the sign of one of them, we shall obtain the equation of 

a iieipondicular straight line, and if this line has to satisfy 

some other condition we must give a suitable \alue to the 

constant term 


E'^ 1 The line through the ongiu perpendicular to 'ly+2x=7 is 
2l/-4l=:0 

E V 2 The line through the point (4, o) pei-pcndicular to 3r - 2y + 5 = 0 
IS 2(z-4)+3(^-o)=:0, foi it is xicrpendicular to the gi\cu line, and it 
liasoes through the point (4, 5] 

Ex 3 The acute angle heturcen the lines , 

2jrT4y-«- 1 = 0, and x-y=0 is tau~*5 

31 To find ihe pe7pe7id%culai dxstance of a yive)i jioini 
{7 0771 a given st7aight line 

Let the equation of the stiaight line be 
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The equation 

v cos a + y sm a —]) = 0 (u) 

IS the equation of a straight line parallel to (i) 

It will pass thiougli the point (a?', y') if 

d cos a + ?/* sm a — p' = 0 (in) 

Now if PL be the peipendiculai fiom P on the hue (i), 
and OK, OK' the peipendiculais from the origin on the 
lines (i) and (ii) respectively, then will 


LP=KX' 

s= x cos a + y' sin a— p [fiom ^iii)] 

Bence the length of the peipenchculai fioni any pioim 
on the line xcosa-\-y sina—p — 0 is obtained by substi- 
tuting the co-oidinates of the point in the eipiession 


ajcosa + psina —p 

The evptcssion v cos a+y' sm a —p is positive so long 
as p' IS positive and gieater than p, that is so long as 
P(a}', y') and the oiigin aic on opposite sides of the line 
If the equation of the line be av + % + c = 0, it may be 
written 


a b 

-r-^" V + — — - y ■ 
Va= + 6^ Va= + 6- 




O') 


which IS of the same form as (i) [Ait 20], thcrefoic the 
length of the peipendiculai fiom (^', y") on the line is 


a 


■ X + 


y' + 




ax' + by' + G 
*Ja' + b' 


(V) 


Bence, when the equation of a sti uiqht Vine is given in 
the foi in ax + by + c = 0, the pe ? pendicului distance of a 
given point fiom it is obtained by substituting the co-oidi- 
iiates of the point m the evpi essiorl av+by + c, and dividing 
by the squaie loot of the sum of the squaies of the coejfi- 
cients ofx and y 
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If the denomiBator of (v) he always supposed to he 
positive, the length of the peipendiculai from any point 
on the positive side of the line will he positive, and 
the length of the perpendiculai from any point on the 
negative side of the line will he negative [See Art 26 ] 

32 To find the equations of the lines which bisect the 
angles between two given straight lines 

The perpendiculars on two stiaight hnes, drawn from 
any point on either of the hnes bisecting the angles be- 
tween them, will clearly be equal to one another m mag- 
nitude 

Hence, if the equations of the lines he 

cuic + by + c = 0 (i), 

and a'x + &'?/ + c' = 0 (ii), 

and {x, y) he any point on eithei ot the bisectors, 
ax' + by' + c a'x' -1- Vf + c' 

VF+F + - 


must he equal in magnitude 

Hence the point (V, y') is on one oi othei of the 
straight lines 


ax •\-by + 0 



^ a'x + b'y -t- c' 


(m) 


The two lines given by (iii) are therefore the lequiied 
hisectois 


We can distinguish between the two hisectois, for, if we 
take the denominators to he both positive, and if the 
uppei sign be taken in (m), ax + hy + c and a'x + b'y + c' 
must both be positive or both he negative 


tt ttT-H&y + c a'x •\-b'x-{- c , . 

Hence m -=M=- = -j t ■ . (iv), 

/ « . f-Q * t to . Tin • V /> 




Jd^ + b'^- 


every point is on the positive side of both the lines (i) and 
(ii), or on the negative side of both 


If the equations are so written that the constant terms 
are both positive, the ongin is on the positive side of both 
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lines , hence (iv) is the bisector of that angle in which the 
origin lies 

Ex The bisectors of the angles between the lines 4* - 3y + 1 = 0, and 
12® + 5y + 13 = 0 are given by — — = =*= , and the nppei 

sign gives the bisector of the angle in which the ongm hos 

33 To find the equation of a straight line th oiigh the 
point of Intel section of two given stiaight lines 

The most obvious method of obtaining the icqiiiiod 
equation is to find the co-oidinatos c, y of the }Joint 
of inteisection of the given lines, and then use the form 
y — y= ni {v — x) foi the equation of any straight lino 
through the point {x, y') The following method is how- 
evei sometimes pielei.ible 

Let the equations of the two given stiaight lines bo 
O'C + Ij?/ + c = 0 (i), 

alx + h'y + c' s= 0 (n) 

Consider the equation 

au + + c + \ [gw + Vy + c') == 0 (in) 

It IS the equation of a stiaight lino, since it is of the 
fiist degiee, and if y) be the point which is common 
to the two given lines, we shall have 

a c' + iy' + c = 0 
and aV + &y + c'=0, 

and therefore {aaf + hy + c) + \ {ax + Vy + c') = 0 

This last equation shows that tho point [x', y') is also 
on the line (m) 

Hence (iii) is tho equation of a stiaight line passing 
through the point of inteisection of tho given lines Also 
by giving a suitable value to X the equation may be made 
to satisfy any othci condition, it may foi example be made 
to pass thiough any otlier given point The equation 
(ill) theieforo lepresents, foi diffeient values of X, all 
straight linos through the point of intersection of (i) 
and (ii). 
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Ex Find the equation of tho buo joining the ongin to the point of 
interFcction of 2x+5y- 1=0 and 3x-2i/+2=0 
Any lino through the inter<!oction is gnen b> 

2x+oy-l4-X(3x-2i/ + 2)=0 
Tins ■aill pass through (0, 0) if — 1 J-2\=0, or if X=2 , 

2x-‘- ly - 1+2 (3x-2y + 2)=0, 
or 8x-i-y=0, n> tho required equation 

34 If the equations of three straight lines be 
a-B + 6y + c = 0, a'(c + Uy + c' = 0, and a"x + h"y + c" = 0 

respectively; and if ve can find thicc constants [i, v such 
that the relation 

X (oa. + + c) + /t {a'x + Vy +c') +v (a"x+ l/'y+c'')=0 . (i) 
IS identically tiue, that is to say is true for all values of 
X and y, then the thieo straight lines vnll meet in a point 
For if the co-ordinates of any point satisf}' any two of tho 
equations of the lines, the relation (i) shews that it will 
also •satisfy tho third equation This piinciplc is of fre- 
quent use 

.V Ex The tlirec straight lines joining the angular points of a tnanglo 
to tho middle points of the opposite sides meet in a pomt 

Let the angular points A, B, Cho ex', y'), (x", y"), (x"', y'"), respeotnelj 
Tlien D, L, F, tho middle paints of BC, CA, AB rcspccti\ely, will bo 

iqn-j 

The equation of AB will therefore be 

y-7f x-oi 

y"+y" .,“x'+a^" 

— 2 ^ 2 

or y(x"+x"' - 2x')-x(y"+y"'-2y')+ r'{y"+y"') -y'(-r"+^")=0 
So the equation of BE and GF will bo respectnclj 
y {s'" + x' _ 2x") - X (y"' - y' - 2y") + s'’ (y'" + y ') - y" (x'" + 1 *) = 0 
and y (x’-rx" - 2x"')-x {y+y" - 2y'") +x'" (y'+y") - y"' (x'+x")=0 

And, since the three equations when added together rnnisli identically, 
the threo lines represented by them must meet m a pomt. 
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EXAilPLES 

1 Find the angles betT^een the following pairs of straight lines— 

(i) y=2a:+5 and3T+y=7, 

(ii) ^ + 2y-4=0 and 2x-i/+l=0, 

(in) Ax+Bi/+C=Q and {A+B)x-{A -Ji)>j=0 

Alts (i) 16®, (ii) 'JO®, (ill) 45® 

2 Find the equation of the stiaight line which is perpendicular to 
235+71;- 5=0 and which passes through the point (d, 1) 

Alii 7x-2if=19 

3 Write down the equations of the hnos through the origin peqieii- 
diculai to tlie hues ix+2i/- 5—0 and 4 j; + % - 7 = 0 Find the co ordinates 
of the points where these perpendiculars meet the lines, and shew that 
the equation of the lino joining these points is 23*+ lip - 35=0 

4 Find the peipendicular distances of the jiomt (2, 8) from the lines 

4t + 3p-7=0, 5r+12y-20=0, and 3*+lj;-8=0 ^l«s 2 

5 Write dorm the equations of the hnos through (1, 1) and ( - 2, - 1) 
parallel to 3*+4p + 7=0, and lind the distance between these lines 

A7llt V 

' 6 Fmd the equations of the two straight hnes through the point 

(2, 3) which make an angle of 45® with »+2p=0 

Ans a-8i/ + 7=0, 8*+t;=n 

7 Find the equations of the two stiaight hues which arc pamllcl to 
*+7y+2=0 and at unit distance from the point (1, - 1) 

Alls a+7j;-rCi6^/2=0 

8 Fmd the equation of the hne joining the ongiii to the pomt of 
intersection of the hnes x- Ay -1=0 and y +2* - 1 =0 

Ans 13*+lli/=0 

9 Find the equation of tlie straight line joining (1, 1) to the point of 
mtersection of the hnes 3*+4y-2=0and*— 2y + 5=0 

Am 7*+26y-33=0 

10 Find the equation of tlie hne drawn through the point of inter- 
section of 7/ -4*- 1=0 and 2*+5y-6=0, peipendicular to 3y+4*=0 

Alls 88y- 66* -101=0 

11 Find the lengths of the perpendiculars drawn from the ongm on 
the sides of the tnangle the co ordinates of whose angular points are (2, 1), 
(3, 2) and (-1, -1) 

12 Find the equations of the straight hnes hisooting the nnglo g 
between the straight hnes 4y+ 3* -12=0 and 3y+4*-24=0, and draw 
a figure representmg the four straight lines 

Alts y-» + 12=0, 7y + 7*-30=0. 
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13 Find tlio equations of the dingounls of the rectangle foimed by 
the lines 3i/-10=0, a:+37/-20=0, 3*-y + 5 = 0, and 3x-i/-5=0, 
and she\\ that they inteiscot in the iioint (5, 5) 

11 Find the area of the tiiinglo formed by the lines y-T=0, 
y+a=0, i-c=0 Ant c® 

l.’i The area of the tiianglo formed by the straight lines whose 
equations aic y-2v=0, i/-3x=0, nndy=6T + 4 is -ij 

IG Find the area of the triangle formed by the hnes y=2x+4, 
2y + 3x=5, and 7/ + TH 1=0 Jns ’nV 

17 Shew that the area of the triangle formed by the lines whose 
equations are y=niiX4 rj, y=mjc-i c,, and t=0 is 


" IH_v— Ml 

18 Shew that the aica of the triangle formcil by the straight hues 

whoso equations arc + i/=»it®+C 2 , and y=m^x-rC^ is 

1 . H 1 . (' + \ (f J-lT-'): [Use Ex 17 ] 

" iMj-wij “ m,-ni| " wi, -ni„ ■■ •* 

19 Shew that the locus of a point which moves so that the sum of 
the perpendiculars let fall from it upon two gi\en straight Imcs is constant 
1 , a straight line 


35 A homogeneom equation of the nth degree loill 
lepresentn stiaight linci> fhiough the ongin 

Let the equation be 

A y" + By"'^ x + Gif^a/ + . + KaT = 0 (i) 
Divide by x" and we get 

Let ?«,, ni,, TTij be the loots of tins equation 

Then it is the same as. 

and theiefore is satisfied when 

y 7 / 

- — m. = 0, when - — in, = 0, &e , 

X ^ ’ a, ® 

and in no other cases 

Therefore all the points on the locus icpiesented by (i) 
are on one or other of the n straight lines 

y — nijOJ = 0, y — m^x = 0, y — 7n„ x = 0. 
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36 To find the angle hetivecn the Uoo straight lines 

1 epi esented by the crinaUon Ai} + ^Buy + Gy^ = 0 

If the lines be y — m.% = 0, and y — 7 M„a; = 0, then 

(y — wIjT) (y — m„as) = 0 is the same as the given equation 

‘ \ , A ^ „ 

y A ^ay + -^,a,’' = 0, 

7n, + m. = - -Q W = Q W 


If $ be the angle between the hnes, 
tan 6 = 

l + «q7nj A + G ^ ' 

If B‘—AG IS positive the lines aio real, being coin- 
cident it J3® — = 0 


If W — AG IS negative the hnes are imaginary, but 
pass through the real point (0, 0) 

The lines given by the equation Aa,’ + 2B%y + (7y®=0, 
will be at right angles to one anothoi if A+ G—0 , that 
lb, if the sum of the coefiicicnts of and y® ts zeio 


37 To find the condition that the genei al equation of 
the second degiec may lepresent two stiaxght lines 

The most genei al foim of the equation of the second 
degieo IS 

ajii^ + 2hvy + by' + 2g!c + 2fy + c~0 (i) 

If this IS identically equivalent to 

(?A + my + n) {Px + m'y + n') = 0 (ii), 

we have, by equating coefficients in (i) and (n), 

U'=a, mm' = h, nn' — c, 
mn' + m'n = 2f, nV + n'l = 2y, Im' + I’m = 2h 
By continued multiplication of the last three, ve have 
^fgh = 2ll'mm'nn' + IV {in'~n~ + m‘n'~) 

+ mm' {n'H- + nH’^) + nn' (Pni' + IV) 
= 2a&c + a, {4f~ — 26c) 

+ 6 (-ly- — 2cci) + c (4i/fc® — 2n6) 
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Hence aha — af' — hg^ — ch^ + 2fgh = 0 (in) 

IS the required condition 

Unless the coefficients of a? and i/“ aie both zero, we 
can obtain the above lesult moie simply by solving the 
equation as a quadratic in a; or in 

Suppose a is not zeio , then if ive solve the quadratic 
in a?, we have 

aiB + Jig + g==± ^/[{Jr - ah) / + 2 {hg - a/) y + / - ac] 
Now in order that this may be capable of being leduced 
to the form ate + By + C? = 0, it is necessary and sufficient 
that the quantity undei the radical should be a perfect 
squaic The condition foi this is 

(/r - ah) - ac) = Qig - af)", 
which IS equivalent to (in) 

38 Tofnd the equation of the lines pining the origin 
to the common jioints of 

an? 4- 2ha,g + hy^ + 2gx + 2fy + c = 0 (i), 

and lx + my = 1 (ii) 

Make equation (i) homogeneous and of tlie second 
degree by means of (n), and we get 
ax‘ + 2ha.y + h}f-\-2 (gn -rfy) {In + my) + c {Lx -h myY = 0 

Oil). 

ivhich IS the equation lequiied 

For equation (iii) being homogeneoiis lepiesents 
stiaight lines tlnough the oiigin [Ait 3.3] To find wheie 
the lines (iii) aie cut by the line (ii), wc must put 
lx + my=l in (in), and we then have the i elation (i) 
satisfied, which shews that the lines (ni) pass tlnoiigh the 
points common to (i) and (ii) 

^39 'fo find the equation of the six aight lines bisecting 
the angles between the two sti aight lines 
an? + 2hxy + hy‘ = 0 

If the given lines make angles and 9„ with the axis 
of X, then {y — x tan 6^) {y — x tan d„) = 0 is the same as 
the given equation and we obtain 

S C s 


3 
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2/t 


and 


tan. 01 + tan — 
tan 6^ tan ^ 


(1), 

00 


If 6 be the angle that one of the bisectors makes with 
the axis of x, then will 

0 = — 2 + 2 , 
and in either case 

tan 20 = tan (0, + 0j), 

2 tan 0 tan 0, + tan 0^ 
l~tal?0 " 1 -Ian 0, tan 0^ 

If (it, y) be any point on a bisector, ^ = tan 0, 


2 ’/ 


hence 


1 - 


X _ tan 0, + tan 0, 

1 — tan 0, tan 0, ’ 


1 * 


therefore, making use of (i) and (ii), we have for the re- 
quired equation 

2xy _ 2/< 

-c* — 3 /® a — b’ 

nr x--f _xy 

° a-6 h 


EXAMPLES 

1 Shew that the two straight lines -2xy seoO +a?=0 make an 
angle 0 ^vltll one another 

2 Shew that the equation a;®+a:y-67/- + 7a;+3L/-18=0 represents 

two straight Imes, and find the angle between them Ans 45** 

3 Shew that each of the following equations represents a pair of 
straight hnes, and find the angle between each pan 

(i) {x~a)(y-a)=Q, (u) ie*-4yS = 0, 

(ill) x>j=0, (iv) TJ/-2a!-3^+6=0, 

(t) a?-6*y+4y*=0, (vi) a«-5a:y+4pS+3r-4=0, 

(vii) !eS+2*ycot2a-y-=0 
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4 Por vliit \a1uo of X docs the equation 

12a-5 - lOxy J- 2i(=+ llx - oy + X = (» 

represent tno straight lines? Sliow that if the equation represents 
stmiglit lines, the angle between them is taii~U X=2 

o For Mhnt value of X docs the equation 

12x*+Xa:y-i 2ir+lla:— + 2 = 0 

represent two straight linos’ Am - 10, or - V 

6 For vrhat value of X does tlic equation 

12x' + J6 j^ + Xp* + t«x+ Cp T 3=0 

represent two straight lines’ Vre the lines leil or iinagiiiar^ ? Am 28 

7 For what value of X docs the equation Xrv+«x+Sp+2=0 

represent two straight hues’ Aji^ X=V 

8 Mien that the lines joining the origin to the points common to 
3x”+ V</ -'lp*-t Ux-t 3p=0 and dx-2i/=l arc at nght angles 

Thi hurt are 3x*+i»x»/ - ‘tv- J- (2x4 3p) (8i - 2p)=0 


OULIQUF iVXLS 


40 To find the erjmtiun oj a strauiht hno le/o ted to 
•ari'8 lucliued at an anfie co 



Draw paiallel to llio axts nf i/ tuitl OQ patallel to 
the hue LMP, as in the figuie. 


3 — 2 
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Then 

But S = 


THE STRAIGHT LINE. 

]S^P = NQ + QP 
Sin NOQ 


0 ) 


= constant = m suppose, 


ON sm{(o -NOQ) 
and QP = OM = c suppose , 

therefore (i) becomes y = mx + c, which is the required 
equation 

If 0 be the angle which the line makes with the axis 
of SB, then 

sm 9 

m = 


tan 6 = . 


sin (ft) — 6) ’ 
m sin 00 


1 + m cos a> , 

41 Many of the investigations m the preceding 
Articles apply equally whether the axes arc rectangulai 
or oblique These may be easily recognised 

^“42 2b find the angle between two straight lines whose 
equations, lefetied to axes inclined at an angle to, aie 
given 

If the equations of the lines be 

y = mx + c, and y = m'x + c', 

and if 6, 6' be the angles they make respectively with the 
axis of X, then [Ait 40] 


^ „ ni sin to j m sin oo 

tan 6 = rr-. , and tan 6 = 


1 + m cos 00 
theiefore tan {6 — 6’) = 


1 + m' cos 0 ) ’ 
(m — m') sin to 


( 0 . 


1 + (w + m') cos Q) + mm' 
or the angle between the lines is 

I tan'* (w-mOsin&) 

^ 1 + (m+m') cos 00 + mm 

The lines will be at right angles to one another, if 
1 + (in + jn') cos 00 + mm' = 0 (ii) 

If the equations of the two straight lines be 
a® + + c = 0, and a'x + b'y + c' = 0, 

and 6 be the angle between them, then m = —^, and 
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(I 

ni' = — jT, and substituting these values in (i) "no liave. 


tan 6 — - 


(ah — ah') sin a 
aa’ + bh' — (ah' -{-ab) cos to 

The Jines •will be at right angles to one another, if 
aa' + hh' — (ah’ + a'b) cos g) = 0 . (in) 


*43 To Juid the peipendxcuh) dxitantc of any point 

if> d) J’ 0 

Jjct the line cut the axes ot x and y in the points K, L 
lospcetnely, and let 7^ be the point vhosc co-ordinates aie 
/'< 7 , and let PxV be the perpend iculai fioin it on the lino 
'LK Then 

A PLK^ A POK-\r A PLO- A L OK (i), 

PK LK = OK (j sin w + OL . fsin a — OK OL sin a 

(») 

The relation expressed in (i) leqinres to be modified 
for different positions of the point and of the line, unless 
■\\c make some convention iMth lospcct to the sign of the 
aiea of a triangle, but the equation (n} is univeisally line. 
The student should convince himself of the truth of tins 
bv drawing difterent figures 

Now oyr=-^\ OL^-Z, 

A B 


also LJP= OIP^ + OU — 20K OL cos to 
O' 

= + B~ — 2ABco'i to ) , 


fiom(ii) PK~ 


Af+Jiy+ G 


^/{A^+B'-2AB cos to] 


sill G>. 


c ^44 To find the angle between the lines 
ax' + 21ny + hy' = 0, 
the ares being mchned at an angle to 
If the lines be y=m'x and y=wi".'C, 

then w’lll ni + m" — — 

b 
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# #/ ® 
m in =^, 


in' — m" ■■ 


2 Jh' — ab 


But the angle between y = m'x and y = in'x 


tan'* 


(nt' — iW') sin 0 ) 


1 + (m' + m") cos 6) + invi!‘ 
thcicfore the angle lequircd is 

2 tJ[K‘ — ah] sin to 


[Art 42], 


tan 


6 — 2ft.cos 0 ) + tt 
The lines 2hxy + bi/' = 0 aio at right angles to 
one another, if 

u+b~2h cos D) = 0 


Polar Co-ordinates 

f 45 To find Vie polar equation of a itiaight line 

Let OiV be the perpendiculai on the given line irom 
the origin, and let ON = p, and X ON = ct 

Let P be any point on the line, and let the co-oidinatos 
of P be 7 , 6 



Then, in the figuie, £ NOl^ is (6 — a), and 
OP cos NOP = ON 
Theiefoio the required equation is 
} cos {6 — a) 

This equation may also be obtained by writing r cos 6 
for X, and r sm 0 for y in the equation ® cos a -I- y sin a s= i? 
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46 To find the polar eqiiation of the line th ongh two 

given points 

Let P, Q bo the given points and lot their co-oidinatcs 
be 6' and ?" 6" lespoctivcly 

Lot R be any other point on llio line, and let the 
co-oidinate*? of 72 bo f? , 6) 

'riion, since 

A POQ + A QOR - A POR = 0, 

ne have 

r' } " sin {6" — Mn {0 — 0") — ii ' sin {6 — $') =0 

The leqnired equation is thcrefoio, 

7 ' 1 " sin {$’’ - O') + 1 "j sin (fl—d')'\-ii' sin (O' — 0) = 0 

EXAMPLi:s 

1 Shew that the lines Kocn hj the equation y~-x-=0 arc nt right 
nngleR to one another wlinleTer the angle between the axes mnj be 

2 I tn<l the equation of the Rtraight line passing through the point 

(1, 2) and cutting the line a*-* 2t/=0 at right angles, the axes being 
inclined nt nn angle of 00” Am *=1 

S Find the angle the sliniglit line v-Sx-i 0 makes with the axis of 
X, the axes being inclined at nn angle whose cosine is J Am 4.>* 

A If 1/ = wx + e and y = mr -*• c' make equal angles with the axis of x, 
then wnll m-»-;7i'+2wm'coscij=0 

a If the lines jfxS-r 2/tey + Cy'=0 make equal angles with the axis 
of X, then will JJ= A cos w 

C Show that the lines giien by the equation 
x- + 2xycos w ^y"cos 2(<>=0 

arc nt right angles to one another, the axes bring inclined at an angle or 

7 Find the polar co>ordinatcs of the foot of the pcipcndicnlnr from 
the pole on the lino joining the two points (r„ d,), (r,, Oj) 

f 47 Wo shall conclude this chapter bv the solution of 
some cAamples 

(1) On the tides of a tnanyle m diagonals, jiarallelograms are described, 
having their sides parallel to tico given straight lines, sheio that the other 
diagonals of these parallelograms will meet in a point 



40 


THE STRAIGHT LINE 


Take any two linos parallel to the sides of the parallelograms for the 
axes Let A, B, C, the angular points of the triangle, be (»', y'), (»", y") 
and y"') respectivelj 



Then the extremities of the other diagonal of the parallelogram of 
which IS one diagonal will be seen to be (s', y") and (x", y') 

Therefore the equation of the diagonal FK will bo 
y -y" -a f 

or a (y' - y") + y (x' - r") + a"y" - ar'y' =0 

Similarly the equation of HE will be 

■« (y" - y'") + y ( i:" - + <r"y ’’ - *”y” = o, 

and the equation of GB will be 

» (y’" -y') + V (*"' - *') + *'y' - »"y" = « 

The sum of these three equations vanishes identicallv, therefore the 
three straight lines meet in a point [Art 34 ] 

(2) Any straight line is diaion through a fixed point A cutting two 
given straight lines OX, OT ?« the points P, Q lespectively, and the paral- 
lelogram OPEQ IS completed find the equation of the locus o/E 
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Take tbc two gi\cn liucs for the a\G9, and let the co ordiimtcb of the 
pouat A he f, 0 

Let the oquilion of the line PQ in any one of its po&siblo positions bo 




(I) 


Ihcn the co ordiiiales of the point if will be a .iiid ji 


Blit, since the line PQ parses through the point (/, f/),tbcMvluCba:=/, 
y_f/ cali'fj the equation (i) Theiefoic 


; 

a 



(«) 


lienee the CO onhiintcb a mid p of the point Jt nlwnis satisO the 
relnlion fii) Calling the co oidinates of the point Jl, x mid y instead 
of a mid p we lime for tbc equation of its locus 


(t) fhrotiyh <i itxrd jioiiit 0 nmi ftratyht Ittie drawn mertinn tun 
f/iirn parallel ftraiaht line* ni V and Q, through P and Q rtramht fines 
are drawn tn fixed direct ton*, vieetinij in R prote that the loeus ofli is a 
ftrauiht line 

Take the fixed point O for origin, and the axis of »/ iiarnllcl to the two 
paralkl straight linos, mid let the equations of these parallel lines be 

3 -=/; 

Then, if the equation of OPQ be v=mx, tbc abscissa of P is a, and 
Iboreforc its ordinate mn, also tbc abscissa of Q ih It, mid thcrefoio its 
ordinate ndi 

Let PP be alw iij s parallel to v = m’x and Qll alw nj s parallel to y = m''x, 
tlnn the equation of PP will be 

y-viaz=ni'{x-a) (i), 

and the equation of QP will be 

V - mb =iii" {-r-li) (ill 

At the point P the relations (i) and (ii) will both hold, and we cun find, 
foraii^ partioulnr saliie of m, the co ordinates of the point P bj sohing 
tbc Rimultancous oquntioiis (i) and (ii) Tins liowcicr is not what we 
want "What we require is the algebraic relation which is satisfied bj the 
CO ordinates {*, y) of the point P, whatever the value of m may be To 
find this we have only to cliininatc m between the equation (i) and (ii} 
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The result IS 

(6 - o) y=m’b (*- a) - m"o (x-b) 

This cquntion is of the first degree, and therefore the required locus is 
a straight line 

(4) To find the ceiiti es of the vtucnbcd circle and of the escribed circles 
of a triannlc whose angular points are gticn 

Let (*', y'), (a", y '), (x"’, f ) be the angulai points A, B, C respeotiiolj 
The equation of BG is 

y (x" - x'") - X (y"- y'") + y V" - xY"= 0 (0. 

the equation of C 4 is 

y (*"' -x‘)-x iy'" - y ) h if'x' - x"’y'^0 (ii), 

and the equation of AB is 

y {xf (y*-y") +y'x" - £y"=0 (m) 

The perpendiculars on these lines from the centie of any one of the 
circles are equal in magnitude 

The centres of the four circles are therefore [Art 31] given by 
^ y {xf' y'") + y V" - 

_ ■ y (^" - - - c ir -i/)+ - »"'*/' 

V(*'" -«')*+ (?"-»/)= 

^ J (y' - y" )+y'a;"-a;'y " ^ 

^/(*'-a")4(y-y")= 

If the CO oidinates of the angular points A, B, 0 of the tnaugle be 
substituted in the equations (i), (ii), (in) respectnely, the left hand mem- 
bers of all three will bo the same Hence, [Art 26] the angular points 
of the tnangle aie either all on the positive sides of the lines (i), (ii), (in), 
or all on the negative sides 

The perpcudioulars from the centre of the inscribed circle on the 
sides of the tnangle aie all drawn in the same direction as those from 
the angular points of the triangle Hence in (iv) the signs of all 
the ambiguities are positive foi the inscnbed circle 

Por the esenbed circles the signs are - + + , + - -b, and + -h - 
rospcetiveh 
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Examples on Chaptlii II 

1 A straight line nioi es so that the sum of tlio lecijiro- 
cals of its luteicepts oii two hxed intersecting hues is constant; 
shew that it posses thiough a fixed jjoint 

2 Prove tliat bar — 2Iixy + aif = 0 lepiesunts two stiaight 
hncs at right angles ie>peetivcly to the sti-aight lines 

a-B" T + by~ = 0 

3 Find the equation to the n stiaight lines thiough 
(«, b) peipendiculai lespectively to the lines given by the, 
equation 

py +p,y"“'« + t +pX - 0 

4 Find the angles between the straight hues lepiesenled 
by the equation 

ini' + 3ary — Sxy® — 

5 OA, OB aie two fixed straight lines, A, B being fixed 
points, P, Q aio any two points on these lines such that the 
i-atio oi AP to 7SQ is constant, shew that the locus of the 
middle point of PQ is a stmight line 

6 If .1 stiaight line be such that the sum of the peipencli- 
cnlara iiiion it from any numbei of fixed points is zeio, shew 
that it xvill pass through a fixed point 

7 PJf, PN aie the perpendiculai s horn a point P on tivo 
lixcd straight Imes which meet in 0, MQ, NQ aic dmiMi 
parallel to the fixed straight hnes to meet in Q , pioie that, if 
the locus of P be a stiaight line, the locus of Q will also be a 
s-traight Ime 

8 A straight line OPQ is diawn thiough a fixed point 0, 
meeting two fixed stiaight lines m the points P, Q, and in the 
stmight Ime OPQ a jioint 11 is taken such that OP, OR, OQ 
aie in harmonic piogicssiou, shew that the locus of Ji is a 
sti-aight Ime 

9 Find the equations of the diagonals of the pai-allclogiam 
formed by the lines 

a=0, a = c, a =0, a'=c, 
where a = -c cos a + y sm a~p, 

and a' = x cos a' + y sm a'— p' 
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10 A BCD as .1 paialldogram Taking A as pole, and AB 
as iiufcial line, find the polaa equations of the four sides and of 
the tu o diagonals 

1 1 Fiom a given jioint (7t, A) pei'pendiculais aie diawn 
to the a\es and then feet are joined pxove that the length of 
the iiei iiendicul.il fioni (7i, 7.) upon this line is 

/il sin“w 

7[7=-+7r' + 27iicosa)}’ 

.and that its equation is 7m; -ky= h" — 7,® 

12 The distance of a point (a,, y,) flora each of two 
stiaight lines, winch pass through the origin of co-ordinates, 
IS 8} piove that the two lines aie given by 

13 Shew that the lines FG, KB, and AL in the figuie to 
Euclid I 47 meet in a point 

14 Find the equations of the sides of a squaic the 
co-oidinates of two opposite angular points of which are 3, 4 
and 1,-1 

15 Find the equation of the locus of the vertex of a 
ti tangle which has a given base and given diffeience of base 
.ingles 

16 Find the equation of the locus of a point at which 
tuo given poitions of the same stiaight line subtend equal 
angles 

The pioduct of the pei-pciidiculais diawn flora a jioint 
on the lines 


a; cos 0 + y sin 0 = o, x cos ^ sm ^ « 

is equal to the square of the perpendicular diaivn fiom the 
same point on the line 

0 + d!> 0 + <i 0 — th 

V cos — -X + y sin — =- a cos — ^ , 

^ Z 2 

shew that the equation of the locus of the point is + y* = a® 


18 PA, PB axe stiaight lines passing through the fixed 
points A, B and intercepting a constant lengtli on a given 
straight line, find the equation of the locus of P 
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19 The area of the paiallclogram formed by the straight 
lines 3r + 4y = 7(1,, 3x + 4y = 7a„ 4^ + 3y = 76„ and 4x + 3y= 76, 
IS 7(«,-a,)(6,-6,) 

^ 20 She-w that the area of the triangle formed by the lines 

f + 27(^y + 6y® = 0 and h, + my + « = 0 is 

n~ — ab) 

(tm‘ —2hlm + bl' 




21 Shew that the angle between one of the lines given by 
war + 21ixy + by' = 0, and one of the lines 

aar + 2hxy + 6y" + A. (a® + y‘) — 0, 

IS equal to the angle between the other two lines of the system 

J 22 


Find the condition that one of the lines 
rta.® + 2/(^?/ + by- — 0, 
maj'^ coincide with one of the lines 

a'x- + 2Jixy -*• b'lf — 0 




23 Find the condition that one of the lines 
j' ax’ + 2hxy + by” = 0, 

may be perpendicular to one of the lines 
fl V + 2h'xy + h'lf = 0 


24 Shew that the point (1, 8) is the centie of the inscribed 
ciicle of the triangle the equations of whose sides aie 

4y+3v-0, 12y - 5» = 0, y - 1 5 = 0, respectively 


25 Shew that the co-oidinates of the centie of the cucle 
inscribed in the tiiangle the co ordinates of whose angular pomts 
aie (1, 2), (2, 3) and (3, 1) aie ^(8 + ^10) and ^(16-^10) 
Find also the ceiities of the esciibed ciicles distinguishing the 
diflerent cases 


2G If the axes be lectangiilai, inove that the equation 
(a® - 3y”) X = my (y”- 3a®) 

lepresents thiee stiaight lines thiough the oiigin making equal 
angles with one anothei 

27 Shew that the product of the perpendiculais fiom the 
point (pe, y) on the lines ax” + 2hxy + 6y® = 0, is equal to 
aa^” + 2hxfy' + 6 ^® 

J (a -by + 4/1” 
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' 28. If p^, 2\ peipendiculars fiom {x, y) on the 

straight lines era?" + 2Jiscy + by^ — 0, piove that 

{Pi + P2') {(" ^ 7 " / " 

+ 4/1 (a + ft) ay + 4/4' (o' + y ) 

' 29 Shew that the locus of a point such that the product 

of the perpendiculars fiom it upon the three straight lines 

lepiesented by 

ay* + iy®a + cya? + do® = 0 

IS constant and equal to A* 

IS ay'' + by^x + cyx' + daf — J{a-- c)" + (& — d)® = 0 

.. -'30 Shew that the condition that two of the lines le- 

piesented by the equation 

.4a® + 3jBa®y + 3C'ay® + i)y* 0 

may he at light angles is 

y A^ + SAO+SBD + jr^.O 

*■ 31 Shew that the equation \ ^ 

' a (a^ + y*) — Abvy (a? — y‘) + 6ca®?/ = 0 

lepresents two pans of straight lines at right angles, and that, 
if 26* = a® + 3ac, the two pairs will coincide 

"32 The necessary and sufficient condition that two of the 
‘-'lines lepiesented by the equation s 

ny* + hxif -t- ca*y® + da^y + ca^ - 0 
should be at right angles is 

(6 + d ) (ad + 6e) -j- (c — a)* (a + c + e) - 0 
V/33 Shew that the stiaight lines joining the oiigin to the 
\ pomts of mtei'section of the two cui ves 

«a® + 2/ixy + bif + 2t/a = 0, 
and a'a? + 2h'xy + h'y® + Sy'a = 0, 


uull be at right angles to one anothei, if g'{a^h)=g (a' + b') 

34 Piove that, if the peipendiciilais fiom the angulai 
points of one triangle iqiou the sides of a second meet in 
a point, the peipendiciilars fiom the angulai points of the 

- second on the sides of the first will also meet in a point 

35 If the angular points of a tiiangle lie on three fixed 
straight lines which meet in a point, and two of the sides pass 
through fixed points, then will the thud side also pass through 
a fixed point 


CHAPTER III 


Change op Axes Anharmonic Ratios, or Cross 
Ratios Involution 

Change of Axes 

48 When we know the equation of a curve refened 
to one set of axes, we can deduce the equation leferred to 
another set of axes 

49 To change the origin of co-ordinates without 
changing the diiection of the axes 



Let OX, Oyhe the oiiginal axes, O'X', O'Y' the new 
axes, OX' being parallel to OX, and 0'^ being paiallel 
to Oy Let h, k be the co-ordinates of O' referred to the 
ongmal axes 
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Let P be any point whose co-oidmates refeiied to the 
old axes are x, y, and referred to the new axes x', y' 
Draw PM parallel to OY, cutting OX in M and O'X' 
mN 

Then x=OM= OK + KM= OK + O' N =h + x', 

y==MP=MN+NP=KO' + NP = h + y 
Hence the old co-oidmates of any point are found in terms 
of the new co-ordinates, and if these values be substituted 
in the given equation, the new equation of the curve will 
be obtained 

In the above the axes may be rectangulai oi oblique 

50 To change the direction of the axes without 
changing the oi igin, hath systems being ? ectangulai 



o N M X 


Let OX, OT be the onginal axes , OX', OY the new 
axes , and let the angle XOX' = 6 

Let P be any point whose co-oidinates are x, y le- 
ferred to the oiiginal axes, and x', y leferred to the* new 
axes Draw PN perpendicular to OX, PN perpendicular 
to OX', K'M peipendicular to OX, and KL perpendiculai 
to PK, as in the figuie 

Then x = OK — OM — NM = OM — LK 

= ON' cos 6 — WP sin 6 
= x' 003 0 — y' sm. 6, 
y = KP= KL + LP = MN' + LP 
= 0N' 3m e-^-WP 003 0 

= x' sin 0 + y' cos 0 
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ITenco (lu oM co-oKhnsitc^* of any point, aio lound m 
terms of the new co-mdinatcs, and if tlioso values bo 
substituted in the gi\cn equation, the nciv equation ot the 
Cline will be obtained 


l.\ 1 Jl /inf ti’tfs n/itfitmu Hr- + 2n/ + .l//®“ ISj"- / ir 
eniiic irhfti rfirmd tn rn (niinulnr nx<*« throun!i thf point (2, 3), i/ie tifir 
11 XIX of \ ittnliiin nil ntifilf of I'l” irith tin old* 

I irsl dmnpc thr onRiii, b.\ pnttincx’ l-2, »/'^ 3 forx, y rcppcctjvolj 
Tlie new equation will be 

n(x -a)* + 2(x -raKy'^n)-* l(v'+3)= -1 H(x' + 2)-22<i/'+3) + 30=0, 
Tfhieb retlncc« to lx" 2 t’j/'+ Sf/*" -1=0, 

or, ‘nipiirc'5«inR tbc nccent*>, to 


Sx--* 2jry+ lv*=l 


(»> 


To turn tbe im*** through nii angle o£ IV’ we mu**! write x 

\2 V2 

forx, and v'— ;for »/ Equation (i) will then be 


1 




winch reduce-, to 



Lx 2 Wlint doc.« the cijuation x- - «-+ 2x+ ly^s-o become when the 
origin 1*1 transferred to the point (- 1, 2)? fn» z*- v-+3=!0 

Lx 3 Show tint the equation Cx^-f- ox//- Cy®- 17x+ 7»/+ 5=0, when 
referred to axes through a certain point parallel to the ongttuil axes will 
bocoino Ox* -r on/ - fiv*^ 0 

Ls 1 Wliatdoas the equation lx* J-2y/1xy + 2//®- 1=0 Iwooino when 
the nxc>. arc turned through an angle of .10''’ fix® +y* - 1 =0 

Kx o Transform the (quntton x*-2ry+y"-rx-3v=0 to axes 
tlirougli the point (-1, 0) parallel to the linc^ bisecting the nnglcR be- 
tween the onginnl nxc?. Jilt v'2'/®-x=0 

Ex C Transfomi the equation x” f ex// »•;/'-= a®, by turning the rect- 
angular axes through the angle ^ , 


.)I 7b chauf/e fioiit one hH of oblique fue‘< to another, 
Without diavgtiiq the oiigin. 


b C b. 


4 
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Lef. OX, OY be the ongmal axes inclined at an angle 
o) , and OX', OF' he the new axes inclined at an angle 
to' , and let the angle XOX' — 6 



Let P be any point whose co-ordinates are a, y re- 
ferred to the ongmal axes, and x', y' referred to the new 
axes, so that m the figure OM—x, MP^^y, OM' a!, 
and M'P=y', i/P being parallel to 03’' and M'P parallel 

to or 

Diaw PK and M'E perpendicular to OX, and 
perpendicular to PK 

Then KP = XO + (?P = HM' -f GP , 

1 / sin <a = x’ sin XOX' + y sin XO r 
= - k ' sin 6 -^-y' sin (6 ©') 

Similarly, by drawing PL perpendicular to OF, we 
can shew that 

xs,ma = a! sin X'OF — y' sin FO F' 

= x' sm (a — 0) — y' sin {a>' + 6 — a) 

These formulae are very rarely used The results which 
would be obtained by the diange of axes are generally 
found in an indirect manner, as in the following Article 

*52 If by any change of axes aaf + 2hxy + 5/ be 
changed into a'x * + 2h'xf -f- ty®, then will 
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and 


a + b — 2}> cos ft) _ « + 5' — 2/t' cos co' 
sm® (0 sin® ft)' 

ub-lr 

sm® 0 ) sin® ft)' ’ 


7(>Ae?c ft) and to ate the angles of inclination of the two 
sets of axes 

If 0 be llie oiigin and P be anv point iiliose co-oidi- 
nates .uc 'i, y refeiied to the old aves and x,y referied to 
tlie new, then OP- is equal to ar + y® + ^xy cos to, and also 
equal to a;'® + y + Zx'y cos to' 

Hence x'+f + 2xy cos to is changed into 
a''® +^'®+ 2oJy' cos to 
AKo, by supposition, 

+ 2hxy-\- by" is changed into a'a'® + 2h'xy + b'y'^ 
Thercfoic, if \ be any constant, 

aa® + 2kxy + 5y® + X + 2xy cos to +f) i\ ill be changed 
into a o'" + 2h'x'y' + b'y*" + X (x" + 2 sy cos to' + y'®) 
Theiefoie, if X be so chosen that one of these expressions 
is a perfect squaie, the othei will also be a peifect squaie 
foi the same value of X 

The first will be a peifect square if 

(a + X) (5 + X) — (Ji + X cos ft))" = 0, 
and the second if 


(a' + X) (6' + X) - {Ji + X cos to'y = 0 
These ti\o quadratic equations foi finding X must 
have the same loots Writing them in the forms 

ab-h"_ 

• — U| 


.j , a + 5 — 2/tcosft) 

Ar O ^ A 


sm® ft) 


sin® ft) 


and 


^ j , a' + 5' — 2Jt cos ft)' ^ . a'b' — Ii 

A “T* n.“t ^ 


sin' ft) 


sin® ft) 


:-=o, 


we see that 

u + b — 2?i cos ft) a'+ V — 2U cos to' 


sm* ft) 


sm® to 


0 ) 

4—2 



52 


CHANGE OF AXES 


and 


siu® ft) sm"* ft)' 


(«) 


]i bolJi sots of fixes aic at jiglit angles llicso cij^uations 
lake the siraplei ioims 

ft + & = a' + h', and ah — = ah' — h'' (in) 


)3 The degicB of an equation i'> not altered by any 
altei atwn of the aoues 

Foi, from Articles 49, 50, and 51, we see that, howevei 
the axes may be changed, the new equation is obtamed 
by substituting for a; and y expressions of the form 

Za/ + my + n, and I'x' + m'y' + v! 

These expiessions are of the fiist degree, and tbeieloie it 
they leplace ss and y in the equation the degiec of the 
equation will not be laised Neithei can the degree 
of the equation be loweied, foi, it it weie, by leturning to 
the original axes, and theiefore to the original eouation, 
the degree would be raised 


E\ 1 Fiovc, by actual trauBformation of rectangular axes, that if 
ar’+2/ixy+6j/" become a'-c'^+ZhVi/' +1/^, then imII a+b=o'+6', and 

E\ 2 If the formula foi transformation from one set of axes to 
nnothei uith the same oiigm be x=mx' + ny', y—viil + n'y', shew that 
7n^+wr'-- 1 _ mm' 

«?+»'•'-! ~ vn’ 

[i;S+y®+2a:y cos u •will become af*+y'*+2a;'y'cos w' Substitute there- 
fore the given expressions for x and y, and equate coefhcients of x'- and 
y'- to unity, and then eliminate cos u ] 


Anhakmonic Oil Cboss Ratios. 

*54 A set of points on a stiaight line is called a 
range, and a set of straight lines passing through a point 
IS called a pencil , each line is called may oi the pencil 
If P, Q, R, 8 be foul points on a stiaight line, the 
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ratio called the anhar- 

momo latio oi 07vss ratio of the laiige P, Q, JR, S, and is 
expiessed by the notation {PQPiSf} 

If OP, OQ, OB, OjS be u pencil of four stiaight lines 
the latio sinPOQ sm BOS sin PO/S . sin POQ is called 
the anharmonic laiio oi cross latio of the pencil, and is 
expiessed by the notation 0{PQP<S} 

If the cioss ratio of a pencil oi of a lange is equal to 
— 1 it IS said to be hai monic 

It IS easy to shew that if {PQBS\ = — 1, then 
PQ PS PR-PQ PS- PR, 

'SO that PQ,PR, PS are in liaimonic.il piogiession 

If P, Q, R, be a haimomc lange, then Q and S aio 
said to be /tai monically conjugate nith inspect to P.andP 

^5.3 If four stiaight lines inteisecting in a ‘point 
0 he cut hy any sti Qxght line in the 2 >oints P, Q, B, S, 
the CIOSS ratio of the lange P, Q, R, S will he equal 
to that of the pencil DP, OQ, OB, OS 
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Hence 
that IS 


jj JPQ = OP OQsmPOQ, 
n RS = OR 08 sin ROS, 
p.PS=OP OSsmPOS, 
p RQ = OQ OBsmROQ 
PQ RS sin POQ sm ROS 
PS RQ sin POS sm ROQ’ 


{PQRS\^0{PQRS} 

If the pencil he cut by any two straight lines in 
the points P, Q, R, 8 and P', Q', R', S' respectively, as in 
the figure, the cross ratios of the ranges P, Q, R, 8 and 
P\ Q', R', 8 will he equal to one another, since they aie 
both equal to the cross ratio of the pencil 

If we diaw the transversal P'’Q"R" parallel to OS, 
it will meet 08 at an infinitely distant point, and, lepresent* 
mg this point by the symbol oc , we have 

0{PQRS\ = {F'Q''R" » } = , 

R''<x > 

P"« 


since -ypT- IS unity 


^')G To jina, the cj oss i atio of the pencil foi med hy the 
lines whose equations aie 

x~Q, y —mx = 0, y = 0 and y — in'x—Q 
Diaw the line a: = 7i cutting y — jraaj = 0 in P, the axis 
of X in N", and y — mx = 0 in Q 
Then jVQ = mh, and jVP = mh. 

CO P . NQ NQ m'h m' 


OiYPXQ)^i.Pm = ^Q 

From the aho%e ne see that the fom lines 


mh 


m 


* — 0. y — mv.= 0, y = 0 and y + mx = 0 
form a harmonic pencil 

If the axes are at light angles to one another the lines 
y — ??^^ = 0, and y+?jM; = 0 make equal angles with either 
axis 

Hence, if a pencil he harmonic and two alternate rays 
he at right angles to one another, they will bisect the 
internal and external angles between the other two 
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*57 To find the cioss ratio of the pencil fanned hy the 
four lines 

y = ]u, y = lx, y = vvx, y^nx 



Draw any line parallel to OY cutting the given lines 
in the points if, //, M, lespectnely, and the a\is of x in 
Jf, and let OH = x 

Then 0 [lam-] = . 

Now KL = HL - UK - Lv, 

MK = UK- mr= nx'~vix\ 

KK = UK- HK= nx'- W, 
ML=HL-HM=lx — mx 

Hence 0{KLiMX} = ^j:^^^^!^\ 

*38 To find the condition that the lines given hy the two 
equations atr-t 2hxy + htf= 0 and a' ir + '2h''t y + Inf = 0 
may he harmonically conjugate 

Let the pairs of lines be y = oa;, y = o' x, 
and y — ^x, y=fi'x 

Then, if y—ax, y — ^x, y=ax, and y=^''i foini a liai- 
monic pencil, wc must have [Art 37] 

22a'+2fi/3’ = {a+a'){p+^) 


or 
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But, from the given equations -vve have 
, 2/i , a 

“ + “ “-T- ““ “S' 

Hence the condition lequired is 

ab' + afb = 2hJi 


*o9 We can shew in a similar manner that the pairs 
of points given by the equations 

o«* + 2/jaj + 6=0, and a'®* + 26'® + 6' = 0, 
aie harmonically conjugate if 

ab' + afb=2kh' 


*60 ISach of the three diagonals of a qxiadnlatei al is 
divided harmonically hy the other two diaqonah 



Let the straight lines QAB, QBG, PDA and PGB be 
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the suit s of I lio f^uadnliitprrtl TJie line joining the point 
of intersection of two of these line^ "inth the point of 
intersection oi tlio otlier two is called a <hnfjonal of the 
(piadrilateral Tliere are therefore three diagonal*?, mz 
PQ AC, 13D m the fiiruio 
We hate to proie that 

\AOCIi\ = \mDS\ = [QSPR] = - 1 
]At QO cut AJJ in K and JiC in L 
Then, from Ait 

\A()CIV = Q \A OCn\ = \AK1)P\ 

= O {AKDP\ = [CLBP] 
^Q\CLIiP] =^{OOAn] 

Ami, Muce [AOCP] = { COAn], 

AO. an CO AR 
AJt ab~ OR A(r 
‘ [AOGR\==±l 

We must lake the negatoe sign, for two of the rajs 
coim ido if the anlnnnonic ratio of a pencil be equal to + ] 

Tin*- follow*? fioin Art 5", for if 1. then 7^' and R" 

u 

an* f oincuh nt. 

Hence the «lia"<»n,il A C is < nt harmonicalh 

We ctin pro\e in a ‘'imiJai in.inner th.it the othei 
diigon.ds are dhiihd harmoniCi^dh 

IwoLimoN. 

^(il T)cf L< I 0 be .a fixe*! ])ojnt on a given stiaight 
line, and P,P': Q, Q'; R,R', k( jiairs of points on the 
line such th.it 

OP OP'^OQ.OQ'^OR OK^ . =aconst.=/ 

Then the-e points are *?ai<l to form a system in ‘involution, 
of which the point 0 i*- called the centre Two points 
such as P, P' rue said t<» be conjugate to one anothei The 
point conjugate to the centre is at an infinite distance 
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If each point be on the same side of the centre as its 
conjugate, there will be two points K„, one on each side 
of the centre, such that OK^~OK^ = 'OP OP' These 
points are called doiible points or foci 

It IS cleai that when the two foci aie given the involu- 
tion IS completely determined 

An involution is also completely detei mined when two 
pairs of conjugate points are given 

Foi, let a, a' and b, b' be the distances of these points 
from any point in the straight hue upon which they lie, 
and let v be the distance of the centre of the involution 
from that point Then we have the relation 
(a — x) (o' — x) = {h — x) {V — x), 
or (a + a'~b — V)x = aa! — bb' 

Hence theie is only one position of the centre 

The position of the centre can be found geometncally 
by drawing circles one through each of the two pans of 
conjugate points, then [Euclid ill 37] the common chord 
of the circles will cut the line on ivhich the points he in 
the requiiod centre 


*62 If any number of 23oints be in involution the ci oss 
7 atio of any foui 2 ioints is equal to that of then fom con- 
jugates 


Let P, Q, B, 8 be any four pomtb, and let the distances 
of these points from the centie be p, q, ?, s respectively and 

theiefoie those of then conjugates - , ^ lespectively 

Then {PQES} = , 


and 



(p-g)(y-g) 

(p-s)(7 -2) 


Hence {PQPS} = {P' 

The above gives us at once a means of testing whether 
or not siv points are in involution For P, P' will be con- 
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jugate points m the iu\olutiou detei mined by and 

B, B\ it [ABA'P\ = [A'RAF] 

Ani/tzvo con fu gate 2)01 Ilfs of an involution and the 
iU'o foci foi m a harmonic i ange 

Ltt if,, be the two foci, and 0 the centre nf 
the imobition, and lot K^O — c— OK^ 

Then, if P, P' be the two conjugates we have to piove 
that 

K,P' K^P~ ' 

or (c + OP) {OF - c) + (c + OP') {OP - r) = 0, 

01 OP OP' =6'-, 

which wc knn\\ to be true 

*04 If an,v numbei of pans of points in involution 
bcj'oiiied to aii\ point 0 w’e obtain a [tencil of lines which 
may be said to be in iiuolution 

Such a pencil is cut by any otbei tiansveisal in pans of 
points which aio m iinobition Tins tollows fiom Ai tides 
o'} .iiul 02 


TAAMPLUS 

1 If P, Jl, S bo njiy four points on n straight Imp, then 

PQ JlS+PIt fsQ-rPh Qlt=0 

2 .Shew that 

tPQm =- = {Pl>PQ) ~ \S11QP} 

S Shew tlint 

4 .Slipw th.it, by tnting four points in difTorcnt ordeis, bis and only 
BIX dilTcront cross ratios nio obtained, and that of Uicsc six three arc the 
rreiproc-slh of the other tin re 

o If shew that = - 1 , {7'7JQ,S} = 2, and 

{7^S?<)7i}={ 

b If j/'Q7f.S}=: - and O bo the middle ])Oiiit of PR, then 
OP-^OQ OS 

7 If lPQm\ = - 1 , «hcw that ^ i = A , and ^ 
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The CmcLF 

I 

Go ^0 find the equation of a ciicle lefeiied to any 
1 ectanyiilai axes 



Let G be tlie centie of the circle, and JP any point on 
its circumference Let d, e be the co-ordinates of C', x,y 
the co-ordinates of P, and let a be the radius of the ciicle 
])raw GM, PN parallel to OY, and GK parallel to OX, as 
in the figure. Then 

GIP + KP^==GP^ 
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But GK = A—d, and 7CP = y—c, 

+ -<?)" = «= (i), 

lb the icquued equation 

If the centre of the ciiclo be the oiigin, d and e will 
both be zero, and the e([uation of the ciicle will be 

+ / = tr (n) 

The equation (i) may be wiittcn 

a,® ^y- — 2,dx — 2ey + a!' + c" — «“ = 0 
The equation of any ciicle is theieforo of the form 

+ 2^® + ^ + c= 0 (ill), 

where 5 f,/and c are constants. 

Conveisely the equation (in) is the equation of a 
ciicle 

For it may be written 

(a + gf + (y +/)“ =/+/"- 1' , 

and this last equation shews that the distance fiom any 
pomt on the locus of the equation (m) from the point 


(~^, —f) is constant and equal to Vgr® — c. The 
equation (in) therefore represents a circle of radius 
— the centre of the circle being at the point 

(~y. -/) 

If y'+/'~c = 0 the ladius of the circle is zero, and the 
circle IS called a point-circle. 

If ^ +f' — c be negative, no real values of x and of // 
will satisf}"^ the equation, and the circle is called an imagi- 
naiy circle 


66 We have seen that the general equation of a 
circle is 

a® + y® -I- 2gx •\-2fy-\‘G = 0 

This equation contains tlvree constants If Ave ivant to 
find the equation of a ciicle which passes through thiee 
given points, or Avhich is defined in some other manner, Ave 
assume the equation to be of the above foim and detei- 
mine the values of the constants y, c for the circle 
in question fioui the given conditions. 
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Foi o\auiple— To find tlio equation of the circle which 
.■ passes thiough the three points (0, 1), (1, 0) and (2, 1) 

Lot the equation of the circle he 

+ 4 - 2/^ + c = 0 

Then, since (0, 1) is on the circle, the equation niyst be 
satisfied by putting a = 0 and y = l, 

1 +2/+c = 0 

Also, since (1, 0) is on the cuivc, 

1 + 2p + c = 0 

And, since (2, 1) is on the curve, 

4 + 1 + 4^ + 2/+ c = 0 
Whence S' =/= — !» and c = l 

The required equation is theieiore 

A'+ 7/® — 2a! — 2y + 1 = 0 

67 To find the equation of a cm cle when the aaci cm c 
inclined at an angle <u 

The square of the distance of the point (®, y) fiom the 
point (d, e) will be equal to 

(v — df + (y~- c)® + — d) (y — e) cos a [Ait 4 ] 

Theiefore the equation of the ciicle whose centre is at 
the point (d, e), and whose ladiiis is a, will be 

(t, — d)® + (y — e)® + 2 (-b — d) {y - e) cos d> = a® (\), 
or a® + f +2®y cos w — 2® (d + e cos ta) — 2y (e + d cos at) 

+ d® + e® + 2dc cos ft) — a® = 0 (ii) 

Any circle theiefore leferred to oblique axes has its 
equation of the form 

, a;® + 2/® + 2®i/cosft) + 25 fx + 2_^ + c = 0 (in), 

where g, fi c are constants so long as we consider one 
particular circle, but are different foi different circles 

The equation (in) will still be tiue if we multiply 
throughout by any constant , it then tabes the foim 
^®® + 2^ cos ft) ®y -f Ay®4- 2(?®+ 2F^4- (7= 0 . (iv) 
Hence the equation of a circle lefened to oblique axes is 
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of the second degree, the coefficients ot a? .lud if are 
equal to one another, and the ratio of the coefficients*, 
of cuy and a? is 2 cos to, wheie a is the angle between 
the axes 

"We can find the centre and radius of the wide represented hj the 
equatiSn' x--\-y^-\-2xycoBu-\-2gx + 2jy-¥c=Q hoi it Mill he identical 
vnth (j:-<Z)® + (y-c)- + 2(a:-d){y-e)cosw-uS=0, if d + ccosw=-(/, 
c + dcosw=: - f, and d^+e" + 2de costa-a-=c We therefore have dsin^w 
■=/ costa — I/, c sin® ta= 7 cos ea— f, and a® sin® ca = f' + 7® — 2f// cos ta - cBin®£a 


EXAMPLES 


1 Find the radii and the co-ordinates of the centies of the circles 
whose equations are (1) x^+y^-x-y=0, (u) 4®®-j-4y®+4r-8yH-3=0 

Alts 1 centre (i, Is), radiMs ^ , 11 centre (-i, 1), radius-^. 

2 Find the equation of the ciicle which passes through the points 

(0, 0), (a, 0) and (0, b) Ans a?+y--ax-by=0 

3 Find the equation of the circle which passes through the points 
(a, 0), (- a, 0) and (0, 6) 

Alts g®+y®-H — ^ y— a®=0 


4 Shew that, if the co-ordinates of the extremities of a diameter of a 
circle he {x', y’) and (a^', y") respectively, the equation of the circle ivill he 
(* - se') {x-{id') + [y-y'){y- y ") = 0 

[Tlie hne joining any point P (x, y) on the cirde to (a/, y’) makes ivith 
the axis of x an angle tan~ii — ^ , the line joining P to (t", y") makes 
?/ — 

an angle tan~* - — Since these lines are at right angles, we have 


or 


1 + 


y^v’ 

x-x' x — sf ’ 


{x-x')[x- -c") + {tf - y') (y - y")=0] 


5 Shew that if the co-ordinates of the extremities of a diameter be 
(a^, y') and (t", y") respectively, the equation of the ciicle will he 
{x-x') (1; _*") + (,/ - 7 /') (7-7/") +{(y-7/) (x-r") + ly-v") (c-at')} cos u 

= 0 . 


u being the angle between the axes 
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f) If the equation a:5+Ty+ir+2j5 + 2y=0 ropro&onl a circle, show 
that the axes me inclined at an angle of 60“, and lind the centre and 


laduis of the circle 


Jiw centre {- I, 


3 ). 


2 

tadius — 
V'’ 


7 Find the equation of the circle through the three points (a/, y')> 


68 Def Let two points P, Q bo taken on any cuive, 
and let the point Q move along the cuive ncaiei and neaiei 
to the point P, then the limiting position of the line PQ, 
when Q moves up to and ultimately coincides with P, 
IS called the tangent to the curve at the point P 

The line thiough tlie point P peipendiculai to the 
tangent is called the noimal to the cuive at the point P 


6!) To find the equation of the tangent at any point of 
the ciJ cle whoie equation is P + = a~ 

Let x', ?/' and a", y" be the co-oidmates of two iioiiits 
on the circle 

The equation of the secant thiough the points y) 
and {x", y") is 

rc-x' y-y' 

a;'- a;" y'-y" W 

But, since the two points aie on the ciicle, we have 
a'® + y'' = a^, and a;"® + y"' = a® , 

a, -OB =y -y* . . (u) 

Multiply the corresponding sides of the equations 
(i) and (ii), and we have 

(x - x') (x' + x") = -(y - y') (y'+ y") (m). 

Let (x", y") move up to and ultimately coincide with 
(®') ?/ ) j then in the limit the chord becomes the tangent 
y') The equation of the tangent at (a', y') is there- 
fore obtained by putting x" = and y" — y' in equation 
(ill) , the result is 

(a - a') a' -h (y - y') y' = 0, 
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or xx' + yy' = a;'® + y'® , 

+ yy = a® 

IS the icquired equation of the tangent at the point (a', y) 


70 To find the equation of the tangent at any point of 
the dt clc xuhose equation is 

.'»* + / + ^gx + 2fy + c~Q 

The equation of the secant through the two points 
(«', y\ if) will bo 


_y~y 

— r? r." 

a: — .-c y —y 

Since the two points aie on the cucle, we have 
+ y® + + 2/y' + c = 0, 

x"- + y® + 2gx' + iff + c = 0, 

/. {d - x") (x' + x" + 2y = - (y - if) (if + if+ 3/) (ii) 

Multiply the corresponding sides of the equations (i) 
and (ii), and we get for the equation of the secant 
(x - a;') (x' + x" + 2£r) = - (y - if) (f + if+ 2f). 

The equation of the tangent at (a', f) will theiefoie 
he 


{x - x') (a! + g) + {y- f) (f +f) = 0, 
or XX + yf +gx +fy = a ;'-+ if + gx‘ +/y' 

Add gx'-^ff -^-c to both sides , then, since (a;', f) is on 
the ciicle, the equation of the tangent becomes 
+ yy' + y (a? + X) +/(y + y ') + c = 0. 

71 To find ike equation of the noi mat at any point of 
a circle 


Let the equation of the ciicle be 
x‘ + f’= a" 

If (x', f) be any point on the circle, the equation of the 
tangent at that point will be 

xrf + yf = a- . (i) 

The equation of tlie line thiough {x', f) peipendiculai 
to (i) IS [Art 30] 

(a ~x)f-(y~ f) X = 0, 


S c s 


o 
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or x^-yx‘=Q (n) 

This IS the requued equation of the normal at {x, y') 

' It IS deal from equation (ii) that the normal at any 
point of the ciicle passes through the origin, that is through 
the centie of the circle 

72 To find the points ofintet section of a given sti aigJit 
line and a cv> cle 

Let the equation of the circle be 

+ = ( 0 * 

and let the equation of the straight line be 

y — mx + c . (ii) 

At points which are common to the straight line and the 
circle both these lelatioiis aie satisfied Points on the 
straight line satisfy the equation f = (nix + c)‘, and points 
on the cncle satisfy the equation y® = a* — , hence for 

the common points we have 

(mr + C)° = a® — .'c®, 

or a® (1 + m®) + 2mcx + c® — a® = 0 (iii) 

This is a quadratic equation, and eveiy quadiatic equation 
has two roots, real, coincident or imaginary 

Hence there are two values of x, and the tivo corre- 
sponding values of y are found fiom (ii) So that every 
straight line meets a ciicle in two real, coincident, or 
imaginary points — imaginary points being those one or 
both of whose co-oidmates are imaginary 

It IS impossible to represent geoinetiically the two 
imaginary points of intersection of a straight line and 
a circle we shall find however that imaginary points and 
lines have often an important significance and it is 
necessary to consider them in order to enunciate our 
theorems in then most general forms 

The roots of the equation (in) will be equal to one 
another, if 

(1 + ?H®) (c® — a”) = m~c', 

that lb, if c® = o®(l-t.«r) (iv). 
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If the two values of a; aie equal to one anothei the two 
values of y must also be equal to one anothei fiom (n) 

Therefore the two points in whi ch the circle is cut by 
the line will bo coincident if c — a 

Hence the hue y = nix + a"Jl +ni‘ will touch the 
ciicle a^ + y^ — a’ foi all values of m 

Since either sign may be given to the ladical v 1 + m”, 
it follows that theie are two tangents to a circle tor eveiy 
value of m, that is, there are two tangents parallel to any 
given stiaight line 

73 To find the locus of the middle iioint<i o f a system of 
parallel choids of a ciicle 

Take the centre of the circle foi oiigiu, and the avis of 
X parallel to the chords 

Let the equation of the circle be 

x^ + y- = a- . . • (i)> 

and let the equation of any one of the paiallel choids be 

y-c==0 .. (ii) 

Wliere (i) and (ii) meet mo have 
x‘ + c — a , 
ii=± J a’ — G' 

Since the two values of x aie equal and opposite, it 
folloivs that the middle point of the choid has its abscissa 
zero, that is, the middle point of the chord is j^va^ts-on — 
thq^xijsro^^ This is true for all values of c "If •'d'> a 
tlfe^tuo values of x are both imaginary, but then sum 
IS still zero, and therefoie the middle point of the chord is 
still on the axis of y 

The locus of the middle points of parallel choids of a 
circle IS therefore the straight line thiough the centic 
which IS perpendiculai to the chords • the locus need not 
howevei be supposed to be limited to that portion of this 
line which is within the circle 

74) In the preceding Articles we have assumed no 
geometneal properties of the circle eveept that the dist^mce 

0—2 
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from any point to the centre is constant Some of our 
lesiilts may be obtained more readily by assummg tbe 
piopositions pioved in Euclid, Book III For instance, let 
(/', y') be cUiy point on the circle whose equation ib 
X- + y"^ar, the equation of the line from (a?', y') to the 

centie of the circle is % — — and the equation of a 

'G y ^ ^ 

pei’pendicular line through {sa, y) is [Ait 30] 

(c-a;')a!' + (y-2/')2/' = 0 ax' + yi/~a- = 0 

And by Euclid iii this line is the tangent at the point. 


75 Ttoo tangents can be dtawn to a evt cle from any 
point , and these tioo tangents will he leal tf the point he 
outside the ciicle, coincident if the point he on the ciicle, and 
imagmai y if the point be within the circle 
Let the equation of the circle be 

and let h, L be the co-ordinates of any point Let x', f be 
the co-ordinates of any point on the circle, then the 
equation of the tangent at (a?', y') wiU be 
am' -}- yy' = dr 

The tangent at {a', f) will pass through the point 
(/j, k) if 

hx' + = tr . (i) 

But {x'j y') is on the circle, therefore 

x’^ + y'^ = a- . . (ii) 

Equations (i) and (ii) determine the values of of and of 
y' for the points the tangents at which pass through the 
particulai point (/<, k) Substitute for f in (u) and 
we get 



or aj"* {h- + ^-) - 2a7ia?' + a" (a* - A.®) = 0 (iii) 

Equation (in) gives the abscissae, and from (i) we get 
the conesponding ordinates Since equation (iii) is a 
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quadiatic equation, tlieio arc two points the tangents at 
■which pass thiough (h, L) 

The roots of (in) are real, coincident, oi iinaginaiy 
according as 

aT--ar(a^-Ir)(lir + L^ 

IS greater than, equal to, oi less than zeio 
That IS, according as 

IS gi cater than, equal to, or less than /cio Thai is>, 
according as (Ji, A) is outside the ciicle, on the ciiclc, 
or n ithm the circle 


EXASIPLES 

1 Eind tlic CO ordinates of the points where the line >/=:2r + l cuts 

the circle i*+y-s=2 Ans (- 1, - 1) «ml (t, g) 

2 Shew that the hne 8x - = 0 touches the circle x- + y® - 8 c + 2y = 0 

3 Shew that the circles x®+y®= 2 and a:® +j/®-6x- Gy T 10=0 touch 
one another at the point (1, 1] 

4 Shew that the circle x--f-j/~-2ax-2ay+a-=0 touches the axes of 
xand y 

5 Find the equation of the circle which touches the hues t=0, v=0, 

andx=c Ans 4x®+ ly®- Icxi lcy + (,®=0 

6 Euid the equation of the oirclo which touches the lines x=0, x=n, 
and 3x+4!/+Sa=0 

Ans a?4.y2_<ix+2«y+a®=0 or i/”-ax+f,aj/ + yla-=0 

7 Shew that the line y=m(x — a) + as/l+m" touches the cirelc 
3®-‘-jf®=2rtx, whatcicr the saluc of in may he 

8 Two hnes are drawn tlirough the points {a, 0), (- a, 0) icspcctn elj , 
and make an angled with one another, find the locus of their iiitorscctioii 

I he circles x® by® - «® = a 2ay cot 0 

9 A circle touches one giscn atiaight line and cuts oR n constant 

length (27) from another stiaight lino perpendicular to the foimci , find 
the equation of the locus of Its centre Am iy®» r®— 7® 

10 A line moicH so that the sum of the peiqicndicnlars diawii to it 
from the points (a, 0), (- <i, 0) is constant, shew that it always touches a 
circle. 
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11 Find tlie equations of the two tangents to x^+y’=3, which mahc 

an angle of 60® with the axis of a; Ani j/=V3(®'*=2) 

12 Find the equation of the oirde inscribed in the tnan^e the 
equations of whose sides area:=l, 2y=6 and Sx-iy=5 

Am (a-2)*+(y-4)s=l. 

13 Shew that the two circles 

2a'e-2&y-2fl6=0 and a?+y®+2&a+2ai/ — 2ttl»=0 
cut one another at light angles [This requires that the square of the 
distance hetueen the centres of the circles is equal to the sum of the 
squares of their radii ] 

14 Shew that the two circles repiesented by the equations 

r9+y»+2da:+Z.-s=0, ■tS+yS+2dV-?‘®==0 
intersect at right angles 

76 Tangents ai e di awn to a circle fi om any point, to 
find the equation of the sti aight line joining the points of 
contact of the tangents 

Let the co-ordinates of the point from which the tan- 
gents are diawn be x' y' Let the co-oidinates of the two 
points of contact he h, h and K, and let a;® + y® — a® = 0 
be the equation of the ciicle 

The equations of the two tangents -will be [Ait 69] 
xh -Vyl — of- 
xh' -H yJi,' — a' = 0 

Since botli these tangents pass thiough the jioint 
lf')j therefoie both equations aie satisfied by the co- 
oidinateb y' , 

x'h + y'L — a® = 0 (i), 

‘ind xh'+y'L'-a^=0 (ii) 

But the equations (i) and (ii) aic the conditions that 
the tivo points (/t, k) and (Ji', L) may lie on the line whose 
equation is 

x’x + y'y~a^ = 0 . (m) 

Hence (iii) is the required equation of the straight line 
through the two points of contact of the tangents which 
pass thiough (^' y') 

If the equation of the circle be x^+y’+^gx + i/y+c-O, we can shew 
in a similar manner {bj’ assuming the result of Art 70) that the equation 
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of tlio line joining tlic points of contact of the tangents mLicIi jinss 
tlirongh (x', y*) is 

rx' + vu’ + fl (x-ir') + /(V+!/') + <-=0 

If the point (.7', y') be outride the circle the two tan- 
gents "Will be real, and the co-ordinates h, k and //', L' will 
all be real If hottevei the point (.r, ?/') be within the 
circle the two tangents nill be nnaginary , but, e\en 
in this case, the lino nbose eipiation is (111) is a leal 
line when x' and y' are leal So that there is a real line 
joining the imagimn tj points of contact of the two iinagi- 
luny tangents which can be diawn fiom a point within the 
circle 

Dcf The straight line through the points of contact of 
the tangents (real or imaginary) which can bo diawm fioni 
any point to a circle is called the jiolar of that point 
w^tll respect to the circle 

The point of intersection of the tangents to a circle at 
the (real 01 ini.iginarN) points of intei section of the ciicle 
and a straight lino is called the pole of that line with le- 
spcct to the circle 

77 Let TP, TQ be the tw'o tangents to a circle from 
any point T. Lot Q move np to and ultimately coincide 
W’lth the point P, then T wall also move up to and 
ultimately coincide with P, and the tangents TP, TQ 
will ultimately coincide with one another and with the 
chord PQ That is t<i say, the pohii of T, w'hen T is on 
the circle, coincides with the tangent at that point 



This agrees with the lesult ol Ait 7 G Foi the 
equation ol the polar is of the same foi m as the equation 
ot the tangent, and hence the polai of a point which is on 
the circle is the tangent at that point. 
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78. If the polai of a point P yass thi ough Q, then 
mil the polai of Q thi ough P. 

Let P be the point {x\ f), and Q be the point (x", y"), 
and let the equation of the cucle be a* + y* — a® = 0 

The equations of the polais of (ps\ y') and (x", y") aie 
cox' + yy - a® = 0 (i), 

and xx" + yy"— a® = 0 (ii) 

If Q be on the polai of P, its co-ordinatcs must satisfy the 
equation (i), 

x"x+y"y'-a‘ = 0, 

but this IS also the condition that P may be on the line 
(ii), that IS on the polar of Q, which piovesthepioposition 
If Q be any point on a fixed straight line, and P be 
the pole of that line, then the polai of Q must pass 
through P, foi by supposition the polai of P passes 
through Q 

Conveisely, if through a fixed point P any straight line 
be diawn, and Q be the pole of that line, then, since P is 
on the polar of Q, the point Q must always lie on a fixed 
straight line, namely on the polar of P 


79 If the polars of two points P, Q meet in P, then 
P IS the pole of the line PQ For P is on the polar 
of P, therefoie, by Art 78, the polar of P goes through P, 
similarly it goes through Q, and therefoie it must be the 
line PQ 


80 2’o give a geometi ical consti action for the polar of 

a point with i espect to a cii cle 

Let the equation of the circle be 
af‘ + y^ = ar, 

let P be any point, and let the co-oidinates of P be x', y 

The equation of the iiolai of P with i espect to the 
ciiclo IS 

xx' + yf - a® = 0 (i) 

The equation of the lino lomiiig P to 0, the ceiitio of 
the ciicle, is 
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We see from the equations ( 1 ) and (u) that tbe polar of 
any point ■with respect to a drcle is perpendiculai to tbe 
line joining the point to tbe centre of the circle 
H OJV be tbe perpendicular from 0 on tbe polar, 

[AxtSl] 

also OP = j!c--\-y'‘ 

therefore ON.OP = c^ 

We have therefore the foUoMiug construction for the 
polai Jom OP and let it cut the circle in A , take K on 
the hne OP such that OP 0 A OA . OW, and diaw 
through iV a line perpendiculai to OP 




Ex 1 Write down the polars of the following points with req)ect to 
the circle whose equation is x-Ty-=i, 

( 1 ) (2,3), ( 11 ) (3,-1), ( 111 ) (1,-1) 

Ex 2 Eind the poles of the following lines with respect to the circle 
whose equation is si?—y-=d5, 

( 1 ) 4a;J-6y-7=0, ( 11 ) 3*-2y— 5=0, (ui) ttx-rly-l=0 

Am ( 1 ) (20, 30), (u) (21, - 14), (ui) (3oa, 355) 
Ex 3 Find the co-ordinates of the points where the line x=4 cat’s 
the circle aP+y-^4; find the equations of the tangents at those points, and 
shew that they intersect in the point (1, 0) 

Am (4, 4a:i„,/- i^=4 

Ex 4. If the polar of the point a^, y' with respect to the circle 
a?+y-=a* touch the circle (»-«)- -{•y-=fl-, shew thaty'^-s-2axf=a~. 
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i 81 To find the polar equcdwa of a cv> cle 

’ Let G be the centre of the ciicle, and let its polar 
co-ordinates be p, o, and let tbe ladins of the circle be 



Let the polai co-oidinates of anj' point P on tbe curve 

Then GP“ = OQ^ + OP* - 200 OP cos OOP 
But 0P= a, OG = p, 0P= « , ^ Z00= a, ^ ZOP « B , 
a®a=p® + ?® — 2jp cos (^ — o) (i), 
which IS the lequired equation 

If the ongin be on the circumfeiencp of the cncle p — a, 
and we have from (i) 

r~2a cos {B — a) . (ii). 

If, in addition, the initial line pass thiougb the centre, a 
will be zero, and the equation ivill bo 

1 = 2a cos B (ill) 

Fiom equation (i) we see that if ? „ be the two values 
of r coriesponding to any paiticular value of 6, then 

?s=p*-tr (iv), 

so that » 1 »i, IS independent of B 

This proves that, if from a fixed point a straight line 
be drawn to cut a given circle, the lectangle contained by 
the segments is constant 

Fiom (iv) we see that if the oiigin be within the ciicle, 
in which case p is less than a, ij and must have different 
signs, and are therefoie drawn in diffeient directions, as is 
geometrically obvious 
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82 To find the length of the tangent drawn from a 
given point to a cii ole 

If T be the given point, and TF be one of the 
tangents from T to the circle whose centre is G, then we 
know that the angle GPT is a light angle , 

• Tr=Gr-GF* .(i) 

Let the equation of the circle be 

(a!-a)®+ (y-5)®-c® = 0 (ii), 

and let the co-ordinates of T be x', y' 

Then OT* = (a;' - a)* + (f - bf; 

therefore from (i) we have 

TF"- = (x' - af + (f - hf - (ill) 

TP® IS therefoie found by substituting the co-ordinates 
ca, y' in the left-hand member of the equation (ii) 

We see, therefoie, that if ^=0 be the equation of a 
ciicle (where 8 is ivritten for shortness instead of a? + y^ 
•f ^gx %fy -h c), and the co-ordinates of any point be sub- 
stituted in 8, the result is equal to the squaie of the length 
of the tangent drawn from that point to the circle, or 
[Euclid III 37] to the rectangle of the segments of choids 
drawn through the point If the point be within the circle 
the lectangle is negative, and the length of the tangent 
imaginary 

If the equation of the ciicle be 

Aaf + Af + 2Gx+ 2Fy + C=0, 
to find the square of the length of the tangent from any 
point to the ciicle Ave must divide by A and then substi- 
tute the co-ordinates of the point from Avliich the tangent 
IS draAvn 

83 If a? -{■ f -I- 2gx -j- 2fy -1- c = 0 (i) 

be the equation of one ciicle, 

and -f y® 2g'x + 2fy -t- c' = 0 (ii) 

be the equation of another circle, the equation 

+ y® + 2ya; -f- 2fy -f c = a;® + y® -1- 2g'x -f 2/'y + c' (iii) 
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■\m11 cleaily be satisfied by the co-orduiates of any point 
which IS on (i) and also on (ii) Equation (m) lepiesents 
therefoie some locus passing through the points common to 
the two ciicles 

But (in) reduces to 

2(£r-/)® + 2(/-/')y + c-c'=0 (iv), 

which is of the first degree, and therefoie represents a 
sU axglit line 

Hence (iii), or (iv), is the equation of the straight line 
through the points common to the circles (i) and (ii) 

Although the two circles (i) and (ii) may not cut one 
another m real points, the straight line given by (iii) or by 
(iv) IS in all cases real, provided that g,f, c, g',f', c' aie 
leal We have heie therefoie the case of a real straight 
line which passes through the imaginary points of inter- 
section of two circles 

Another geometrical meaning can however be given to 
the equation (lu). 

For if B s= 0 be the equation of a circle, in which the 
coeflicient of a:® is unity, and the co-ordinates of any point 
be substituted in 8, the lesult is equal to the square of the 
tangent drawn from that point to the circle 8—0 [Axt 82 ] 

Now if x, y be the co-ordinates of any point on the 
hne (in) the left side of that equation is equal to the 
square of the tangent from (a?, y') to the circle (i), and the 
light side is equal to the square of the tangent from {x, y) 
to the circle (ii) 

Hence the tangents diawn to the two circles from any 
point of the line (in) are equal to one another 

Def The straight hne thiough the (real or imaginary) ' 
points of intersection of two circles is called the radical 
aans of the two circles 

From the above we see that the radical axi"! of two 
ciicles may also be defined as the locus of the jioiuts fiom 
which the tangents diawii to the two circles are equal to, 
one another 
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The co-ordinates of the centres of the two circles are 
—.7, —/and — — f respectively the equation of the 
line ioining them, theroforo is 

•-*' zt-? — y ^ 

‘9-9 /-/’ 

which [Art 30] is perpendicular to the line (iv) 

Hence the ladical axis of ti\o circles is perpendicular 
to the line joining their centres This is geometrically 
obvious when the circles cut in real points 

84. The thee ladical axes of thee circles taken xn 
2 Jmrs meet xn a imnt 

If = 0, S' = 0, S" = 0 be the equations of three circles 
(in each of which the coefficient of a® is unity), the equa- 
tion of the radical axis of the first and second ivill be 

S~S' = 0 

Tlie equation of the radical axis of the second and third 
will be 

S'-S" = 0 
And of the third and fiist will be 

S''-8^0 

And it IS obvious that if tivo of these equations be satisfied 
by the co-ordinates of any point, the tlnrd equation will 
also be satisfied by those co-ordinates. 

The point of intersection of the three radical axes 
IS called tho ladxcal ccniie of the three circles 

*85 To find the equation of a system of circles eveiy 
pair ofxvhxch has the same x adxcal axis ^ 

If the common radical .axis be taken for the axis of y, . 
and a line perpendicular to it foi the axis of x, then all the 
circles cut a: = 0 in the same two points 

Hence, if a? / ■+• 271; -{- 2/y -l- c = 0 be the general 
equation of the ciicles, when vfo put a; = 0 the loots of the 
resulting^equation y‘+2fy + c—0 must bo_the same f or 
all tl ie cii c lca. 

' Tiierefore/ and c must be the same for all the circles 
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If Me take as ongin the point midway between the two 
points where x — 0 cuts the circles, f will be zero, and the 
equation becomes 

+ 2/* + 2v® + c = 0 . (i), 

which IS the required equation, c being the same for all 
the circles 

The radical axis cuts the cucles in real points if c be 
negative, and in imaginai y points if c be positive 
The equation (i) can be written 

('c+ir)‘+/=/-c 

Hence, if g be taken equal to ± tjc the circle will reduce 
to one of the paints (+ aJc, 0) 

These points are called the himting jmnts of the system 
of co-axial circles When c is positive, that is when the 
circles themselves cut m imaginary points, the limitmg 
points are real, and conversely, w'ben the circles cut in real 
points the limitmg points are imaginary 

* 8G S = 0 and S' = 0 the equations of two circles, 
S-X. S' = 0 will, fo7 diffeient values of X, lepiesent all 
circles which pass through the paints common <o S = 0 and 
S' = 0 

Foi, if jS = 0 and S' — 0 he 

a^ + if + 2ga, + 2fy + c~0 (i), 

a? + ir + 2g'x + 2f'y + c—0 (ii), 

then will iSi — \ = 0 be 

se‘ + f + 2ga;+2fy + c-\{a?+f + 2g'x + 2fy + c'} 

— 0 (ill) 

Now (ui) IS clearly the equation of a circle, whatever \ 
may be 

Also, if the co-ordinates of any point satisfy both (i) 
and (ii), they will also satisfy (iii) 

Hence S~X8' = 0 is, for any value of X, a circle 
passing through the points common to ;S= 0 and S' = 0 
By giving a smtable value to \ the circle (m) may 
be made to pass through any other point , therefore 
S—XS'=0 represents all the circles through the intei- 
sections of = 0 and S' ~0 
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The geometncal meaning of the equation S —X 8' = 0 
should be noticed From Art 82 -ne see that any point 
■whose co-ordinates satisfy the equation 8 — \S' is such that 
the square of the tangent from it to the circle 8—0 is 
equal to X times the square of the tangent from it to 
S' =0 We have therefore the following proposition — the 
locus of a point vliich moves so that the tangents from it 
to two given circles are in a constant ratio, is anothei circle 
which passes through their common points 

87 If 0, O' be the centres of two ciicles whose ladii 
are a, a' respectively, the two points w’hich divide the 
line OCy internally and externally in the ratio a a' are 
called the centres of simihtude of the tw’o circles 

The pioperties of the centies of similitude are best 
treated geometiically 

The most important of the properties aie (1) Tw'o of 
the common tangents to tw'o circles pass through each 
centre of similitude, (2) Any stiaight hue through a 
centre of similitude of tW’o circles is cut similarly by the 
two circles 


EXAMPLES 


1 Piiid the length of the tangent drawn from the point (2, 6) to the 
dircle j:- y - 2je — Sp — 1 = 0 

Also the length of tlie tangents from (4, 1) to the circle 

4x’+4y®— So;— 31 — 7 = 0 Avs S,2'\/3 

2 Find the equation of the circle through the points (3, 0), (0, 2) and 

(- 1, 1); and find the ^aluc of the constant rectangle of the segments of 
all chords through the oiigin A7is — 


3 Find the radical axis of the ciicIcs x- \rij-+2x+3ij -7 ^0 and 

!r-+2/®-2x-y+l=0 'An» x+y-2=0 

4 Find the radical axis of the I'ro circles *‘-H 3/®+iii;+6y-c=0 and 

ax--{-ay--{-a‘X + h“y=^0 . , ca ^ 

•' •' Atis ar-li/+ ;-=0 

a- 6 


5 Find the radical axis and the length of the common chord of the 
circles x' + y- +ax -i-by +r=0 and x--{-y-Thx+ay + e=^0 

Alts x-y=0, {i(a + &)®- lc}i 
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G Shew that the three circles 

a:t!+j/S+3r+6j/ + 12=0, T®+y®+ 2«+8y+ 16=0, anti a;®+y-+12y +24=0, 
have a common radical a\is 

7 Find the indical centie of the tlirce circles 

r-+y" + ix+7=0, 2v^ + 2if+Sx+5ij + Q=Q, and a:® + 1/® +2/ =0 

Ans (- 2, - 1) 


8 Find the eq^uations of the straight lines which touch both the 
cucles x-+y-=4: and (x-i)^+y-=l Find also the co-ordinates of the 


centres of similitude 
Ans 


3®±V72/-8=0, Bnda:±\/1%“®=0> (®> 0)> (l> 0) 


9 If the length of the tangent from (/, g) to the circle x-+y~=Q be 
twice the length of the tangent from (/, g) to the circle as® + + 3® + 3?/ = 0, 
then will /^-i-g~+4f+4g+2=0 

10 If the length of the tangent from any pomt to the cncle 
x-+j^+2x=0 he three times the length of the tangent &om the same 
point to the circle x"+y^-4=0, shew that the pomt must he on the 
ciicle 4a:® +4?/®- a:- 18=0 

11 Find the equation of the circle tlirough the pomts of intersec- 

tion of the circles a:®+y®+2a:+3y-7=0 and a:®+y®+3a!— 2y~l=0, and 
through the point (1, 2) Ans a?+j/®+4a;-7y+5=0 

12 Find the equation of a circle through the points of intersection of 
»® + 2f®-4=0 and 's®+y®-2a:-4p+4=0 and touching the Ime 86+212=0 

Ans a:®+y®-tB- 232=0 


*88 We shall conclude this chapter by the solution 
of some examples 

(1) To find the equation of the circle which cuts three given circles at 
right angles 


Let the equations of the given circles be 

ii:^+fi^+2gx + 2fy+c=0 (1), 

x'^+y^+2g'x+2f'y+(/=:0 (11), 

a:® + 22® + 2g’'x + 2f"y + c" = 0 (111) 

If the circle whose equation is 

s^+y-+2Qx-i-2Fy-t-C=0 (iv) 


out (1) at right angles, the square of the distance between their centres is 
equal to the sum of the squares of their radu Hence we have 


(<? - </)®+(F- 0®=G*+F®- CfT<2®+/®-c, 

2Gflr+2^-(7-c=0 . (V) 

We also have, since the other circles are cut at right angles, 

2Gp' + 2F/'-C7-c'=0 (vi), 

2Gf + 2Ff" - C - c"=0 (vii) 
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Ehmmatmg G, F, C, from the equations (iv), (v), (vi), and (vu), we 
have for the reqiured equation 


-c, 

~c', 

-c". 


X, 


1 

ff , 

/. 

-1 

g '. 

/'. 

-1 

g ". 

r . 

-1 


=0 


(2) The polars of any fixed jwint tuth respect to a series of co axial 
circles pass through another fixed point, and the polai of one oj the 
limiting points of the system is the same for all the circles 

The Qstem of circles is given by the equation 

x~+y-+2ax+c^0 (i), 

where c is the same foi all the circles [Art 85] 

The limiting pomts of the system are (^\/e, 0) 

Let the co-ordmates of the fixed point he (/, g), then the equation of 
the polar with respect to (i) will be 

xf+yg+a{x+f) + c=0 (ii) 

And, whatever the value of a may he, the straight Ime (ii) always 
passes through the point given by xf+yg +c=0 and ®+/=0 

If /ss±Vc and g—0, equation (u) reduces to f(x+f)+a{x+f)—0, 
and therefore x+f =0 

Hence the polar of one of the hmitmg pomts is the line through the 
other hmitmg point parallel to the radical axis 

(3) If ABC be any triangle, and A'B'C' be the triangle formed by the 
polars of the three points A, B, C %oith respect to a ciicle, so that B'O' is 
the polar of A, C'A' is the polar of 3, and ATB' is the polar of C, then mil 


the three lines AA', BB', CC' meet tn a point 
Let the equation of the circle he 

®- + yS=ttS (i), 

and let the co-ordmates of the pomts A, Jl, G bo a!, y’, x", if , and v'", y'" 
respectivelj ^ 

Then the equations of the three hues B’G, O' A', A'B' will he 

X3/+yy’ — a“=0 ,(ii), 

vx^'+yy"-a-—0 (in), 

and xF"+yif"-a?=0 (n) 


A A' 13 a Ime through the intersection of (lu) and (iv), its equation is 
therefore [Art 33] mclnded m 

xx’'+yy" - a-=X {xx'"+yy'" - a") 

Wo find X by making the above line pass through A, whose co ordinates 
arc o', y', wo get therefore 

x’x"+y'if'-a"=\{-dx'"+y'y'" - «=) 


SOS, 


6 
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Hence the eauation of AA' is . „ 

The other equations can now he wntten dorni from symmetrj 


They will he 

(ia/"+j/t/'-aS)(TV'+i/y'-n=)-(*a:'+!/J/'-«-)(*''®'''+y'y''-«®)=0 N. 
and 

{vsi+yij~ fl=)(xV* +y'y" - tP) - (-«»" +i/2/" - o"')(»'"a5' + j/Y - n"-) =0 (mi) 
Since the three equations (i), (n), (vu) when added togethei lanish 
identicoUj, the three hues AA', SB', GC represented by those equations 
must meet in a pomt [Ait 34 } 

(4) 0 IS one of the points of tnta section of iuo given aides, and any 
hue through 0 cuts the circles again tn the points 1\ Q respectnely Find 
the locus of the middle point o/PQ 

Let 0 he token for origin, and let the equations of the circles ho 
[Ai-t 8L] 

1 =2« cos (fl — a), and r =26 cos (fl - /J) 

Then, for any particular lalue of 0, 

OP=2a cos( 0 - o), 
and 0<3s=2l» oos(fl-j8) 

If J 2 he tlie middle pomt of FQ, 

OR=^i{OP+OQ), 

OiJ =0 008(6-0) + 6 cos ( 6 -/ 5 ) 

The locus of R is theieforo gnen h3' 

1 =ocos (6-o) + l< cos ( 6 -/ 5 ) 

= (o cos o + 6 cos ( 5 ) 008 6 H- (o sin a -i h uii p) siu 6 
The locus IS thorclore the circle whose equation is 
i =:A cos {ff-B), 

where A and B are given by the equations 

j 4 cos jBs=o cos a + h cos /S, and ^ sin 21=0 sin a+ h sin p 

( 5 ) If fiom any point 0 on the aide circumscrihnig a triangle ABC, 
perpcndiciilais he diaion on the sides of the tnanglc, the feet of these per 
pcndiciilars mil he on a straight line 

Take the 2ioint 0 foi oiigin, and the diameter tliiougli it for initial 
hue, then the equation of the ciiole will he i =2a cos 0 

Let the angular co ordinates of the points A, B, C ho a, p, y lespcc 
tivelj 


The Ime BC is the hue jouiing ( 2 a cos /5, p) and ( 2 a cos 7, 7) To 
find the iiolor cqiiatioii of BC take the general form jissrcos (6 -^6) 
[Art 45 ] and substitute the co ordinates of B and of C Wo thus obtain 
tw 0 equations to determine p and <p The equations will bo 
p=2acoapcos(p- 0), nudp=2ttcos7cos(7 — ji). 
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Hcucc and j)=2a cos/Scosy The equation of IJC is therefore 

2« cos/3coS7=rcos (i) 

Similarly, the equations of OA and of 4B Mill bo icspectiiclj 

2flcos7Coso = rcos(<?-7-tt) (ii), 

and 2« COSO cos ^=r cos (0-a-^) (in) 


The co-ordinates of the feet of tho pcriieudiculars. on the lines (i), (ii) 
(ill), from the point 0, arc 2flCOs/3cos7, p+y, 2«cos7Cosa, 7^ o, 
and 2a cos a cos a + p These three points arc all on tho straight hnc 
whose equation is 

2« cos ocOa p cos7=rcos {0-a- p-y) (is) 

The line through the feet of the pcrpeiidiciilars is called the pedal hue 
of the point O Mith respect to tlio tnangla 

Let D be another point on the circle, and lot the angular co-orduiatc 
of Z> bo o Tho four pointa A, It, C, D c.in bo taken in threes in four 
wasE, and we shall hare four pedal lines of O conrespondmg to the four 
triangles 'Wc have found the equation of one of these pedal Imcs, siz 
equation (is) The equations of tho others can be svntten dossn bj sjun- 
metr^ , thej will be 

2acos/3coB7COso=rcos((?-/i-7-5) (s), 

2a cos 7 cos 5 cos as:rcoslt?-y-3-a) (n ) , 

and 2acos3coaacos/3=rcos{t?-5-ft-/3) (sii) 

The CO ordinates of the feet of the iieqicndiculaTE from 0 on the hues 
(is), (\), (si) and (sii) ssill be 2a cos a cos /3 cos 7, a-rP+y, and similar 
expressions These four points ore all on the line ssliosc equation is 
2a cos a cos p cos 7 cos o=r cos (0-a~P-y-5) 

Thib proposition can clearly bo extended 


JBwjiPi.ts OX Chapter IV 

1 A point moscs so that the squaic of its distance fioni 
A li\ed point tancs as its ppipendicular distance fioin a h\ed 
straight line, shess* that it desenbes a cucle 

2 A point luoscs so that the sum of the squaies of its 
disitinces from the foui sides ot n squaic is constant, shew 
that tlio locus of the jioint is a circle 

3 The locus of a point, the sura of the squaics of whoso 
distances fiom « fixed points is constant, is a cucle. 


6—2 
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4 A, B lire two_ fixed points, and P moves so that 
PA = n PB , shew that the locus of P is a circle ’Shew also 
that, for diffeient values of n, all the ciicles have a common 
radical axis 

5 Find the locus of a point which moves so that the 
square of its distance fiom the base of an isosceles triangle 
IS equal to the lectanglc uiidei its distances fiom the othci 
sides. 

6 Piove that the equation of the circle circumscribing 
the triangle formed by the lines a. h y = 6, 2a + y = 4, and 
c + 22/ = 5 IS 

r® + ^ - ITt — 19y + 50 == 0 

7 Find the equation of the ciicle whose diameter is the 
common chord of the circles 

+ 2 r + + Sy + 1 = 0, and a® + 1 /® + 4% + Si/ + 2 = 0 

8 Fmd the equation of the straight lines joining the 
ongm to the pomts of interaection of the hue a+ 2i/ — 3 = 0, 
and the oucle a® + ?/ — 2a ~ 22 /= 0, and shew that the lines arc 
at right angles to one anotlier 

9 Any straight luie is diawn fiom a fixed point 0 meeting 
a fixed stiuight line iii P, and a point Q is taken on the line 
such that the rectangle OQ OP is constant, shew that the 
locus of Qua. cucle. 

10 Any stiuight Ime is drawn fiom a fixed point 0 
meeting a fixed cucle in P, and a pomt Q is taken on tlie line 
such that the lectangle OQ OP is constant, shew that the 
locus of Q IS a circle. 

11 Shew that the ludical axis of two ciicles bisects their 
fom common tangents 

12 If 0 be one of the hmiting jiomts of a system of 
co-axial elides, shew that a common tangent to any tivo circles 
of the system will subtend a right angle at 0 

13 Piove that the equation of two given ciicles can 
always be put in the form 

a® + y= + «a! + 7; = 0, x® + 2 /® + aaJ + 6 = 0, 

and that one of the cuclcs will bo "vvithin the othei if ntil and 
0 are both positive 
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1-L The distances of tvro points from the centre of a 
circle are proportional to the distances of each from the polar 
of the othei 

15. If a circle be described on the line joining the centres 
of sittiihtude of two given circles as diameter, prove that the 
tangents drawn from any pomt on it to the two circles are in 
the ratio of the coiresponding radii 

16 £^d the locus of a pomt which is such that tan- 

gents from it to two concentnc circles are inversely as thpii 
radii 

17- If two points A, B are harmonic conjugates with 
respect to two others C7, D, the circles on AB and CD as dia- 
meters cut orthogonally 

18 If two circles cut orthogonally, every diametei of 
either which meets the other ls cut harmonically 

19 A pomt moves so that the sum of the squares of its 
distances from the sides of a legular polygon ls constant, shew 
that its locus is a circle 

20 A circle passes through a fixed pomt 0 and cuts two 
fixed straight Imes through 0, which are at right angles to one 
another, m pomts P, <?, such that the line PQ always passes 
through a fixed point, find the equation of the locus of the 
centie of the circle 

21 The polai equation of the ciicle on (u, a), (6, ;8) as 
diameter is 

r® - r {a cos (d — a) + 6 cos (d - -r ab cos {a - fi) = 0 

22 Find the equation for determining the values of r at 
the points of intersection of the circle and the straight Ime 
Avhose equations aie 

r — 2a cos 6, and r cos {9 — (i) = p 

Deduce the value of p when the straight line becomes a 
tangent 

23 Fmd the co-ordinates of the centre of the inscnbed 
circle of the tnangle the equations of w'hose sides are 

3aj-4y = 0, Ta — 24y = 0, and 5a— 12y-36 = 0 
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24 Find the locus of a point the polars of which with 
icspcct to two given circles ni.iko a given angle with one 
anothei 

25 From any point on tiie ladical axis of two ciicles 
tangents are dra^vn and the hnes joining the points of contact 
to the centies of the ciicles are pioduced to meet, hnd the 
equation of the locus of the pomt of intersection 

26 If the foui points on which the two cncles 

.T!® + y® + «a! + + c = 0, i:® + ?/ + ti'x + h'y + c' = 0 

aie mteiseoted by the straight hnes 

Ax+By +(7=0, A'x + B'lj + C' = 0 
lespectively, he on anothei cucle, then will 


a — n\ 

b~b\ 

c — c' 

A 

A 

C 

A', 


c 


27 A sj'stem of cncles is drawn thiough two fixed points, 
tangents ai e drawn to these circles parallel to a given stmight 
line, find the equation of the locus of the points of contact 

28 If A, B, G be the centies of thiee co-axial cncles, and 
be the tangents to tliein fiom any point, piove the 

1 elation 

BCt^-+GAii + ABt^-=0 

29 If be the lengths of the tangents fioin any 

pomt to three given cncles, whose centies are not in the same 
straight Inie, shew that any cucle oi any straight hue can be 
represented by an equation of the form 

At^’‘ + Bt,- + Gt‘==J) 

What 1 elation will hold between A, B, G for straight hnes ? 

30 If a cucle cut two of a system of co-nxial circles at 
light angles, it will cut them all at light angles 

31 Shew that every cucle which passes through two 
given pomts is cut orthogonally by each of a system of circles 
hanng a common i.adical axis 

32 Prove that all cncles touching two fixed circles aie 
orthogonal to one of two other fixed cncles 
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33 I£ two cncles cut oithogonally, prove that an inde- 
finite luiinber of pairs of points can bo found on then common 
diamctei such that eithei point has the same pohn with lespect 
to one ciiclc that the othei has with inspect to the other Also 
shew that the distance between such pans of points subtends 
a iiglit angle at one of the points of inteiscction of the two 
cnclcs 


34 If the equations of two cnclcs whose ladn aio a, a' be 
S = 0, S' = 0, then the cii cles 


S 


- 

n 


a' 


0 


V, ill intersect at i ight angles 


35 Find the locus of the iiomt of interaectioii of two 
sti-aight lines at light angles to one anothei, csch of which 
touches one of the two cncles 

(i -«)“ + / = 6-, (a + a)- + / = c% 
and piove that the bisectois of the angles between the stiaight 
lines always touch one or othei of two othei fixed cncles 

36. Shew that the diametoi of the ciicle which cuts at 
light angles the tliiec esciilied cncles of the triangle AUG is 

- - - V (I I- cos A cos B + cos B cos C + cos C cos A)- 
siii .1 ' ' 


37 Find the locus of the point of contact of two equal 
cnclcs of constant ladius c, each of which passes through one 
of two fixed points at a distance 2n apart and shew that, if 
a = c, the locus splits up into a circle of indius a and a curve 
whose equation may be put into the foim (v + yy - a' (a:"— 3>/) 
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The Paeabola. 

89 Definitions A Gonio Section, or Conic, is the locus 
of a point which moves so that its distance from a fixed 
point IS in a constant ratio to its distance from a fixed 
straight line The fixed pomt is called a focus, the fixed 
straight line is called a directnas, and the constant ratio is 
called the eccentncity 

It will be she^^^l hereafter [Art 312] that if a nght 
circular cone be cut by any plane, the section will be in all 
cases a conic as defined above It was as sections of a cone 
that the properties of these curves were first investigated. 

We proceed to find the equation and discuss some of 
the properties of the simplest of these curves, namely that 
m which the eccentncity is equal to unity This curve is 
called upaiahola 

90 To find the equation of a parabola 

Let S be the focus, and let TY' be the directrix Draw 
SO peiqiendicular to YT', and let OS=2a. Take 08 for 
the axis of x, and OY for the axis of y 

Let P be any point on the curve, and let the co- 
ordinates of P be aj, y 

Draw PN, PM, perpendicular to the axes, as in the 
figure, and jom 8P 
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Tlion, In ilcfnntion, SP—PM, 
i lierr foro ‘ PM^- = AT’ = PK’ -f AT’ . 
that IS, = If- + \ > — 2ity, 

i)r j/’=t«(r — «) (i; 

This IS tho n-qinred <iquatioQ of tlie cui re 



Tine cune cuts the axis of a* at a point -.1 ^\here y = 0 
and from h) %\hcu y = 0, .r = <i, that i'?, 0.1= o 
The point A is i ailed the tcriej- of the parabola. 

If we transfer the origin to J, the axes being un- 
clianged in iliroction, equation (i) im 11 become [Art 49] 

. . (n). 

The ffteus is the point (a, 0) The diiectrix is the lino 
S' + a = 0. 

Al«o AP = jlf;’=0^+AT = «+.r 

91 Since the equation of the parabola is y’ — iaa-, 
andy* is a positne quantity, a? must ahvais be positi\e. 
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and. therefore the curve lies ■wholly on the positive side of 
the axis of y 

For any particular value ot ca theie are clearly two 
values of y ecjual in magnitude, one being positive and the 
othei negative. Hence all chords of the curve pei^en- 
fbnnlar to the axis of a? are bisected by it, and tbe portions 
of the curve on the positive and on the negative sides of 
the axis of a? aie in all respects equal 

As cs increases y also increases, and there is no limit 
to this increase of x and y, so that there is no limit to 
the curve on the positive side of the axis of y 

The line through the focus perpendicular to the direc- 
tiix is called the axis of the parabola 

The chord through the focus perpendicular to the axis 
is called the latus-rectum 

In the figure to Art 90, SL = LK = OH = 2a There- 
fore the whole length of the latus-rectum is 4a 

92 We have found that y® — 4a'i! = 0 for all points 
on the parabola 

For all points within the curve y® — iau is negative 

For, if Q be such a point, and through Q a line be 
drawn perpendicular to the axis meeting the curve in P 
and the axis in then Q is nearer to the axis than P 
and therefore JV Q" is less than AIP® But, P being on the 
curve, A/P® — 4a AN — 0, and therefore — 4a AN is 
negative 

Similarly we may prove that foi all points outside the 
curve y® — 4aaj is positive 

Hence, if the equation of a parabola be y® — 4a!r = 0, 
and we substitute the co-ordinates of any point in the left- 
hand member of the equation, the result will be positive 
if the point be outside the curve, negative if the point 
be within the curve, and zero if the point be upon the 
curve 

93 The co-oidinates of the points common to the 
straight line, whose equation is y = nix + c, and the 
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parabola, who'se equation is i/® = 4aa3, must satisfj^ both 
equations 

Hence, at a common point, we have the relation, 

(mio + c)‘ = 4ar (i) 

Therefore the abscissae of the common points are given 
by the equation (i), which may be written in the form 

(2mc — 4a) x + c® = 0 (ii) 

Since (ii) IS a quadratic equation, we see that QV&cy 
straight line meets a parabola in two points, which may 
be real, comcident, oi imaginary 

When m is veiy small, one lOot of the equation (ii) is 
very gieat , when m is equal to zero, one root is infinitely 
great Hence every straight line paaallel to the axis of 
a paiabola meets the cuive in one point at a finite distance, 
and 111 another at an infinite distance fiom the vertex 

94 To find the condition that the line y = mx-\-c may 
touch the parabola y“ — 4aa; = 0 

As in the preceding Article, the absciss® of the points 
common to the straight line and the parabola are given 
by the equation 

(mx + c)® = 40.1?, 

that IS mrx\+ {2nio — 4a) a? + c® = 0 

If the line be a tangent, that'is it it cut the paiabola 
in two coincident pomts, the roots of the equation must 
be equal to one anothei The condition for tins is 
477 i®c® = (2mc — 4a)®, 

which reduces to me = a, or c = — 

m 

Hence, whatever m may be, the line 

, a 

y=mx -\ — 

will touch' the parabola y^— 4:ax^0 

95 To find the equation of the straight line passing 
through two given points on a parabola, and to find the 
equation of the tangent at any point 
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Let the equation of the paiabola he 
2 /® = 4a®, 

and let x, y\ and ®", if be the co-oidinates of two points 

on it ! 

The equation of the line through these points is 
y — y' _ x — x 


(0 


y"^^ x'~x' 

But since the points are on the parabola, we have 
f = and 3 /"^ = 4a®", 

By multiplying the corresponding sides of the equa- 
tions ( 1 ) and ( 11 ), we have 

(y - y') (f + y') = (« - ®') 

01 , since y'® — 4a®' = 0, 

y(y'+f)-^ax-yY=o 0 ”). 

which IS the equation of the chord joining tho two given 
points 

In order to find the equation of the tangent at (x', y) 
we must put y"=y" and ®"=®' in equation (in), and we 
obtain 

2yy' — 4ct® — y'® = 0, 

01 , since y'® = 4a®', 

yy' = 2a{x + x) (iv) 

Cor The tangent at ( 0 , 0 ) is x = 0, that is, the 
tangent at the vertex is perpendicular to the axis 

90 'VYe have found by independent methods [Articles 94 and 95] two 
forms of the equation of a tangent to a parabola Either of these could 
however have been found fiom tho othei Thus, suppose we know that 
the equotion of the tangent at (sb', y') is 

y}j'=2a{vJrtt!), 

then 

•' y' y' 

If this bo the same line as that given bj 


we must have 


therefore 7nc=a, as in Article 94 


y=mx+c 
2a , 2aa;' 

’“=7- 
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In tho rolntton of questions no t>hould toko \\lHche\cr form of 
the equation of n tangent appears the more buitabic for the particular 

1 Thf ordinntf of the point oj luhriretton of tiro tangent* to a 
jiorolwfii tjf the anthiuttfc mean heltceen the ordt/iate* <>/ the jwintx of 
contact of the tangent* 

The equations of the tangents nt the points far', u') and (x'\ y”) nro 



ytf =2tt(r+x ). 
and iig’"=2a {x+jr"j 

lU subtraction, nc ha\c for their common point, 
yiy’-v")=^2ax ~2ax" 

^ J/=A (•/-»") 

\'' Ex 3 log ltd the loctii oj the point of ttUer^ccltiui ofjiro tangent* to 
a parahota tchtch are at right angle* to one another 
Let the equations of the two tangents ho 

0 ). 


a 

:nir-c- 

m 


i; = m'x + — , 

III' 


(») 


Then, eincc thci nro nt nght angles, nim'=s-l Hcnco tho second 
cHination can ho nntten, 

y- _ix-nm (in) 


m 


To find the .ihhcisen of Ihcir common jioint no Imie oiilj to subtract 
(ill) from (ii, and no gel 

(l=rx ’ 


and therefore wo hnce x+ii--0 

Tlie equation of the rcquireil loeiis is thcicforc t+« = 0, and this 
(Art JtO) IS the cvpiation of the directrix 


97 To find the cf/nation of the normal at amj point of 
a pa) ahold 

'J’he eqiititioij of the ttuigent at (a', p’) to the paiabola 
— 4tt.r = 0, IS [Ai t Do] 

}lt/=2a {j +a') (i) ^ 

The normal is (he jicipenduMtlai line (.hrongh (s', »/) 
Therefoio [Ail 30] ilt> equation is 

(p - p') 2ft -1 ?/ ('I - a!) =0 . (n) 
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The above equation may be wntten 

^ = + ^ (m). 

If -w e put ~ ^ y 2a«i, and = — owi®, 

theiefore (in) becomes 

y = mx — 2a«i — am® (iv) 

This form of the equafeion of a normal is sometimes 
usclul 


98 We will now prove some geometrical properties 
ol a parabola 



Let the tangent at the point P meet the diiectnik. inP 
and the axis in T Let PIT, PM be the perpendiculars 
fiom P on the axis and on the directrix. 

Let PG, the normal at P, meet the axis in G 
Then, if x', y be the co-oidinates of P, the equation of 
the tangent at P will be 

yy'=‘2a{x + x) (i) [Ait 95] 
Wheie this meets the axis, y — 0, and at that point, we 
have from (i), x+af = 0 


I 


TA = Alf 

TS^AS+A]S^=^SP 
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and since TS=SP, the angle STP is equal to the angle 
#SP7’; so that bisects the angle /StPil/" .. • (y) 

We see also that the tnangles liSP and RMP aio 
equal in all icspects 

Hence the angle PSP = the angle Pd/P= a light angle 

(S) 

Again, since M is the point (— a, y), and S is the point 
{a, 0), the equation ot the line SM is 


y — y _x + a 


(») 


This IS clearly perpendiculai [Art 30] to the tangent 
at P which is given h}* the equation (i), 

. SM lb pcijiendiciilai to PP (e) 
Since PT is pciqiendiculai to S^^ and bisects the angle 
SPM, it mil bisect SM If then Z be the point of intci- 
section of SM and PT, SZ = ZM But SA = AO There- 
foie AZ lb paiallcl to OM, and is theiefoie the tangent at 
the vertev of the paiabola, so that the line thiough 
the focus of a parabola peipondicular to any tangent PP 
meets PT on the tangent at the voitcv (0 

We may pros c the last proposition as follows 
Let the equation of any tangent to the paiabola be 


y 


, a 

= 7« t q — 
m 


(ill) 


The equation of the lino thiough the focus (a, 0) 2 '>cipcn- 
dicular to (in) is 




The lines (in) and (iv) clcail}' meet wheic .v — O 
The equation of the iioimal at P (a', y) is [Aifc 97] 
'^(y- ?/) + / (® - ^' ) = 0 
At the point G wo have y — 0, and theieforo ^ 
-2ay'+y' (a- -a,') = 0, 
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2a = a? SB = A-G" — 

NG = 2a iv) 


EXAMPLES 

1 Find the equations of the tangents and the equations of the 
normals to the parabola p® — 4 <j!b= 0 at the ends of its latus rectum 

Jns x=P!/+a:=0, 2/±a:=F3a=0 

2 Find the pomts where the line y=Sx-a outs the parabola 

y^ — iax=0 Ans (a, 2o), —■§< 1 ^ 

3 Shew that the tangent to the parabola 2/®-4ox=0 at the point 
(os^, y') IS perpendicular to the tangent at the point 

-4ga \ 

W’ y' J 

4 Shew that the line ys=ix+^ cuts y'^~iax=0 m coincident pomts 

A 

Shew that it also cuts 20ai®+20y®=<i® in coincident pomts 

6 A straight Ime touches both a!®+ 2 /®=a 2 a® and 2 /®= 8 a», shew that 
its equation is y = ± (»+ 2o) 

6 Shew that the Ime 7a; + 6y s 18 is a tangent to the curve 

y®-7a!-8y+14=:0 

7 Shew that the equation a;®+4ax+2ay=0 represents a parabola, 
whose vertex is at the pomt ( - 2a, 2a), whose latus rectum is 2a, and 
whose axis is parallel to the axis of y 

8 Shew that aU parabolas whose axes are parallel to the axis of 
y have their equations of the form 

sP+2Ax+2By + O=0 

9 Fmd the co ordmates of the vertex and the length of the latus 
rectum of eacdi of the following parabolas 

(i) y®s=6a;+10, (ii) a?-4aj+2y=0, 

(ui) (y-2)®=5(aj+4), and (iv) 3a;®+12aj-8j/=0 
Ans (i) (-2,0), 6 . ( 11 ) (2, 2), 2 (m)(-4,2),6 (iv) ( -2, -^), 5 

10 Fmd the co ordinates of the focus and the equation of the 
directrix of each of the parabolas m question 9 . 

Ans (i) (-£,0), 4®+13=0 (u) (2,^), 2y-6=0 

(m) (-V, 2), 4a;+21=0 (iv) (-2, -fi), 6y+13=0 

11 Wnte down the equation of the parabola whose focus is the 
origin and directiix the straight hue 2®-y-l=0 Shea that the line 
2j/=4x- 1 touches the paiabola 
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12 If through a fixed point 0 on the axis of a parabola any choid 
POP' he diawn, shew that the rectangle of the ordinates of P and P' 
will beNsonstant Shew also that the product of the abscissio will 
be constant 

t 

Find the co-oidinates of the point of intersection of the tangents 

v=m®+— , w=m''B+— , Shew that the locus of their intersection is a 

^ m '' VI 

straight hne whenever mm' is constant, and that, when mm' +1=0, this 
hne IS the directrix 

Shew that, for all values of m, the line i/=m(a!+a) + ^ will 
touch the parabola y-=4a (x+a) 

Two hnes are at right angles to one anothci, and one of them 
touches y-=ia {x-^a), and tlie othei y-=ia' (*+fl') , shew that the point 
of intersection of the hnes will bo on the hne a5+a + a'=0 

16 If perpendiculars be let fall on any tangent to a parabola from 
two given points on the axis eiimdistant from the focus, the difference of 
their squares will be constant 

17 Two straight hnes AP, AQ are drawn tlirough the vertex of 
a parabola at nght angles to one another, mectmg the cun'e inP, Q , shew 
that the line PQ cuts the axis in a fixed point 

18 If the circle a:- + y® + A ® + By + 0=0 cut the parabola y--Aax=0 
m four points, the algebraic sum of the ordmates of those points will be 
zero 

19 If the tangent to the parabola y^ - 4aa;=0 meet the axis in T and 
the tangent at the vertex A in Y, and the lectangle TAYQ be completed, 

'■. shew that the locus of Q is the parabola y^+ax=0 

20 If P, Q, B be three pomts on a parabola whose ordinates are in 
geometncal progression, shew that the tangents at P, R wiU meet on the 
ordmate of Q 

21 Shew that the area of the tnangle msenbed in the parabola 
y--4ax=0 isi(yi~y,) {ijn^y^) (y 3 ~yj), where y„, y^ aie the 
ordmates of the angular pomts 

99 Two tangents can he dt awn, to a pat ahola ft orti 
any point, which will he real, coincident, or imaginary, ac- 
cording as the point is outside, upon, or within the curve 

S.C S. 7 
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The line whose equation is 

a , ^ 

7 / = ma: + - {}) 

m 

will touch tho parabola = 4tcicc, whatevei the value of 7?i 
may he [Ait 94] 

The line (i) will pass thiough the particular point 

(a', 7/'), if 

7 /' = ma: + — , 

that IS if vi~x — my' + a = 0 .(ii) 

Equation (ii) is a quadratic equation which gives the 
diiections of those tangents to the parabola •which pass 
thiough the point (x', y'). Since a quadratic equation has 
two roots, two tangents iviU pass thiough any point (ctf, y') 
The loots of (ii) aie real, coincident, or imaginary, ac- 
cording as y'® — 4aii;' is positive, zeio, or negative That 
IS [Art 92] according as (a?', y') is outside the parabola, 
upon the parabola, or within it. 

100 To find the equation of the line though the 
points of contact of the two tangents which can be di awn to 
a pat ahola fi om any point 

Let x', y' be the co-ordinates of the point from which 
the tangents are dra-vm 

Let the co-ordinates of the points of contact of the tan- 
gents be h, h and h', h' respectively 

The equations of the tangents at (/i, /c) and (/»', U) are 
yh = 2a (x + h) 
and y/e' ~2a(x + h') 

We know that (of, y') is on both these lines , 

y'k = 2a (a?' + h) (i) 

and y7c'= 2a («' + h') (ii) 

But the equations (i) and (ii) are the conditions that 
the points (Ji, k) and (/*', 1(f) may he on the straight hne 
whose equation is 

y'y - 2a {x' + x) 


( 111 ) 
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Hence (ui) is the lequiied equation of the line through 
the points of contact of the tangents from {a,', y') 

The line joining the points of contact of the two 
tangents from any point P to a p.uabola is called the po?a7* 
of P A\ith lespect to the parabola. [See Ait. 76 ] 

101 If the polar of the point P with oespect to a 
pat ahola pass though the point Q, then mil the polar of Q 
pass though P 

Let the co-ordinates of P be x', y', and the co-oidinates 
of Q be a/', if 

The equation of the polar of P. with lespect to the 
parabola if — 4na; = 0 is 

yy' = 2a(a; + a;') 

If this line pass through Q \ y"), we must have 
y"f = 2a (.^" -1- a?'). 

Tlie symmetixof this lesult shevs that it is also the 
condition that the polar of Q should pass tliiohgh P 

It can be "shell n, exactly as in Ai-t 79, that if the 
polars of two points P, Q meet in P, then P is the pole of 
th e lin e PQ 

f'TEe equation of the polai of the focus (a, 0) is a = 0 
So that the polar of the focus is the diiectiix 

If Q be any point on the diiectiix, Q is on the polai of 
the focus S, therefore the polai of Q inll pass through S, 
50 that if tangents he draim to a paiabola from any point 
Dll the directiix the line joining the points of contact will 
pass through the focus 

' 102 27ie locus of the middle points of a system of 
parallel chords of a pat ahola is a stiaight line paiallel to 
the axis of the pai ahola 

The equation of the stiaight line joining the two 
points if, f), {x" , y") on the parabola y- — 4iax — Q is 
[Art 95, (ill)] 

y{y' + y") — 4'ax — iff — 0 (i) 

Now, if tho line (i) make an angle 6 with the axis of the 

7-2 



100 

parabola, 


THE PAHABOLA 


tan ^ = -7^-1, (ii) 

y 

But, if the co-ordinates of the middle point of the 
chord he (w, y), then will 

2a = a' + as", and 2y = y' + y" 

Hence, fi om (ii), tan ^ » 

or y = 2a cot d (iii), 

so that y is constant so long as 6 is constant 

Hence the locus of the middle points of a system 
of parallel choids of a parabola is a straight line parallel to 
the axis of the parabola 

J)ef The locus of the middle points of a system of 
parallel chords of a conic is called a diameter, and the 
chords it bisects are called the oidinates of that diameter 
"We have seen in Ait 93 that a diameter of a paiahola 
only meets the curve in one point at a finite distance from 
the vertex. The point where a diameter cuts the curve is 
called the extiemity of that diameter 


103 The tangent at the extremity of a diamete) is 
pai allel to the choi ds which ai e bisected by that diameter 

All the middle points of a system of parallel chords of 
a parabola are on a diameter Hence, by consideiing the 
parallel tangent, that is the parallel chord which cuts the 
curve in coincident points, we see that the diameter of a 
system of parallel chords passes thiough the point of con- 
tact of the tangent which is parallel to the chords 

104 To find the equation of a pai abola when the axes 
are any diametei and t/ie ta/ngent at the exti emity of that 
diameter 


Let F be the extremity of the dianietei, and let the 
tangent at P make an angle d with the axis 
Then ITF= 2a cot 6 [Art 102 (iii)], 

PiV* 

Alf = — — = a cot* 6 
4a 
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Let the co-ordmates of Q refen ed to the new axes be 
iv, y respectively, and drai\ QM pei’pendiculai to the axis 
of the parabola, cutting the diameter PV in K 



^LV+ Xl/ = ^l.Y+ P V+ VK 
— a cot® <? + -c + y cos 6 (ii) 

But Q.ir = 4a AM 

therefore, from (i) and (ii), 

(2a cot 0 + y sin 6)- = 4a (a cot® ^ + .r + y cos 6), 

01 y® sin® 6= 4a r (in) 

But AN = a cot® 6, theiefoic SP= a + yliY= - 

sm 0 

Theiefoic, putting a' foi SP oi the equation of 

tlie curve js (iv) 

IOj If the equation ol a paiabol.v, lefeiied to any 
diameter and the tangent at the exticmityof that diameter 

as axes, be y® — 4ai. = 0, the line y = 7 iia + — will be a 

tangent foi all ^alues of m, the equation of the tangent 
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at any point (jo, y') ivill be yif — 2a (a; + a?') — 0 , the 
equation of tbe polar of {id, y') -with respect to the 
parabola will be yxj - 2a (a; + a;') = 0 , and the locus of the 
middle points of chords parallel to the line y=mx will 

. 2a 
be w = — 
m 

These propositions lequire no fresh investigations , for 
Articles 94, 96, 100 and 102 hold good equally whether 
the axes are at right angles or not 


106 The equation of the normal at any point y') 
of the parabola — 4aa: = 0 is 

£ 

2a 






If the line (i) pass through the point {h, L) wo have 



The equation (ii) gives the ordinates of the points the 
nonnals at which pass thiough the particular point {h, L) 
The equation is a cubic equation, and theiofoic thiough 
any point thee normals can be drawn to a paiabola 

Smee theie is no term containing jt/*, we have, if y,, y^, 
yg be the three roots of the equation (ii), 

2/i + ?/9+ 3^5 = 0 • (“iJ 

Now, foi a system of paiallel chords of a parabola, the sum 
of the two oidinates at the ends of any choid is constant 
[Art 102] Theiefore the noimals at these points meet on 
the normal at a fixed point the ordinate of which added to 
the sum of then ordinates is zeio 

Hence the locus of the intersection of the normals at 
the ends of a S 3 'stem of parallel choids of a parabola is a 
straight line which is a normal to the curve 


1 07 We shall conclude this Chapter by the solution 
of some examjiles 

w(l) To find the loem of the point of intersection of two tangents to a 
phabola winch make a given angle with one anolhei 
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The Imo y=vix+— is a tangent to the parabola p* - iax=0, whatever 

VI 

the^alueof«^nlayhe [Art 94] 

If (x, y) be supposed known, the equation will give the directions of 
the tangents which pass through that point 
The equation giving the dueotions will be 
m*x — my+a=0 

And, if the roots of this quadratic equation be and m„, then 
will 


y - a 

m 2 +W 2 =- and “ » 

But, if the two tangents make an angle a with one another, 

. m, - miq 

tan i 

tan=«=^* 

So that the equation of the required locus is 
y" - iax - («+o)® tan® a=0 


(2) To find the locus of the foot of the perpendicular drawn from i/ 
a fixed point to any-tanyent to a parabola 

Let the equation of the parabola be y--iax=0, and let h, h, be the 
co-ordinates of the fixed point 0 

The equation of any tangent to the parabola is 

y—mx+- (i) 

Tlie equation of a hue through (7(, K) pcipcndicular to (i) is 

y-J-=-^{x-h) (ii) 

To find the locus we lia\e to eliminate m between the equations (i) and 

(a) 

X^ It 

From (u) we have m= , 

y- /► 

therefore, by substituting in (i), we get 

v-h y — J„ - 

y (y - 1) {x - h) + X (x -h)-+ a {p-l)-=0 (m) 

The locus IS therefore a curve of tlic thud degree 
From (m) we see that the point 0 itself is always on the locus If 


01 
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the point 0 be outside the parabola this presents no diificulty, for two real 
tangents can in that case be drawn through 0, and the feet of the perpen- 
diculars from 0 on these mil be 0 itself When the point 0 is withm the 
parabola the tangents from 0 are imagmary, and the perpendieulars to 
them fcom 0 are also imaginary, but they all pass through the real pomt 
0, and therefore 0 is a point on the locus 

Wlien 7i=a, X.=0, that is when O is the focus of the parabola, (m) 
reduces to r so that the cubic reduces to the point 

circle 3 /-+ (* - <i)s=0, and the straight Ime a!=0 [See Art 98 i] 


(3) The orthocentre of the triangle formed hy three tangents to 
a parabola is on the directi ix 

Let the equations of the sides of Hie tnangle bo 

y=ni'x+ — , y=ni"x+~„ and y=m'"x-^~ 

The point of mtcisection of tlie second and tliird sides is 

( a a , a\ 
m'W"’ 

The line through this point peri>endicular to the first side has for 
equation 


— — —( _® ^ ’ 

^ “ to" " to'" “ ■ TO' V* “ ) 

How this hne cuts the direotnx, whose equation is x= - a, in the 
point whose ordinate is equal to 


\7»' to" 


m’mVj 

The symmetry of this result shews that the other perpendiculars cut 
the directrix in the same pomt, whidi proves the theorem 


(4) To find the locus of the point of intersection of two normals 
which aie at right angles to one another 
The line uhose equation is 


y=mx- 2am - am® (i) 

IS a normal to the parabola ^ — iax=0, whatever the value of m may be. 
If the point (a, y) be supposed known, the equation (i) gives the 
directions of the normals which pass through that point 
If the roots of the equation (i) be TOj, to^, we have 

TOi-nn,+TOj=0 


TOjTOj + injTOj + mpHi 


2a -V 
u 


*• 




(ii)f 

On), 

(i\) 
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If t\^o of the normals, given by iiii, suppose, he perpendicular to 
one another, vre have 

— l (') 

The elimination of Wj, in,, trig from the equations (u), (lu), (iv) and (v) 
•will give the locus required 

The result IS y-=a(x-3a) 


ExaotIiES OS’ Chapter Y 

1 The perpendicular from a point 0 on its polar •with respect 
to a paiabola meets the polar m the pomt Jf and cuts the axis 
in the polar cuts 'the axis m T, and the ordmate through 0 
cuts the cuive in P, P', sheiv that the pomts P, P, M, G, F 
are all on a circle "whose centie is S 

2 Prove that the two parabolas y* = aa;, 't? = ly •will 
cut one anothei at an angle 



3 If PSQ be a focal chord of a paiabola, and PA meet 
the directrix in JLf, sheiv that MQ -will be paiallel to the axis 
of the parabola. 

4 She'w that the locus of the point of mteisection of two 
tangents to a parabola at points on the curve whose ordmates 
are m a constant latio is a parabola 

5 TJie two tangents from a pomt P to the parabola 
y®— 4aa;=0 make angles 0,, -with the axis of a, find the 
locus of P (i) when tan 0^ + tan is constant, and (u) "when 
tan®0, + tanrff. is constant 

C Pmd the equation of the locus of the point of mtei- 
section of two tangents to a parabola which make an angle 
of 45* with one anotliei 

7 Shew that if two tangents to a jiarabola lateicept a 
fixed length on the tangent at the vertex, the locus of then 
intersection is another equal parabola 
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8 Shew that two tangents to a paiabola wliicli make equal 
angles respectively with the axis and directrix hut are not at 
right angles, inteisect on the latus rectum 

9 From any pomt on the latus rectum of a paiabola 
perpendiculars are drawn to the tangents at its extremities, 
shew that the line joinmg the feet of these perpendiculars 
touches the parabola 

10 Shew that if tangents be diawn to the parabola 
2 /^ — iax~0 from a point on the line a;+ 4a = 0, their chord of 
contact will subtend a right angle at the vertex. 

11 The perpendicular TJ/" from any pomt T on its polar 
with respect to a parabola meets the axis in M, shew that if 
TiF TM 13 constant the locus of T is a paiabola , shew also 
that if the ratio TilT TM is constant the locus is a parabola. 

12 Two equal parabolas have their axes parallel and 
a common tangent at then vei trees straight lines are drawn 
parallel to the direction of either axis, shew that the locus of 
the middle pomts of the parts of the lines intercepted betiveen 
the curves is an equal parabola 

13 Two parabolas touch one another and have their axes 
parallel, shew that, if the tangents at two points of these 
parabolas mterseot m any pomt on then common tangent, the 
Ime joimng their points of contact ivill be parallel to the 
axis 

14 Two parabolas have the same axis, tangents aie di-awn 
fiom pomts on the first to the second, prove that the middle 
pomts of the chords of contact with the second lie on a-iixed 
parabola 

15 Shew that the locus of the middle pomt of a chord of 
a paiabola which passes through a fixed pomt is a parabola 

16 The middle pomt of a chord PP' is on a fixed straight 
hne perpendicular to the axis of a parabola, shew that the 
locus of the pole of the dioid is anothei parabola 

IT If TP, TQ be tangents to a parabola whose vertex is 
A, ind if the lines AP,^AT, AQ, produced if iiecessaiy, cut the 
directrix m jp, t, and q respectively, shew that = iq 
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18 If the diameter tlnough any point 0 of n parabola 
meet any choicl in P, and the tangents at the ends of that 
chonl meet the diainetoi m Q, Q\ shew that OP' = OQ OQ' 

19 The vertex of a tiianglc is Hxcd, the base is of 
constant length and moves along a lived stiaight line, shew 
that the locus of the centio of its ciicumscribing ciiclo is a 
parabola 

20 Shew that the polar of any point on the circle 

't* + ^ - 2a^ — 3tr* = 0, 
vith lespcct to the ciiclc 

v® + y* 2ax~ Zdr = 0, 
vill touch the parabola 

if + Ja-B = 0 

21 PSP' IS a focal chord of a jiaiabola , V is the middle 
point of PP\ and VO is pei pendiculai to PP' and cuts the avis 
in 0, pioic tint SO, VO are the aiithmctic and geometric 
means betu con S7*' and SP 

22 PSj), QSq, PSr aio thiec focal choids of a paiabola, 
Qll meets the diametoi througli pin PP meets the diametei 
through 5 ' in P, and PQ meets the dmmetci through r in G , 
hho\\ that the thice pomts A, JJ, C mg on a straight line 
through S 

23 PP’ is any one of a sjstem of paiallcl choids of a 
jiarabola, 0 is a point on PP such that tho lectangle PO OJ*" 
is constant, shc’u that tlio locus of 0 is .i jiarabola 

24 On the diamctei thiougli a point 0 of a parabola two 
points P, P' aio taken so tliat OP OF is constant, prove that 
the four iioints of intoncction of tho tangents di-awn from P, F 
to the parabola will lie on two h\cd stiaight lines paiallel to 
the tangent at 0 and equidistant fiom it, 

2o. If a quadnlatei.al ciicumseiibo a paiabola tho line 
thiough tho middle points of its diagonals "will be parallel 
to the avis of the parabola 

20 If from an\ point on a focal choid of a jiarabola two 
tangents be drawn, tlicse two t.ingcnts aio etpially inclined 
to the tangents at the evticimtics of tho focal choid 
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27 If two tangents to a paiabola make equal angles witli 
a ifixecl straight line, shew that the chord of contact must 
pass through a fixed point 

28 Two parabolas have a common focus and their axes in 
opposite directions, piove that the locus of the middle points of 
chords of either which touch the other is another parabola 


29 "Fmd the locus of the middle point of a choid of 
a parabola winch subtends a light angle at the vertex 


30 The locus of the middle points of normal choids of 
the parabola y^— 4aas = 0 is ~ + ~^=x — 2a 


31 IS a choid of a parabola noimal at P, JQ is 

drawn from the veitex J, and through P a Ime is dmwn 
parallel to A Q meeting the axis in P Shew that AJi is 
double the focal distance of P 


32 Parallel chords aie drawn to a parabola, shew that the 
locus of the mtemection of tangents at the ends of the choids 
IS a straight line, also the locus of the intei section of the 
noimals is a straight line, and the locus of the intersection of 
these two Imes is a paiabola 

33 If the normals at the pomts P, Q, Ji of a iiaiabola 
meet in a point, shew that the circle I^Q/£ will go through 
the vertex of the paiabola 

34 If the normals at two points of a iiambola be inclined 
to the axis at angles d, <ft such that tan 0 tan = 2, shew that 
they intersect on the parabola. 

35 Tlie locus of a point fiom which two normals can be 
drawn making complementary angles -with the axis is a 
parabola 

36 Two of the noimals drawn to a parabola fiom a point 
7’ make equal angles with a given straight line Pio\e that 
the locus of P IS a parabola 

37 The noimal at a point P of a parabola meets the axis 
111 PO IS produced to JI, so tliat GH = ^ PG, pioi e that the 
other two normals to the parabola, which piss thiough 77, aie 
at right angles to each other 
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38 The normals at three points P, P of a parabola 
meet m the point 0 Piove that SP + SQ + SP + SA = 20Jlf, 
•where S is the focus and OM the perpendicular from 0 on the 
tangent at the vertex 

39 Any three tangents to a parabola, the tangents of 
■whose inclmations to the axis aie m any given harmomcal 
piogiession, "will form a tnangle of constant area 

40 She'w that the aiea of the tnangle fonned by three 
normals to a parabola -will be 

o 

^ (m, ~ (m„ ~ (mj ~ m,) (m, + 

41 If a tangent to a parabola cut t'wo given parallel 
stiaight hnes in P, Q, the locus of the pomt of intersection 
of the other tangente fiom P, Q to the curve ■will be a paiabola 

42 If an equilateial tnangle* circumscnbe a parabola, 
shew that the lines from any vertex to the focus will pass 
through the point of contact of the opposite side 

43 Piom any point on + c) tangents are drawn to 

y® = 4aaj, shew that the normals to this parabola at the points 
of contact intersect on a fixed straight line 

i- — 1 44 If the normals at two pomts on a parabola intersect 
on the curve, the line joining the points pass through 
a fixed pomt on the axis 

45 If through a fixed pomt any chord of a parabola be 
drawn, and normals be drawn at the ends of the chord, shew 
that the locus of the pomt of mtersection of the normals is 
anothei parabola 

46 If three normals from a pomt to the pambola y® = 4aa; 
cut the axis m pomts whose distances fiom the vertex are m 
arithmetical progression, shew that the point lies on the curve 
27ay® = 2 (as - 2a)‘’ 

47 If three of the sides of a quadnlateial mscribed m a 
pai'abola be parallel to given straight hnes, shew that the 
fourth side ■will also be parallel to a fixed straight bne 

48 Circles are described on any two focal chords of a 
parabola as diameteis Prove that then common chord passes 
through the vertex of the parabola 
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49 Two tangents to a given paiabola make angles ifith 
tlie axis sucli that the product of the tangents of then halves 
IS const.int, plo^o that the locus of the point of intoi section 
of the tangents is a confocal parabola 

50 If the ciicle desciibcd on the chord PQ of a paiabola 
ns diametei cut the paiabola agaui in the points E, S, thou 
■will PQ and BS inteicept a constant length on the axis of the 
parabola 

51 If the noi-mals at P, Q, E meet in a point 0, and 
PP', QQ', EE' be lines tliiougli P, Q, E niakiug witli the axis 
angles equal to those made by PO, QO, EO lespectively, then 
•will PP', QQ', EE' pass thiough anothei point O', and the Ime 
00' ■will bo perpendicular to the polai of O' 

52 The noimals to a paiabola at P, Q, E meet in 0, 
show that OP OQ OE = a OL OM, where OL and OM aie 
tangents fiom 0 to the paiabola, and 4a is the length of tlio 
latus rectum 

53 If fiom any point in a stiaight line perpendiculai to 
the axis ot a paiabola normals be diawn to the curve, proie 
that the sum of the squares of tlie sides of the tiiangle fonned 
by joming the feet of these noimals is constant 

54 A. tiiangle AEG is foi-med by thiee tangents to a 
paiabola, anothei tiiangle DEF is formed by joming the pomts 
in which the choids tluoiigh two points of contact meet the 
diametei thiough the thud Shew thatil, B, (7 aie the middle 
point of the sides of EFF 

55 If AEG be a triangle inscribed in a paiabola, and 
A'E'G' bo a triangle formed by thiee tangents paiallel 'to the 
sides of the tiiangle AEG, shew that the sides of AEG will be 
foui tunes the coriespondmg sides of A'E'G' 

56 If four straight lines touch a parabola, shew that the 
piodiict of the squares of the abscissae of the pomt of uitei- 
scction of two of these tangents and of the point of inteisection 
of the othei two is equal to the continued product of the 
abscissae of the four pomts of contact 
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57 TP, TQ are tangents to a parabola, and p,, p,, p^ 
are the lengtlib of the perpendiculars from P, T, Q lespectively 
on any othei tangent to the cux*ve, shew that =P« 

58 OA, OB are tangente to a parabola, and AP, BP are 
the coriesponding nonnals , shew that, if P lies on a fixed line 
perpendicular to the axis, 0 describes a parabola, and find 
the locus of 0, if P lies on a fixed diameter 

^^9 PCr IS the normal at P to the parabola y® — 4aa; = 0, 
G bemg on the axis , GP is produced outwards to so that 
PQ = GP, shew that the locus of Q is a parabola, and that 
the locus of the intersection of the tangents at P and Q is 

+ 4a) + 16a® = 0 



CHAPTER Y1 
\ The Ellipse 

Dejlni^ii An Ellipse is the locus of a point which 
moves so that its distance from a fixed point, called the 
focus, bears a constant latio, which is less than unity, to its 
distance fiom a fixed hne, called the directrix 


108 2b find the equation of an ellipse 



Let [S he the focus and KL the dnectrix 
Drajv SZ perpendicular to the directrix 
Divide ZS in A so that 8 A AZ — given ratio — e 1 
suppose 

Theie will he a point A' in Z8 produced such that 
^ SA' , A'Z e 1 
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Let G be the middle point of A A', and let AA'^’la 
Tbcn,Sf^ = c and,Sr.r = c A'Z, 

SA-\-SA'^o{AZ+A'Z), 

2J.a=2c ZO, 

• ZG=^-. (i) 

e ^ 

Xl^o ,SA' -SA = e (A'Z - AZ) , 

or AA'-'2AS=c AA\ 

HG^^c AG=ae (li) 

jS^ow let G be taken as oiigin, CA' as the avis of a,, 

and a line perpendiculai to GA' as the a\is of y 

Lot P be any point on the cuive, and let its co- 
ordinates be a, y 

Then, in tlio figure, 

S2F + NF == e^ZK^ 

Noi\ SK = SG + CF = ac + ,r , 

and ZN=- ZG -f GN= - + 

c 


(rfe+Ay+f = e-(^v+ 


or y‘ + a:® (1 — c") = a“ (1 — (r), 


«* 5 

or -g —jA — _ = 1 

a* a (I — c ) 

• On) 

Putting X = 0, we get y—±a V(1 — <r) j 

, -whioh gives 

us the intercepts on the axis of y If these lengths bo 

called + 6, \\ e have 


6’ = «=(l-e*) 

(iv). 

and the equation (in) takes the form 


1 •» 

ir O' 

.(V) 

s. c. s. 

8 
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The latiis lectmu is the choid tliiough the focus 
parallel to the dnectiit To find its length must put 
a} = — aem equation (v) 

Then f = (1 - e*) = ^ , iioin (iv), 

CL 

so that the Icugth of the semi-latus lectuin is — 

(tf 

109 In equation (v) [Ait 108] the value of y cannot 
be greater than b, foi othciwisc ar" nould be ncg.itivc , and 
similarly a: cannot be gi eater than a Hence an clhjise is 
a curve which is limited in all directions 

If a be numeiicnlly less than a, ^ will be positive, 
and for any particulai lalue of a, thcic will be two equal 
and opposite values of y The axis of a thercfoic dnidcs 
the cuive into tno similar and equal paits 

So also, if y be numerically less than h, mil be 
jiositive, and for any pai ticulai v,ilue of y there will be tw'o 
values of x which mil be equal and opposite The «i\is 
of y therefore divides the cui\e into two similar and equal 
parts From this it follows that if on the axis ol a the 
points S', Z' be Liken such that OS' = SC, and CZ’ — ZG, 
the point S' will also be a focus of the curve, and the line 
through Z' peipeudiculai to CZ' will be the coriespondiug 
duectnx 

If (»', y) be any point on the cuive, the co-ordinates 

, X~ 7 /® 

a,',y wnll satisfy the equation — 1 = 0, and it is 

cleai that in that case the co-oidinates —a,', — y will also 
satisfy the equation, so that the point {—x, —y) wull also 
be on the curve But the points (.r', y') and y) are 

on a stiaight hue thiough the oiigin and aie equidistant 
from the oiigiu Hence the origin bisects every chord 
w'hich passes through it, and is therefore called the centic 
of the curve 

The chord thiough the foci is called the vuijor avis, 
and the chord through the cciitie peipendiculai to this 
the minor axis 
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110 To find the focal distances of any 'point on an 
ellipse 

In the figure to Art 108, since SP = cPM, Ave have 

SP = cZN= e {ZG + ON) = c + a) = » + a-c , 

albo B'P^c /YZ'=c(C>?r-CA0 = a-cx, 

SP+S'P=-U 


An ellipse IS sometimes defined ns the locus of a point \iliich mo\es so 
that the sum of its distances from too fixed points is constant 
To find the equation of the enne from this definition 
Lot the constant sum be 2a, and the distance botocen the too fixed 
lioints be 2ae 

Take the middle point of the Imc joining the fixed points for origin, 
and this Imc and a lino perpondtculnr to it for axes, then uchnio from 
the gnen condition 

J(x-ae)-+ip+ ^J(T + ae)-+y-=i2u 
Mhich, ivhen rationalized, becomes 


jr ba? (1— ^)=a*(l-c^, 
i^ich is the equation prciiously obtained 


(\ 


111 The polar equation of the ellipse refened to the 
centre as pole Avill he found by xmting » cos0 for a, and 
r sin^ for y in the equation 


a 0 


The equation will theiefore be 
r" cos*0 7® sm^d 

"r — 


or 


— « 1 — , 

a b 

1 _ cos®^ siir 0 

7 * b~ 


= h 


(?) 


The equation (i) can be written in the form 

i - 4) ‘Jin® 6 (ii) 

7 a- \b- aj 

1 3 

Since p — a IS positive, we sec from (ii) that the least 
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1 1 1 

value of A IS - 1 , and that — . increases as 6 lucicdses from 
? a »*■ 

1 1 

0 to the gieatcst value of being Hence the 
iddius vectoi diminishes from a to b as 6 incicases from 



112 We have found that foi all points on the ellipse 


i- + f-l = 0 

a b 


We can shew in a mannei similar to that adopted in 

Alt 92 that, if x,y be the co-oxdmates of any point within 

(XT 1 a* V" 

the curve, — = + r- — 1 will be negative, and that -s + — 1 

’ b’ */ » jj. 

will be positive if x, y be the co-oidinates of any point 
outside the cuive 


113 To find the ptnni^ of intei section of a given 
sti aight line and an ellipse, and to find the condition that 
a given sti aight line may touch the ellipse. 

f* * 

kU* aj" 

Note We shall henceforth always take '-^ + — = 1 as 

(V u 

the equation of the ellipse, unless it is otlienvisc expressed 
Let the equation of the straight line be 

y — mx + c (i) 

At points which aie common to the straight line and 
the ellipse both these relations are satisfied Hence at 
the common points ive have 

a® , {mx + cY , 

> *1 ^ 7 » A* 

a' O' 

or .-c® (6® + + Sinca^a: + a® (c® — &®) = 0 . (ii) 

This is a quadratic equation, and eveiy quadiatic 
equation has two loots, leal, coincident, oi imaginary 

Hence theie aie two values of x, and the tno coiie- 
sponding values of y aie gn'cn by equation (i). 
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The loots of the equation (ii) ivill ho equal to one 
aiiothoi, if 

a- (c® - W) (Jr + ahn-) = mW, 
that IS, if c® = cirnr + 6® 

If the two values of x are equal to one anothei the two 
values of ?/ must also be equal to one another from (i). 

Therefoie the two points in which the ellipse is cut by 
the hne will be coincident if c = >J{drw? + 6®) 

Hence the line whose equation is 

y = mx + tjidrmlr + &®) (m) 

will touch the ellipse for all values of m 

Since either sign may be given to the radical in (iii), 
it follows that there are two tangents to the ellipse for 
every value of m, that is, theie are two tangents parallel 
to any given straight line These two paiallel tangents 
are equidistant from the centre of the ellipse 


114 To find the equation of the choid joining two 
points on the ellipse, and to find the equation of the tangent 
at any point 


Let x', y' and x", y" be the co-ordinates of two points 
on the ellipse 

• The equation of the secant thiough the points {x', y') 
and (a", y") is 

x — x' _ y—y' 

X — a;' y" — y' 






But, since the two points are on the ellipse, we have 


,.'2 


■ V -I 1 ■ . V t 

^+6^ = 1- -5>- + 'F = l- 


a 


X 


■ X- 




//2 I. 

V -V 
b- 


(u) 


Multiply the corresponding sides of the equations (i) 
and (ii), and we have 

(a: - a') (a" + a;') _ (y- y') (?/" + y') 

a' h- 
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/» (^' + a;") ^ yijf+y") _ 'c'J®' +_'»"] ^ vAy' +jn 


a‘ 

** 

x‘ 


+ 


h- 


a‘ 


¥ 


■ ?/= 

or, since, -j + -^ = 1, 

i+'^')+2(2:^=l+’’Y + !^ (m). 

winch IS the equation of the chord joining the two given 
points 

In order to find the equation of the tangent at («', y) 
we must put x" = x', and y" = y' in equation (iii), and we 
obtain 

(IV). 


_ 1 

2 T-2 

a 0 


,, Con 1 The co-ordinates of the extremities of the 
majoi axis are a, 0 and — a, 0 respectively, and, from (iv), 
the tangents at these points are x~a and x = ~a 

Hence the tangents at the extremities of the major 
axis are parallel to the minor axis 

Similarly the tangents at the extremities of the minor 
axis are parallel to the major axis 

CoK 2 The tangent at the point (x, y) is parallel 
to the tangent at the point {—x', ~y), and these two 
points are on a straight line through the centre of the 
curve 

Hence the tangents at the extremities of any chord 
through the centre of an eUipse are parallel to one another 

> f 115 To find the condtUon that the hne lx -f- my — n = 0 
^ may touch the ellipse 

The equation of the hnes joining the origin to the 
points where the ellipse 


- + ^ = 1 


is cut by the straight line 

hs -H my = n 


IS [Art 38] 




a 


3 + %-('-^)‘ = 0 


n 


( 0 . 

(«)> 

(ill) 
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If the line (ii) cut the ellipse in coincident points, the 
equation (ni) will lepresent coincident straight lines 
Therefore the left-hand member of (in) must bo a perfect 
square the condition for this is 

/I A _ 

V’ 

n hence a®Z® -f Irivir = n" (iv) 

Cob The line x cos a + y sm a — = 0 nill touch the 
ellipse, if 

p® = a® cora -}- 6® sin®a (v) 

IIG To find the equation of the normal at any point 
of an eIh 2 Jse 

The equation of the tangent at any point {x, y) 
of the ellipse is 

W yif _ 
a® b- 

Tlie noi mal is the line through {x', y') perjiendicular 
to the tangent, its equation is therefore [Art 30] 

x — x _ y — ?/ 
x' y 

a- W 


EXAMPLES 

1 Find tlio eccentricities, and the co-ordinates of tho foci of tlio 
following ellipses 

(i) 2xS+3»/=-l=0, (a) 8(x-l)2+r)(y + l)--l=0 

i. a. -i=t*vc) 

2 Find the lengths of tho Intern recta of the elhpscs in question 1 

Alts |V2andj^\/6. 

3 Shew that the line v=*+VC touches the ellipse 2x--f3;/-=l 
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1 ShoAV that tlio lino -Ji/sb-S mils the cuno Jx--3//®-2r=.() in 
tMo points cquitlislant fioin tlio a\ia of y 

5 Is tho point (2, 1) within oi without tho ellipse 2x=+.’lj^*- 12=0? 


T* fy* 

C Find tho equations of tho tangents to ^ '\hich inahe an 

angle of GO® with the axis of x 

7 Find (i) tho equations of tho tangents and (ii) the equations of tho 
normals at the ends of tho latcia recta of 2x®+ 'Ji/®=6 

Tho four iioints aro (il, i ® 

8 Find the equations of tho tangents to which make 

equal intercepts on tho a\cs x Ly-L^a--^h-=Q 

9 Show that tho equation 4a?+2p®=6® represents an cllipso whoso 


cccentncit} is 
minor axis 


V2’ 


and show that tho origin is nt an oxtrcmity of the 


10 Find tho equation of tho dlipso whidi has tho ixunt {- 1, 1) for 
focus, tho lino l!B-3y=0 for directrix, and whoso occentncitj is ^ 

Am 20jc®+24a:y+27»/*+72{a!-y+l)=0 

11 If the normal at tho end of a Intiis rectum of an ellipse pass 
through ono oxtrcmitj of tho minor axis, shew that tho eccentricity of tho 
curiois given by tho equation c*+c®-l=0 

12 If any ordinato J\IP bo produced to moot the tangent nt tho cud 
of tho latns rectum through the incus S in p, show that the orduinte of 
Q IS equal to tho distance SP 

13 A straight lino AB of gi%on length has its oxtrcmitics on two 
fixed straight lines OA, OB which are nt nght angles, show that the locus 
of any pomt G on the hue is an ellipse whose scnii axes nio equal to CA 
and CB respectively 


117. Two tangents can he di awn to an elUji'ic from 
any point, winch will be leal, coincident, or imaginaiy, 
accoi ding as the point is outside, upon, oi within the curve 

The Imo whose equation is 

y = mas + + i®) (i) 

will touch the ellipse, whatevei the value of m may be 
[Art 11.3] 
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Tlic hue (i) "Will pass thioiigli ilio iiniLicnlni point 

;/ = ;» >/ -1- + 6®), 

that is, if 

(y — O' ~ ~h' — 0, 

01 ?»® ('b'® -- o®) — 27nv'i/' + 1/'® — &® = 0 (li) 

Equation (n) is a quadratic equation which gn*es the 
directions of tho'^c tangents to the ellipse ^^hlch pass 
through the jiomt (?/, //) Since a quadiatic equation has 
iwo roots, two tangents \\ill pass through any point (a/, y') 
The roots of (ii) are real, coincident, or imaginary, 
accoiding as 


r» /2 

. }! 


IS negative, zero, or positive; or according as +*^— 1 is 

positu e, zero, 01 nogatuc That is, [Art 112] accoiding as 
(j/, If') IS outside the ellipse, upon the ellipse, oi within it 


X. 


3 1 S. To jind the equation of the line th oucfh the points 
of contact of the two tangents which can he diawn to 
an ellipse fiom any pioint 

Let .r', y' be the co-ordinates of the point fiom which* 
the tangents aie dwMi 

Let the co-ordinates of the points of contact of the tan- 
gents be h, k and h\ U respectivelj- 

Tlio equations of the tangents at (/i,/i) and (/i', h') are 


and 


xh yk_ 
a 0 
xh' yk’ _ 
a 0 


We know that (y, y) is on both these lines , 


x'h y'k - 

1- = 1 

n r »2 ■* 

a' b 


and 


ii'h'y'U_ 


(I). 

(n) 
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But (i) aud (ii) shew that the points (h, 7e) and (//', I') 
aie both on the stiaight line whoso equation is 


b- 


(iii) 


Hence (m) is the required equation of the Ime through 
the points of contact of the tangents from (a/, y') 

The line joimng the points of contact of the two 
tangents fiom any point P to an ellipse is called the jpoZci?’ 
of P with respect to the ellipse [See Art 76 ] 


119 If the polai of a point P with i espect to an elliiwe 
pass though the point Q, then will the polai of Q pass 
till ough P 

This may be proved exactly as in Ait 78 


120 To find the locus of the point of intei section of two 
tangents to an ellipse which aie at light angles to one 
anothei 

The line whose equation is 

y = mx + J a^m^ + 6“ (i) 

will touch the ellipse, ivhatevei the value of m may be 
If we suppose x and y to be known, the equation gives 
us the dll ections of the tangents which pass through the 
point (v, y) 

The equation, when rationahzed, becomes 

m® (ar — a") — 2nixy + y ® — 6® = 0 (ii) 

Let 7)j, and be the roots of (ii) , then, if the tangents 
be at right angles, = — 1 i 


x'—ci^ ' 

a:® + 2/“ = a® + &® (iii) 

The required locus is therefore a circle 
This circle is called the diiectoi ciicle of the ellipse 


01 




121 The circle described on the major axis of an 
ellipse as diametei is called the auxiliary circle 



If the equation of the ellipse be 




the equation of the auxiliary cucle will be 

2 2 

^ + ^=1 
^ ^ 


(n) 


If theiefore any oidinate NP of the ellipse be produced 
to meet the auxiliary circle mp, we have from (i) and (u) 
iYP^ C2r-_Ay 
h~ a® a" ’ 


NPJ} 

Np a 

Hence the ordinates of the ellipse and of the cucle are 
in a constant ratio to one another 

The angle A'Gp is called the ecceni/nc angle of the 
point P The point p on the auxiliaiy cucle is said 
to emipjtpnmd to the point P on the ellipse 
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, If the angle .I'QiJ he (p, the co-oidmates of p will he 
a cos a sin ^ , and those of P will ho a cos <f), h sin 

122 To find, tlie equation oftJie line joining ttvo points 
whose eccervtno angles ai e given 

Let <p' be the eccentiic angles of the two points, 
then the co-ordinates aic ocos^, bsm<j}, and acos^', 
bsm<jj respectively 

Hence the equation of the line joining them is 
' IB — a cos ^ _ y — bsm^ 

n cos ^ — a cos 6 sin <^ — 6 sm <j) ’ 


01 

« 


ai 

— cos 
a 


<!> 


-smJf (^+^') 


V JL 
^ — sin 0 

cos ^{(j> + <f>') ’ 


^ cosK<^ + ^0 + 1 sini («^ + <#>') =cos^ .(i), 


which IS the required equation 

To find the tangent at the point <j), we have to put 
<f}'=<}}m equation (i^ and we obtain 


- cos ^ sin ^ = 1 (ii) 


123 From equation (i) of the preceding article we see 
that if the sum of the eccentric angles of two points orf an 
ellipse IS constant and equal to 2a, the chord joining those 
points IS always parallel to the lihe 

BB 1/ 

-cosa+fsina = l, 
a b 

that IS, the choid is always parallel to the tangent at the 
point whose eccentric angle is a 

Conversely, if we have a system of parallel chords 
of an ellipse the sum of the eccentric atfgles of the 
extremities of any chord is constant 
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124 To find the equation of the normal at any point 
of an ellipse in tei ms of the eccenti ic angle of the point 

Let ^ be tbe eccentnc angle of a point P on the 
ellipse , the equation of the tangent at P is [Art 122] 

- cos (f)+ 
a ^ b ' 

The equation of the line through (acos^, bsm<j>) 
perpendicular to the tangent is [Art 30] 

(ic — a cos d>) — —(y — h sin A) — = 0, 

' cos ^ ^ sm<fj , ’ 

ax by s 1 " 

or — , = or — Ir 

cos <p sin <p 

125 We will now prove some geometiical properties 
of an ellipse 

Let the tangent at P meet the axes of x and yin 
Pj t respectively, and let the normal meet the axes in Q-, g 
Draw SZ, S'Z, GK peipendicular to the tangent at P; 
draw also GE parallel to the tangent at P, meeting 
the normal in P, and the focal distance SP in E 



126 


THE I-LLIPSE 


Viliere this cuts the a\is of .t, y = 0, and at that point 
A\e ha^c from (i), 

^ = 1 , 

- 1, oi GK CT = QA'^ (a) 

Similarly NP Gt = GJP (^) 

Tiic equation of the normal at P is 

x' y' ^ 

n= ¥ 

"Wlierc the normal cuts the axis of x, ive have y— 0, and 
therefore from (ii), 

x — x' — — r , or a; = i' = e't' , 

GG^e* G 2 s^ (7) 



Al^o, since 

SG = SG + GG = ae + e'x', and GS' — ae — cW, 
■we have 

SG _ ac 4- cW _a + ex' _ SP 
ZrS' ae — crx' u — ev'~ S'P ’ 
therefoie PG bisects the angle SPS' 
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Again, since P(?= = GN^‘ + AT’ = {GX- GGf + AT’, 
ivc liavc per- = + x'°-{l- e% 


or 




And PF^KG = 


[Alt 31] , 


( 111 ) 


PF PG=^l/ 

The line 11 hose equation is 

y = im+ + Ir) 

Mill touch the ellipse nhatever the value of m may he 

Hence, if 8Z, S'2l'he the peqiendiculars fiom the foci 
on the line (iii), then [Ait. 31] 

+ + 1 ct'v' 7nae + /^/(a‘m- + l'-) 

. SZ S'Z' = ^ 

l + m- 


Again, the equation of the line through S perpendiculai 
to (ill) IS 

my + v + ae = 0. (iv) 

To find the locus of Z the pomt of intersection of (iii) 
and (iv), ive must eliminate 7n from the tuo equations 
The equations may he written in the foim 

y — 7M,^ = \/ {aritT + Ir), and my + a; = — ac 

Square both sides of these equations and add, we thus 
obtain 

(ar + 27) (1 + tiv) = arm- + 6® + a’c’ = a® (1 + tji®) , 
therefore the locus of Z is the auxiliary ciicle whose 
equation is 

.7" + 2/" = «" (’?) 

We should have arrived at the same result if ive had 
supposed the perpendiculai to have been diawn from 8\ 
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126 Let P be any point, and let QQ' be the polar of 
P Let QQ' meet the axes m T, t Diaw SZ, 8'Z\ GK 
and PO perpendiculai to QQ', and let PO meet the axes 
in G, g Then, if a', y' be the co-ordinates of P, the 
equation of QQ' 'Nidll be [Art 118] 


yy' 

a- 


1 


(i) 


TJie equation of POG mil theiefore be [Art 30] 


x — x' y — y' 
a! ~~ y^ 
a* V 


(n) 


From (i) and (ii) we can prove, exactly as in the 
preceding Article, 

(a) GN GT=GA\ (J3) ALP Ct = GB\ 

( 7 ) GG = ^GN, and (S) KG PG — h~ 



1 Shew that the focus of an dhpse is the pole of the coirespoiiduig 
directm 

2 Shew that the ec[uation of the locus of tho foot of the perpen- 
(liculai fiom the centre of an ellipse on a tangent is r“=sa®cos-<H ifi mn -n. 
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3 Slievr Hint the snm of the reciprocals of tlic Bq,uares of nnj two 
diameters of nn ellipse wliieb arc at right angles to one another is 
constant [See Art 111 ] 

4 If an c<inilatcral Innngle be inscribed in nn ellipse the sum of tho 
squares of the reciprocals of the diameters parallel to tho sides wall 
bo constant 

5 An ellipse slides between two straight lines at right angles to one 
another, shew that the locus of its centro is a circle [Sco Art 120 ] 

C If tho points S', JI' be taken on tho minor axis of nn ellipse such 
that S’f?—CZf'=:C.S, where C is tho centre and S is n focus, show that 
the sum of the squares of tho pctpcndicnlars from S' and JI' on any 
tangent to tho ellipse is constant 

7 Show that the locus of the point of intersection of tangents to nn 
ellipse nt ( wo points w Iio'o eccentric angles differ b^ n constant is an ellipse. 

[If the tangents nt ^-i-o and <• - a meet nt (x’, ij) , thou - =cos ^ see o, 
^ —bin ^ see tt. Eliminate (p for the locus ] 


8 Tlie polar of a point P outs tho minor axis m (, and tho pcrpcn> 

diculor from P to ifs polar cuts tho polar in tho point 0 and the minor 
axis 111 0 , show that the circle through tho points t, 0, 17 will pass through 
the foci [Proto that t<7 <?&'] 

9 Protc that the line fx+mys n=0 is n normal to 


=1 If"' - 

a- b- ' P ni* n* 


rr^ n JV . , IcOSf? 

[Compare with — =rt*- 6 -, wo hato — - 
* cost? bint? a 


m sin <7 


= then eliminate 0 1 

10 The perpendicular from tho focus of an ellipse whose centre 
IS C on the tangent at niij point P will meet tho hno CP on the 
directrix 

11 If Q be the point on the anxiliar> circle corresponding to the 
point P on nn ellipse, shew that tho normals nt P and Q meet on n fixed 
circle 

12 If Q be the point on the auxiliary circle corresponding to the point 
P on an ellipse, shew that tho perpendicular distances of the foci S, JI 
from tho tangent at Q arc cqnal to SP and f/P rcspectiacl}. 

1*) Shew that the area of n tnunglo insoribed in nn ellipse is 
iflb {sin (/ 5 - 7 ) +Bni( 7 -tt)-f Bin(o-/3)}, 
where a, (i, 7 arc tho ccccntnc angles of tho angular points 
S C S. 


9 
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127 To find the lows of the middle j)omts of a system 
of pat allel chotds of an elhjjsc 

The equation of the line thiough the two points (a/, tf) 
and {ca", tf) on the ellipse is [Art 114] 

a;(.a!' + a/') ^ y [y + tf) ^ ^ ^ yff ^ x 

a' h" a^ b~ 

If the hne (i) is paiallel to the line ?/ = m<c, then 

h- of + ®" , X 

m = — 2 - / • . ' • 0 V 

a f + y 

Now, if X, y be the co-oidinates of the middle point of 
the chord mining (a', y') and (a?", ?/'), then 2®=*®'+®", 
and 2y = J +y', 
theiefore, fiom (ii), we have 

wi = — ^ (in) 

ay ' 

Hence the locus of the middle points of all chords 
which aie paiallel to the line y — mv is the straight lino 
whose equation is 

i \ 

y-— s' v'n 

a m ' ' 


From (iv) we see that all diametct s of an clhpse [Art. 
102, JDefI pass through the centre 

Writing (iv) m the fonn y — m'x, we see that 

ViVl = (v) 


It IS clear from the symmetry of the relation (v) that 
all ehoids parallel to y = m'v aie bisected hj' y = mx 

Hence, tfotie diametei of an ellipse bisect chords pat al- 
lel to a second, the second diameter will bisect all chords 
pat allel to the jit st 

Def Two diameters are said to he conjugate when each 
bisects chords parallel to the othei 

f 

128 The tangent at an extremity of any diametei is 
pat allel to the chot ds bisected by that diameter. 
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All the middle points of a system of paiallel chords of 
an ellipse are on a diameter Hence, by cousidenng the 
parallel tangents, that is the paiallel choids which cut the 
cuive in coincident points, •\\c see that the diametei of 
a system of paiallel chords passes throngh the points 
of contact of the tangents which aie parallel to the 
chords 

129 Let P, D he extremities of a pair of conjugate 
diameters, let the co-oidinates of P he x, -if, and the 
co-ordinates of D he y" The equations of GF and 

7/ a; j 7/ a* 

CD arc =■ and % = —p , , 

2/ a y x'^ 

VV" h- 

hence from (v) Art 127 we have = , 

' ' XX or 



If 0, (j) he the eccentric angles of P and D respectively, 
then x' = a cos y' = h sin x" = a cos if' = ^ sin <f/ 
Substituting these values in (i) we have 

cos 0 cos sin <j) sin = 0, 

or = | 


9—2 
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Hence the difference of the eccentric angles of two 
points which are at extremities of two conjugate diameters 
of an ellipse is a right angle 

If dGd! be the diameteis of the auxiliary circle 
conesponding to the diameters PGP',DGiy of the ellipse, 
then pGp', dGd' will be at right angles to one another 
Hen^ the co-ordinates of D and of D' can be at once 
expressed m terms of those of P oi of P' 

Y'i 30 To shew that the sum of the squares of two con- 
jugate semi-diameters is constaM 

Let P, D be extremities of two conjugate diameters of 
the ellipse 

Let the eccentric angle of P be (f>, then the eccentric 
angle of J) will be ^ ± ^ [Art 129] 

The co-ordinates of P will be acos^, &sin^, and 
those of P will be a cos ±1). fcsin^.#)±|) 

. GP^ = a® cos® ^ -b 6® sm® 
and OP® = a® cos® i 

. OP®-f- OP* = a®-h&® 

131 The area of the paralklogram which touches an 
ellipse at the ends of conjugate diameters is constant 

Let PGP', PGP' be the conjugate diameteis The 
aiea of the parallelogram which touches the ellipse at 
P, P', P, P' is 4 GP GP sin POP, or 4 OP OPwhere OPis 
the perpendicular from 0 on the tangent at P 

Now if the eccentric angle of P be the eccentric 

angle of P will be ^ ^ 

Jt 

. . OP® = a® cos® ± sin® ± . 

or OP' = a® sm® ^ 6® cos® ^ (i). 
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The equation of the tangent at P ■will be [Art 122] 

- cos A sin A = 1 
a ^ h 


GF- = 


cos**^ 


sm"* (f> ’ 


[Art 31], 


or 


GF‘ = , 






a” sin® <f) + b' COS" 

Fiom (i) and (ii) "sve see that the area of the parallelo- 
gram is equal to 4a6 


132 If r, 7*' be the lengths of a pair of conjugate 
semi-diameters, and 6 be the angle between them, then 
7*j'sm0 = a&[Art 131] 

Hence sin 9 is least when ? >' is greatest 
Now the sum of the squaies of two conjugate diameters 
IS constant, hence the pioduct will be greatest when the 
diameters are equal to one another 

Hence the acute angle between two conjugate diameters 
of an ellipse is least when the conjugate diameters are equal 
to one anothei 


133 Let the eccentnc angles of the extremities P, P 
of two conjugate diameters be ^ ± g respectively, then 

(7P® = a® cos® (f> + F sin® (j>, 
and GD" = a® sin® <j> + b‘ cos® 0 , 

aP®-C?P® = (a®-6=)cos2.^. 

Hence GP = GD ^vhen A is ^ or ^ 

4 4 

The equations of the equal conjugate diameters aie 
therefoio 

a ~h 

Hence the equi-conjugate diameteis of an ellipse aie 
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romcidcnt in direction ivitli the diagonals of the rectangle ' 
formed by the tangents at the ends of its axes 

134 Def The two straight lines drawn from any 
point on an ellipse to the extremities of any diameter are 
called supplemetital chords 

Any two supplemental clioi ds of an ellipse at e parallel 
to a pair of conjugate diameters 

Let the chords he formed by joining the pomt Q to the 
extiemities P, P' of the diameter PGP' Let V be the 
middle point of QP, and V' the middle point of QP' 
Then OV' and GV aie conjugate, foi each bisects a chord 
parallel to the other, and GV\ GV are parallel respec- 
tively to QP and QP' 

Hence QP and QP' are parallel to a pan of conjugate 
diameters 


135 We can find the position of a pair of conjugate 
diameters which make a given angle with one another 
For, draw any diameter PGP and on PP' describe a 
segment of a circle containing the given angle If this 
circle cut the ellipse in a point Q, the angle PQP' is equal 
to the given angle, and QP, QP' are paiallel to conjugate 
diameters [Art 134] 

The ciicle and ellipse will not howevei intersect in any 
real points besides the points P, P' if the given angle 
be less than that between the equi-conjugate diameters of 
the ellipse [Ait 132] 


136 To find the equation of an ellipse refet red to any 
pair of conjugate diametets as axes 

Let the equation of the ellipse referred to its major 
and minor axes be 


o S 

+ t = i 
-.2 ~ 1.2 — 




0 ) 


Since the oiigin is unalteied we substitute foi x, ?/ ex- 
piessions of the tonn Ix + niy, I'x + m'y inoidci to obtain 
the transformed equation [Ait 51] 
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The equation of the ellipse will theiefore be of the 

foim Aa? + + By^ = 1 . (u) 

By supposition the axis of x bisects all chords parallel 
to the axis of y Therefore for any particular value of x 
the two values of y found fiom (ii) must be equal and of 
opposite sign Hence S=0 , the equation will therefore 
be of the form Ax~ + = 1 (in) 

To obtam the lengths (a\ h') of the intercepts on the 
axes of X, y, w e must put y—Q and « = 0 m (iii) , we 
thus obtain Aa"^ = 1 = Bb"^. 

Hence the equation of an ellipse lefeired to conjugate 
diameters is 


where a', h‘ aic the lengths of the semi-diameters 


137 By the preceding Aiticle we see that when an 
ellipse IS referred to any pan of conjugate diameters as 
axes of co-ordinates, its equation is ot the same form 
as when its major and minor axes are the axes of co- 
ordinates 

It will be seen that Articles 113, 114, 115, 118 and 127, 
hold good when the axes of co-ordinates are any pair of 
conjugate diameteis 


138 We shall conclude this chapter by the solution of 
some examples 


(1) To find when the area of a t) langle inscribed in an ellipse is 
greatest 

Let the ccccntiio angles of P, Q, R, the angalar points of the tnanglc, 
bo 0„, ^ 3 , letp, q, T be the three corresponding points on the auxiliary 


circle 


The areas of the triangles PQR, and pqr are [Art C] 


acos^j, Asin^jj, 1 
acos^n, hsmijin, 1 
a COB ^ 3 , &Bin^ 3 , 1 
LPQll 


, and^ acoB^i, asin^i, 1 
I a cos asin^j, 1 
•a cos ^3, a sin 03, 1 
Apjj b a 
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Honoo the triangles J?QR and -pqr axe to one another in the constant 
ratio h a Therefore PQR is greatest -when pqrw greatest 

Now Apjris greatest when it is an equilateral triangle, and in that 

I Hr 

case 01 - ^>2= 02 -- 03= 03 01= 

' ■■ Hence iihen a tnangle inscrihed in an ellipse is a maximum, the 

, A 2r 4ir 

eccentric angles of its angular points are o, 0+-^ , a + ‘^ 

(2) If any pair of conjugate diameters of an ellipse cut the tangent at 
a poini P in T, T', shew that TP PT’=CIP, where CD is the diameter 
conjugate to CP 

Take CP, CD for axes of x and y, then the equation of the eUipso will 

The equation of the tangent at P {a, 0) will be x—a 
If y=mx, y=m'x be the equations of any pair of conjugate diameters, 
then 

flm'=-^[Art 127] (i) 


But 


PT=zma, and Pr=m'a, 
PT Pr=mm'a^ 

TP Pr=6S, from (i) 


(u) 


(3) The line joining the extremities of any two diameters of an 
c?hp7c which are at light angles to one another mil always touch a fixed 
ciicle 

Let CP, CQ he two diameters which arc at right angles to one another, 
and let the equation of the line PQ he 

a:co8o4-psintt=p 

The equation of the lines CP, CQ wiU be [Art 38] 

^ ifcos g+y Bina ^* 

p ) 

But, smcc tlie lines CP, CQ are at right angles to one another, the 
sum of the coefficients of g? and y- in (i) is rero [Art -IC] , 

p-' 

which shews that the perpendicular distance of the line PQ from the 
centic is constant 

Hence the line PQ always touches a fixed circle 


^ 6-“ \ 
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(4) TofinS the locut of the poles of normal chords of an ellipse 
The equation of tlio normal at any point 0 is 
ax _ hy y, 

cos 0 EUl 0 

The equation of the polar of anj point (r', y') is 


(0 


xr' V’/'.., 
a- Ir 


(«) 

Tlic equations (i) and (ii) \rill represent the same straight hue, if 

= and {d^ = , 

' cosd’ ' 'b- smO 

or (a- - li-) cos ® =— » and (a- - b-) sin , 

therefore, bj squaring and adding the two lost equations, we have 

(a=- &=,==« +^- 

x~ y- 

Hcncc the equation of the locus is 

xY- (a?-lY^aY-+V'^ 


(5) If a quadrilateral cireumseribe an ellipse, the line through the 
middle points of Us diagonals will pass through the centre of the ellipse 
Let the eccentric angles of the four iioints of contact of the tangents 
he o, /3, y, 0 

The equations of the tangents at the points a, J3 arc 

•t 1/ X ?/ 

-cosa + rsinos:!, and-cosS+/ 8 iufl=l 
o b a b 

These meet in the point 

/ cos^ («+<3 ) , Biii^(g + /3 )\ 

\"cosi(a-pV cosi(tt-p)/ 

Tlio tangents at y and 5 will meet in the point 



The co-ordinates of the middle point of the line joming these points of 
intersection are giien hy 

_« cosJ;(a+j3) cos 1 3) + cos ^7 + 5 ) cos i (a -/3) 

cosi(y-5)cosi^(a-j3) ’ 

_ b Bin ^ (tt+/ 3) cos i ( 7 - 3 )-hBin i ( 7 + 5 ) cos 
cos 5 ( 7 - 5 ) cos£(tt-/5) 
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Therefore the lino joining the centre of the cUipso to this point 
makes with the major oms an angle the tangent of \shich is 
6 sm i(a+P) coa ^ - S) + sin i(y+S) cos ^ (<t - 

acosi(tt+/3)eoai(7-5) + oosi(Y+o) cosi(a-p)’ 
which IS equal to 

6 Sin (g - g) + Sin {s-p) + sm (B-y) + sm (s - S) 
o cos (s - o) + cos {s—p)+ cos {s - 7) + 00s (s - 5 ) ’ 

where 2s=a+j3+7+S 

The symmetry of the above result shews that the Ime joming the 
centre of the elhpse to one of tho middle points of the diagonals of 
the quadrilateral will pass through tho other tuo middle points 





Examples on Chapteb VI 


\* 1 If SP, S'P be the focal distances of a point P on an 
ellipse whose centre is (7, and CD be the semi-diameter conju- 
gate to CP, shew that SP S'P=CD^ 


2 The tangent at a point P of an ellipse meets the 
tangent at A, one extremity of the axis AC A', in the point T, 
shew that (7F is paiallel to A'P, C being the centre of the 
curve 


3, A point moves so that the sum of the squares of its 
distances from two intersectmg straight lines is constant 
Prove that its locus is an ellipse, and hnd the eccentiicity in 
terms of the angle between tlie lines 

^^4 P, Q are fixed points on an ellipse and J? any other 
pomt on the curve, V, V' aie the middle pomts of PP, QR, 
and 7G, V' G' are perpendicular to PR, QR lespectively and 
meet the axis in G, G' Shew that GG' is constant 

6 A senes of ellipses are described with a given focus and 
corresponding directnx, show that the locus of the extremities 
of^eii minor axes is a parabola 

6 PRP’ IS a double oidinate of an elhpse, and Q is any 
point on tho curve, shew that, if QP, QP' meet the major axis 
in J/, M' respectively, CJif CH'—CA’’ 
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7 Lines are draiin through the foci of an ellipse perpen- 
dicular lospectiicly to a pan of conjugate diameteis and 
interoect in Q, shei\ that the locus of <2 is a concentiic ellipse 

V/'S The tangent at any point P of an ellipse cuts the 
cqui-conjugatc diamctei-s in T, T\ shew that the triangles TGJ?^ 
TCP arc in the ratio of GT' GT’ 

^/d If CQ be conjugate to the normal at 7-’, then will GP 
ho conjugate to the normal at Q 

10 If P, 7? ho extieinities of conjugate diameters of an 
ellipse, and PP', DD' he chords parallel to an axis of the 
ellipse, shew that PD' and P'D aie parallel to the equi- 
conjugates 

v4l If P, D aic cxtiemities of con]ugate diainetere, and 
the tangent at P cut the major axis in T, and the tangent at 
D cut the minor axis in T', shew that TT' m ill ho parallel to 
one of the cqui-conjugates 

12 QQ’ IS any choid of an ellipse paiallel to one of the 
cqiii conjugates, and the tangents at Q, Q’ meet in T, shew 
that the circle QTQ’ passes tlnougli the centie 

13 In the ellipse prove that the normal .at any point is a 
fourth piopoitional to the pcijiendiculars on the tangent from 
the centre and from the two foci 

1 L T\\ o conjugate diameters of an ellipse are draivn, and 
their four extiemitics aic joined to any point on a given ciicle 
■whose cciitic IS at the centre of the ellipse, shew that the sum 
of the squares of the lengths of these four lines is constant 

15 PNP' is a double oidinate of an ellipse whose centie 
18 C, and the normal at P meets CP in 0, shew that the locus 
of 0 IS an ellipse, 

IG If the normal at any point P cut the major axis in G, 
shew that, for diffcicnt positions of P, the locus ot the middle 
point of PG AM 11 he an ellipse 

^7 A, A' are the a pi trees of an ellipse, and P any point 
on the cuive, sIicaa that, if PJV he peipendicular to AP .and 
PJf perpendiculai to A'P, M, If hcing on the axis AA\ then 
Avill MN he equal to the hitus lectuiii of the ellipse 
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18 Find the equation of the locus of a point from which 
two tangents can he drawn to an ellipse making angles 0,, 6^, 
with the axis-major such tliat (1) tan 0, -t- tan is constant, 
(2) cot 0, + cot 0^ IS constant, and (3) tan 0^ tan 0^ is constant 

19 The bne jommg two extremities of any two diameteis 
of an ellipse is either parallel or conjugate to the line joining 
two extremities of their conjugate diameteis 


20 If P and D are extiemities of conjugate diameters of 
an ellipse, sliew that the tangents at P and J) meet on the 
aj* ir 

ellipse -j + p = 2i and that the locus of the middle point of 
a- r 


21 A line is diawn parallel to the axis-minoi of an ellipse 
midway between a focus and the coiiesponding directrix, prove 
that the pioduct of the perpendiculais on it from the extremi- 
ties of any clioid passing thiougli that focus is constant 

22 If the choid joimng two points whose eccentnc angles 
aie a, p cut the major axis oi an ellipse at a distance d from the 

a . /3 d~a 


centre, shew that tan ^tan^ — , , 

2 2 d + a 


, where 2a is the length 

of the majoi axis 

23 If any two choids be diawn through two pomts on the 
axis-majoi of an ellipse equidistant fiom the centie, shew that 
CL 3 y B 

tan - tan ^ tan ^ tan 2 = wheie o, )8, y, 8 aie the eccentric 
angles of the extiemities of the chords 


24 If tS, H be the foci of an ellipse and any pomt A be 
taken on the cm ve and the chords ASB, JBHC, GSJ), DUE be 
dia-wn and the eccentric angles of A, B, 0, D, be 0 , 0„, 0 , 0 , 

6 6 6 6 6 6 ^ ~ ^ ^ 
prove that tan -j tan = cot cot ^ = tan ~ tan ^ = 


25 Shew that the aiea of the tiiaiigle foimed by the 
tangents at the pomts whose eccentnc angles aio a, y3, y icspoc- 
tively IS ah tan ^ ()8 - y) tan ^ (y - a) tan J (a - j8) 

26 Prove that, if tangents be diaAvn to an ellipse at 
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points whose eccentric angles aio the radius of the 

ciicle cutjuniscnbing the tiiangle so formed is 


P?L 

32ab 


sec 




sec 


sec- 


p, q, r being the length of the diameters of the ellipse parallel 
to the sides of the triangle, and a, b the semi-axes of the ellipse 

27. Fixan any point P on an elhpse straight lines are 
diwvn through the foci S, II cutting the conespondmg direc- 
trices in Q, R icspectively, shew that the locus of the point of 
intereeclion of Qll and RS is an ellipse 

2S If P, jp be coi responding points on an ellipse and its 
auxihaiy ciicle, centic C, and if C2* be pioduced to meet the 
auxiliary circle in q^ prove that the tangent at the point Q on 
the ellipse corresponding to g. is perpendicular to Cp, and that 
it cuts off from C7p a length equal to CP. 

29. If P, Q be the points of contact of peipendicular tan- 
gents to an ellipse, andp, q bo the coricsponding points on the, 
auxiliary ciicle, shew that Cp, Cq aio conjugate diameters of 
the ellipse 

30 From the centre C of two concentric ciicles tuo 
radii CQ, Cq aie dmAMi equally inclined to a fixed straight hue, 
the first to the outei circle, the second to the inner prove that 
the locus of the middle point P of Qq is an ellipse, that PQ is 
the normal at P to this ellipse, and that Qq is equal to the 
diametei conjugate to CP 

31 If CD IS the difiercncc of the eccentric angles of two 
pomts on the ellipse the tangents at -which aie at right angles, 
piove that ah sincD = A/c, wheie A, p aie the scmi- diameters 
parallel to the tangents at the points, and a, b are the semi-axes 
of the ellipse 

32 Two equal circles touch one another, find the locus of 
a point which moves so that the sum of the tangents from it 
to the tw'o circles is constant 


33 Prove that the sum of the products of the perpen- 
diculars from the tivo cxtiemitips of each of two conjugate 
diameters on any tangent to an ellipse is equal to the squaie of 
the perpendicular from the centre on that -tangent. 
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34 <2 IS a point on the noimal at any point P of an ellipse 
whose centre is 0 such that the lines CP^ CQ make equal 
angles with the axis of the ellipse^ shew that is piopoi-tional 
to the diamotei conjugate to GP 

35 If a pair of tangents to a conic be at light angles to 
one another, the product of the perpendiculars fiom the centre 
and the intersection of the tangents on the chord of contact is 
constant 

y' 36 Fmd the locus of the middle points of choids of an 
ellipse which all pass thiough a fixed point 

37 If P be any point on an ellipse and any choid PQ cut 
the diametei conjugate to GP in R, then will PQ PR be equal 
to half the square on the diametei parallel to PQ 

38 !Pind the locus of the middle points of all chords of 
an elbpse which are of constant length 

39 Tangents at nght angles are diawm to an ellipse, find 
the locus of the middle point of the chord of contact 

40 If three of the sides of a quadiilateral inscribed in an 
ellipse are parallel respectively to three given straight lines, 
shew that the fourth side will also be pai-allel to a fixed straight 
Ime 

41 The area of the pamllelogram formed by the tangents 
at the ends of any pair of diameters of an ellipse vanes inversely 
as the area of the parallelogram formed by jommg the pomts of 
contact 

42 It at the extremities P, Q of any two diameters 
GP, GQ of an ellipse, two tangents Pp, Qq be draivn cutting 
each other m T and the diameters produced in p, and q, then 
the areas of the tnangles TQp, TPq will be equal 

43 From the point 0 two tangents OP, OQ are drawn to 

the ellipse ^ + p = 1 , shew that the area of the triangle GPQ 
IS equal to 

arh’‘JV‘h^ + d?1^-a‘b'‘ 

and the area of the quadnlateral OPGQ is equal to 
G bemg the centre of the ellipse, and h, h the co-ordmates of 0 
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44 TP, TQ me tangents to aii ellipse whose centie is C, 
shew that the aieaof tlie qiiadiilatcial CPTQ is 06 tan 
wheie a, & aio the semi-a\ps of the ellipse, anti aie the 
eccentric angles of P and Q 


45 PGP' IS a dianietei of an. ellipse and QCQ' is the 
corresponding diameter of the aiixilimy ciicle, shew that the 
aiea ot the parallelogiara formed by the tangents at P, P', Q, Q' 


IS 


Sa-b 

(a — b) sin 2 ^ 


, w here ^ is the eccentne angle of P 


46 A parallclogiam cuciimsciibes a ciicle, and two of the 
angulai points aic 011 fixed straight lines parallel to one an- 
othei and equidistant fioni the centie, shew that the other two 
aie on an ellipse of which the cucle is the minor auxiliary 
circle 


47 Two fixed conjugate diameters of an ellipse aie met 111 
the points P, Q lespcctnely by tw'o lines OP, OQ which pass 
tluough a fixed point 0 and me paiallel to any other pan of 
conjugate diametei*s, show that the locus of the middle point 
of PQ IS a stiaight line 

48 If from any point 0 in the plane of an ellipse the per* 
pcndiciilais OJf, OA be diawii on the equal conjugate diameters, 
the direction OP of the diagonal of the parallelogram MOKP 
wall bo perpendicular to the polar of 0 

49 Three points A, P, Ji are taken on an ellipse whose 
centre is C Pamllels to the tangents at A and B draivn 
tluough P nipct GB and GA lespectively in the points Q and R. 
Proi e that QR is parallel to the tangent at P, 

50 Fmd the locus of the point of intersection of normals 
at trio points on an ellipse winch me extiomities of conjugate 
diameters 


51 Normals to an ellipse me diawn at the extiemities 
of a chord paiallel to one of the equi-conjugate diameteis, 
piovc that they intersect on a diametei perpendicular to the 
otlic; equi-conjugate 

■^2 If normals bo diaivn at the extremities of any focal 
choid of an ellipse, a line tluough their intersection parallel to 
the a\i 8 -majoi will bisect the choid. 
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53 If a length FQ be taken in the normal at any point F 
of an ellipse whose centre is G, equal in length to the scmi- 
diamcter which is conjugate to GF, shew that Q lies on one oi 
other of two circles 


54 Shew that, if ^ be the angle between the tangents to 
suf if 

the ellipse + ^-1 = 0 draivn fiom the point {x% y'), then 


1 


y aj'* «/* 

'^>^55 TF, TQ are the tangents diawn fiom an external 
point (a;, y') to the ellipse — „ + p — 1 = 0, shew that, if /S' he a 

focus, 


sr y if 

SF SQ a-'^ 


56 If two tangents to an ellipse fiom a point T intersect 
at an angle shew that ST HT cos = GT’^ - a^—b% where 
G IS the centre of the elUpse and S, II the foci. 

57 If the perpendicular fiom the centre G of an ellipse 
on the tangent at any point F meet the focal distance SF, 
produced if necessary, in R, the locus of R ivill bo a cuclc 


58 If two concentric elhpses be such that the foci of one 
he on the other, and if e, e' be their eccentncities, shew that 


their axes are inchned at an angle cos“' 


ee' 


59 Shew that the angle which a diameter of an ellipse 
subtends at either end of the axis-majoi is supplementary to 
that which the conjugate diameter subtends at the end of the 
a-giR mmoi 


60 If 0, & be the angles subtended by the axis major of 
an ellipse at the extremities of a pair of conjugate diameters, 
shew that cot®0 + cot“0' is constant 

61 If the distance between the foci of an ellipse subtend 
angles 26, 26' at the ends of a pair of conjugate diameters, shew 
that tan® 0 + tan® ^ is constant 
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62 If X, X' be the angles which any two conjugate diame- 
tei’s subtend at any fixed point on an ellipse, piove that 
cot®X + cot®X' IS constant 

63 Shew that pans of conjugate diameteis of an ellipse 
are cut in involution by any stiaiglit line 

64 A triangle whose sides touch an ellipse and enclose 
it, IS a ininimum, shew that eacli side of the tiiangle touches 
at its middle point, and that the triangle foimed by joining the 
pomts of contact is a maximum 

63 A, Ji, C, J) aio foul fixed points on an ellipse, and P 
any othei point on the cuiie, shew that the pioduct of the 
pei’pendiculars from P cm. A B and CD beai'S a constant ratio to 
the pioduct of the perpendiculars fiom P on BC and DA 

66 Find the locus of the point of intcisection of two 
normals to an ellipse which arc pei pendiciilai to one another 

67 Find the equation of the locus of the pomt of inter- 
section of the tangent at one end of a focal chord of an ellipse 
M itli the normal at the othci end 

68 Two straight lines aic drawn paiallcl to the axis-mojoi 

of an ellipse at a distance — . , fioin it, prove that the part 

Ja* — b- 

of any tangent intercepted betMcen them is divided by the 
pomt of contact into tv o parts which subtend equal angles at 
the centre 


69 PC IS tlie iionnal to an ellipse at P, G being in the 
major axis, GP is produced outwards to Q so thatPQ = (7P, 
shew that the locus of Q is an ellipse ^^hosc eccentricity is 


n j a 

a~ — b~ 
¥+h- 


and find the equation of the locus of the intersection of 


the tangents at P .iiid Q • 
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CHAPTER VII 
The Hyperbola 

Dejimhon. The HypethoUt is the locus of a point 
which moves so that its distance from a fixed point, called 
the focus, hears a constant ratio, which is greater than 
unity, to its distance from a fixed stiaight line, called the 
directrix 

139 To find the equation of an hyperbola 

Let B he the focus and ZM the directrix 

Draw 8Z perpendicular to the directrix 

Divide Z8 in A so that BA AZ= given, ratio = e 1 
suppose Then A is a point on the curve 

There will also he a point A' in BZ produced such that 
BA’ A'Z e 1. 

Let G he the middle point of AA', and let AA' = la 
Then BA = e AZ, and BA! = e A!Z, 
BA+BA’^e{AZ+A’Z), 
2BG=2e.AG, 

GB = ae . (i). 

Also BA’ -BA = e {A'Z- AZ ) , 

AA' = e{AA’-2AZ), 


or 
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• AG=e ZC, 

or .(n). 

Kow let G T)e t^iken as oiigiu, CA as the axis of x, 
and a line peipendicular to GA as the a\is of y 

Lot P be any point on the curve, and let its co- 
ol dinates be X, y 



6'P* = e®PilP, 

S2r- + NF^ = e^ZN^ 


Now 

SJS^==G2r-C8 = x-~ae, 

and 

ZF=^GN~GZ=x~-, 


e* 


{x — ae)-+y- =e-^x—~^, 

01 

y* + ®=(l-e*)=a“(l-e^), 

01 

S 9 

*''+ - =1 
^2 * /t .2\ — ^ 


(iu). 


10—2 



348 


THE HypERBOLA 


Since e is gi eater than unity a®(l— e®) is negative, 
if we put — foi a® (1 — c®), the equation takes the form 


.r® y~ 


1 


(iv) 


The lotus 1 ectum is the chord through the focus parallel 
to the directrix To find its length we must put a? = ae 
in equation (iv) 

Then ^® = i® (e® — 1) = , since Ir = or (c® — 1) , 

ct 

1 )^ 

so that the length of the semi-latus rectum is — 


140 In equation (iv) [Art 139] a?® cannot he less than 
a®, for otherwise i/® would be negative 

Hence no part of the curve lies between 
X — — a and a: — a 

If OB be greater than a, ^ will be positive , and for any 
particular value of (c there will be two equal and opposite 
values of y Theiefore the axis of a divides the curve 
into two similar and equal parts 

For any i alue of y, a? is positive, and for any particular 
value of y there will be two equal and opposite vmues of .r 
Theiefore the axis of y dmdes the curve into two similar 
and equal parts From this it follows that if on the axis 
of m the points S', Z' be taken such that GS'=^8G, and 
GZ' = ZG, the point S' •will also be a focus of the curve, 
and the line through Z' perpendicular to GZ' will be the 
corresponding directiix' 

If (a, 2 /') be any point on the curve, it is clear that the 
point (— os', —y') will also be on the curve But the points 
(«', y) and {—Ob', —y') aie on a straight line through the 
ongin and are equidistant from the ongin. Hence the 
origin bisects every chord which passes thiough it, and is 
therefoie called the centie of Hie curve 

From equation (iv) [Art 139] it is clear that if /c® be 
gieatei than a®, ^® will be jiositive, and will get larger and 
larger as a? becomes laiger and laiger, and there is no 
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limit to tins increase of x and y The ciuvo is theiefore 
shaped somenhat as in the figtiie to Ait. 139, and consists 
of two infinite blanches 

A A' IS called the tiansve)6e axis of the hypeibola. 
The line through G perpcndiculai to AA' does not meet 
the cuive in real points , but, if B, B' be the points on tins 
line such that BO = OB' = h, the line BB* is called the 
conjugate axis 

141 To find the focal distances of any j)oint on an 
hyperbola 

In the figure to Art 139, since >SP= ePM, we have 
SB = c {ON- GZ) = e[x -^=^ex-a 

also S'P = fl PAV = eiGN^rZ'G) =c{x+^=ex + a, 

*. S'P-SP = 2a 


142. The polar equation of the hypeibola lefeired to 
the centre as pole will bo found by writing ? cos6 foi <b, 
and r siud foi y in the equation 


^ - 1 
f » * 

tt' 0 


The equation will thciefoio be 


cos'd 7''siird 


or 


«■ 

1 


¥ 

cos®d sin'd 
dr br 


= 1 , 


W 


The equation (i) can be wiitteii in the form 

1 1 /'I 2/1 / N 

?• «■ \a* h-J ^ ^ 

We see fioin (ii) that p is greatest, and theiefoic ? is 

least, when 6 is zeio As 6 inci eases, 4 diminishes, and 

b' ^ 

is mo when sin®d=- 5 — ,,, so that foi this value of d, 

«■ + O' 
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» isinfiiiito If sm®0 be gieatei than ~ I>c 

a +0“ »■ 

negative, so that a ladius vector which makes with the 

axis an angle gi eater than siif* not meet 

the cuive in real points. ' 


143 Most of the lesults obtained in the preceding 
chapter hold good for the hyperbola, and in the proofs 
there given it is only necessary to change the sign of b\ 
We shall theiefore only enumerate them. 

Let the equation of the hyperbola be 


(i) The line y = mx + tj^artiv — 6®) is a tangent for all 
values of m [Ait 113] 

(ii) The equation of the tangent at (v, y') is 

= 1 [Art 114] 


(ill) The equation of the polar of {x, y') is 


a® ¥ ~ 


[Art 118] 


(iv) The equation of the noimal at {v', y) is 
x — x' y — y' 
x' y' 


[Art 116] 




- 6 * 


(v) The line lx-\-my = n will touch the curve, if 

[Art 115] 

(vi) The line x coe a. + y sin a =yj will touch the 
cuive, if = cos®a — i® sin®o [Ait 115] 

(vii) The equation of the director-cucle of the hiTier- 
bola IS £B® + y® = a® — i® [Art 120] 

The director-cnclo is cleaily imaginar}'^ when a is less 
than 1), and reduces to a point when a = h 
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(vm) The geometiical propositions piovecl in Art 125 
aie also true for the hj^erbola 

(ik) The locus of the middle points of all chords of 
the hyperbola -which are parallel to y = vuc is the straight 

line y = m'x, where mvi' — ^ [Ait 127] 


144* The lines y = mv,y~ m'.^ aie conjugate if 

¥ 


mm — — 
a~ 


These two diameters meet the curve in points whose 
absciss® are given bj’^ the equations 


The first equation gives real values of x if m be less 
than - , and the second gives real values if m' be less than 
1) I}“ 

But, since wm' = - 5 , m and m' cannot both be less 
a a 

than - , nor both be greater 

Qt 

Therefore, of two conjugate diameters of an hyperbola 
one meets the curve in leal points, and the other in 
imaginaiy points 

The two conjugate diameters are coincident if = ± - . 


145 Let P, D be extremities of a pair of conjugate 
diameters ; let the co-ordinates of P be x', y\ and the 
co-ordinates of D be x", y". We know from Art 144 that 
if one of these tno points be real the other will be 
imaginary 

The equations of GP and CD arc 


l_£and-^ = - 


X 


Hence, fiom (ix) Ait 143, we have 



( 0 , 
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# // 
a^x 


a~ 


.U-f =0 

O' 


_ySr 

^4 “ 7.4 


whence g* 

or, since {p, y') and {x", y'*) are both on the curve, 




or 


flj"* 

o 

a 


- Ul 
~ 6®’ 


a!"=±|2/V-l H 

and from (i) y" = ±- x' J— 1 (iii) 

Ot 

From (ii) and (lu) we have 

QF^ + = a;'* + y'* - ~ y '* - 1 a?'® 





So that, as in the case of the ellipse, the sum of the 
squares of two conjugate diameters is constant 

146 Defimtxon An asymptote is a straight line which 
meets a curve in i/wo points at infinity, hut which is not 
altogether at infinity 

To find the asymptotes of an hyperbola 
To find the abscissae of the points where the straight 
hne y = mx + c cuts the hyperbola, we have the equation 

a;® (77145+ c)®_^ 

a^ T? 



Both loots of the equation (i) will he mfinite if the 
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coefficients of x" and of x are totli zeio , tliat is, if 

— 0, and mo = 0 

a® b~ 

Hence wo must have c = 0, and m = + - 

~ a 


The hyperbola 


» js-J- 


a 


has therefore two real asymptotes whose equations are 
y=:±^a, , or, expiessed in one equation, 


A 

XT 


a 



(n) 


Draw lines through B, B' parallel to the transverse 
axis, and through A, A" parallel to the conjugate axis , 
then we see from (ii) that the asymptotes aie the diagonals 
of the rectangle so formed 

The ellipse has no real points at infinity, and therefore 
the asymptotes of an ellipse are imaginaiy 


147. Any straight line parallel to an asymptote will 
meet the curve in one point at infimty 

For, one root of the equation (i) Ait 146 will be in- 
finite, if the coefficient of or is zeio This will he the case 

if OT = + - So that the hue 7/= + -a; + c meets the 
~ a ~ a 

curve in one point at infinity whatever the value of c may be 


« 

148. The equation of the hyperbola which has BB' for 
its transvcise axis and AA' for its conjugate axis is 


x~ 


n 

a 


+ 


h- 


1 


(0 


This hypeibola and the ongmal hyperbola, whose 
equation is 


A 

ar 

a" 



1 




are said to be conjvgate to one anothei 
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We append some properties of a pan of conjugate 
hyperbolas 



(1) The two liyperbolas have the same asymptotes. 

(2) If tw o diameteis be conjugate with respect to one 
of the hyperbolas, they will be conjugate ivxth respect 
to’the other. 

This follows from the condition in (ix) Aiticle 143 

(3) The equations of the hypeibolas (ii) and (i) can 
[Alt 142] be written in the forms 

1 _ cos® 8 sin® 6 

9 ■ a h- 

1 _ cos® 6 sin® 6 

9 • a b- 

It is clear that if, foi any value of 6,9' is positive foi one 
curve it IS negative for the other. 

Hence every diametei meets one cuive in real points 
and the othei in imaginary points ; inoieovcr the lengths 
of semi-diameters of the two cuives are, for all values of 6, 
connected by the relation 9\® = — 9\® 

(4) If two conjugate diameters cut the curves (ii) and 
(i) in JP and d respectively, then (7P® — CW® = ft® — 6® 

Let ai, y be the co-ordinates of P, and a", y" the 
co-oidniates of d. 
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Then the equations of OP and Gd aie 

and - -^= 0 
X y ' a, y 


The condition foi conjugate diameters, viz mm' — , 

0/ 


gives 


or 


9 tt t f* 

^3. yy -n 

"cr 6* 

x'^x""- _y‘y'"- 




a 


b* 


And, since (x', y) is on (ii), and (r", y") on (i), we 
«'2 /«.''2 \ -,'>a ,'Z 


have 

X 


or 

or 


and, 

from (ill). 




ar_y_2 

a^~ 

b ~ a 

iL-+y' 

a~-b 


Hence OP^ - Gd? = x'"- + - y"^ 

2 7 2 

/o , /*» ^ ^ f 

= -py 


,_J2 <2\ 


(iv), 

■4 

(V). 


OK- -Cd? = 


(5) The parallelogram formed by the tangents at 
P, P', d, d' IS of constant area 

The parallelogram is equal to 4tGP GdsmPCd, oi 
equal to 4C'd GF, where GF is the perpendicular from G 
on the tangent at P 

* CP and Cd must not bo looked upon ns coujugato scmi-diameters, 
Bincc tbe points P and d arc not on tbe same hyperbola The line dCd' 
cuts the onginnl hyperbola in two imaginary iioints, and if these points 
bo D, Jj\ we see from (-1) that CD-= - Cdr 



p 
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Now iho equation of the tangent at P is 
sex' 
a^' 


•X yv__. 

/M * 


Hence Cd OF — ah < 

(6) The asymptotes bisect Pd and Pd'. 

If so, y be the co-ordinates of the middle point of Pd, 
tlien 

1x = x' + x", and ^y = y' -Vy" , 

/ n •'C i T V 

X X +x h'' , a 

~±T 


y-y+y" y+.^. -*>■ 

- a 


therefore the middle points of Pd and of Pd' are on one 
01 other of the lines 


a~-b 


Also, since GPKd is a paiallelogram GK bisects Pd 
or Pd!, and therefoie is one of the asymptotes, so that the 
tangents at D, D' meet those at d, d' on the asymptotes 
(7) The equations of the polais of {x, y') with lespect 
to the liyperbolas (ii) and (i) respectively arc 


= 1 and- — + ’^-1 

;,s T 


Six 

' a- 

Hence the polais of any point with respect to the two 
curves are parallel to one anothei and equidistant from the 
centre 

If (x', y') be any pomt P on (ii), then its polai with 
respect to (i) is 

yi-y) 

+ 01 -- — 
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But the last equation is the tangent to (ii) at the point 
(— X, — y'), which IS the other extremity of the diameter 
through P 

Hence, if from any point on an hypeihola the tangents 
PQj PQ' he diawn to the conjugate hyperbola, the line 
QQ' •\m 11 touch the original hyperbola at the other end of 
tlie diaSfeter through P 

149 To find the equation of an hyperbola i eferi ed to 
any pair of conjugate diameteis as axes 

The equation of the hj'perbola leferred to its tiansverse 
and conjugate axes is 

a- b‘~ 

Since the origm is unaltered we substitute foi x, y ex- 
pressions of the form Ix + my, Vx + m'y in order to obtain 
the transformed equation [Art 61] 

The equation of the hyperbola will therefoie be of the 
form 

Ax^+2IIxy + Bir==l (i) 

By supposition the axis of x bisects the chords parallel 
to the axis of y Therefore for any particular value of x 
the two values of y found fiom (i) must be equal and 
opposite. Hence H=0, the equation will theiefore be 
oi the form 

As^ + By"^ = 1 (ii) 

Of the two semi-conjugate diameteis one is r eal a nd 
the othei imaginary. If their lengths be a' and J — W , 
since these are the intercepts on the axes of x and y re- 
spectively, iNe obtain from (ii) 

Hence the rcquiied equation is 

2 2 

y 1 /* ‘N 

-(in). 

150 Since the equation of the curve is of the same form 
as befoic, all investigations in which it vas not assumed 
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that the axes Aseie at light angles to one another still hold 
good For example (i), (ii), (m), (v) and (ix) of Art 143 
icquire no change Art 14G will also apply without change, 
so that tho equation of the asymptotes of the hyperbola 
whose equation is (ii) is 

a'* 6'*‘ 

151 To find the equation of an hypei hola when ? efei red 
to its asymptotes as axes of co-oi dvnates 

Let the asymptotes be the lines GK, GIC in the 
figure, and let the angle AGK' — a, so that tan = - 

Let P bo any point (x, y) of the curve, and let a/, y' 
be the co-ordinates of P when referied to GK, GK Draw 
PM parallel to GK to meet GK in M, and diaw PN 
perpendicular to the transverse axis 



Then GM= x', MP = f, GK = x, KP = y 
Ifow GK = GM cos a -t- MP cos a, 

a: = (® +y') cosa (i) 

Also KP = MP sm a — GM sin a, 

V = (y'— »)sina. . (ii). 


or 
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Hence, by substituting in the equation 
•we obtaiD 


41 A 

^ -Vl-i 
a* b-~^ 


cos-a(a; +ijy __ siir a (if-x)" ^ ^ 


a 


■D . . & .1 c Sin® a COS'* a 

But tan a = - , therefore — y g — 


a 


a" 


or+lr 


Hence, suppiessing the accents, we have fiom (in) 

4:xy — a^+U‘, 

•winch IS the required equation. 

The equation of the conjugate hypeibola, when referred 
to the asymptotes, will be 

4:xy = — (or + P) 


152 The equations of an hyperbola, of the asymptotes, 
and of the conjugate hyperbola aio 



respectively 

If the axes of co-oidinates be changed in any manner, 
we should, in order to obtain the new equations, have 
to make the same substitutions in all three cases. 

Hence, for all positions of the axes of co-ordinates, the 
equations of an hyperbola and of the conjugate hyperbola 
will only differ fiom the equation of the asymptotes by 
constants, and the Us o constants will be equal and opposite 
for the two hyperbolas 


1 53 To find the equation of the tangent at any point 
of the hypeihola whose equation is ^xy = a? + lr 

The equation of the line joining the two points {of, y'), 
{x", y") IS 

y — f _ x — x' 


y" — y' a;" — x'" 
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But, Since the points (x', y') and (x", y") are on the 
curve, 

, , a* + & // // 

waf = — = 0" y ^ 


01 


xy = 


y 

y" - y _ a;" —al' 


(n) 


From (i) and (ii) we have 

y — y'_ x — x 

~Y' ~ 


X 


The equation of the tangent at (x\ y') is therefore 

y X 


or 5 + ^=2 (ill) 

X y 

From (m) ive see that the intercepts on the axes are 
2a;' and 2y' 

Hence the portion of the tangent intercepted hy the 
asymptotes is bisected at the point of contact 

The area of the tiiangle cut off from the asymptotes 
by any tangent is from (m) equal to 2a5'ysin<» , or, since 

4a;y = a® + h~, and sin a — - , the area of the triangle 

IS equal to ah 


154 '\\lien the angle between the asymptotes of an 
hyperbola is a nght angle it is called a rectangular liyper- 
hola. 

The angle between the asymptotes is equal to 2 tan"*- , 

Ctt 

and therefore when the angle is a nght angle’ we have 
h = a On this account the cuive is sometimes called an 
equilatei al hjqierbola 
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155 The asymptotes and any pair of conjugate diame- 
teis of an hyperbola form a hai monic pencil • 

The tangent at the extremity of any diameter of an 
hyperbola is parallel to the conjugate diameter, also 
[Art 153], the portion of the tangent intercepted by the 
asymptotes is bisected at the point of contact Hence 
[Art 55] the pencil formed by the asymptotes and a pair 
of conjugate diameters is harmonic 

156 We may, as in the case of the ellipse, express the 
co-ordinates of any point on the hyperbola in teims of a 
single parameter We may put x = a sec 9, and y = b tan 6, 
since for all values of 6, sec® 0 — tan® 0 =1 

If PA^be the ordmate of any point P on the curve, and 
NQ be the tangent bom IS' to the auxiliary circle , then 
GN = a sec ACQ. Hence AGQ is the angle 6 

157 The equation of an ellipse or hyperbola referred 
to a vertex as ongin is found by writing a; — a for ® in 
the equation refen ed to the centre as origin The equation 
will therefore be 


(v-af 

tt 

a 



= 1 , 


or 


o 

or 

a~ 




a 


(0 


Now, if the distance from the vertex to the nearer focus 
remain fixed (d suppose), and the eccentiicity become 
unity, the curve will become a parabola of latus rectum 4id 
The equation of the parabola can be deduced from (i) 
For, since a(l — e) = (Z, a must be infinite when e = l 

Also a (1 — e®) = cZ (1 + c) = 2(i , therefore ^ = 2«Z 
Hence, from (i) 


a ~ 2d 


— 2aj = 0, 


or, since a is infinite. 


s. c. s. 


y® = ±4c?a;. 


11 
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The parabola therefore is a limiting form of an ellipse 
or of an hyperbola, the latus rectum of -which is finite, but 
the major and minor axes arc infinite The centre and 
the second focus are at infinity 

It is a very instructive exercise for the student to 
deduce the properties of a paiabolafi’om those of an ellipse 
or hyperbola 

158 Let the focus of a conic be on the directrix 

Take the focus as ongin, and let the directrix be the 
axis of y, then the equation of the come -will be 

-B® 4- 2/® = e^ae^, 

or a® (1 — e®) + y® = 0. 

This equation represents two straight lines which are 
real if e be greater than umty, coincident if e be equal to 
unity, and imaginary if e be less than unity 

Hence we must not only consider as conics an ellipse, 
a parabola, and an hyperbola, but also two real or imaginary 
straight hues 

It should be noticed that the directrix of a circle is at 
an infinite distance , also that the foci and directrices of 
two parallel straight lines are all at infinity 


Examples on Chapter VII 

1 AOB, COD are two stiaight Imes which bisect one 
another at right angles, shew that the locus of a point winch 
moves BO that PA PB — PC PD is a rectangular hyperbola 

2 If a straight Ime cut an hypeibola in Q, Q' and its 
asymptotes m It, JR', shew that the middle point of QQ’ will 
be the middle point of Jtlf 

3 A straight hne has its extiemities on two fixed straight 
lines and passes through a fixed pomt , find the locus of the 
middle point of the line, 
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4 A stmight liuo has its cvtiemities on two fixed straight 
lines niul cuts off fi-om them a tiianglo of cousLint area ; find 
the locus of the middle point of the line 

0 OA, OB are fixed stmight lines, P any point, and PM, 
PJSF the perpendiculars from P on OA, OB , find the locus of 
P if Uic quadnlatcral OMI^AT ho of constant area. 

C Tlio distance of any point fiom the centie of a lectan- 
gulai hyperbola vanes inversely as the peipendiculnr distance 
of its polai from the centre. 

7 PA IS the oidinate of a point P on an hyperbola, Pff 
is the iionnal meeting the avis in t? , if AP he pi oduced to 
meet the asymptote in <?, pio\o that QG is at light angles to 
the asymptote, 

8 If c, e bo the eccentncities of an hyperbola and of the 

conjugate hypeiboln, then vill ^ 1 

w V 

9 The two straight lines joining the points m which any 
two tangents to an hjpcrbola meet the asjrnijitotcs are pamllel 
to the cliortl of contact of tho fiingents and aio equidistant 
from it 

10 Provo that tho pait of tho tangent at any point of an 
hjperbola intercepted between the point of contact and tho 
transverse axis is a hannonic mean betw eon the lengths of tho 
pcqicndiculars diawn fiom the foci on tho iioniial at the same 
point 

11, If through any point 0 a lino OPQ ho drawm parallel 
to an asjraptote of an hypeiboln cutting the cuive in 7^ and 
the polni of 0 m Q, show that P is the middle point of OQ 

12 A parallelogram is constiuctcd with its sides parallel 
to the lusjymptotcs of an hyperbola, and one of its di.igonals 
18 a chord of the hjporboln, show that tho diicction of tho 
other wall pass through tho centre 

13, A, A* are tho vertices of a rectangular hyperbola, and 
P IS any point on the curve, shew that the internal and external 
biscctora of tho angle APA' are paiallol to the asymptotes 

31—2 
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14 A, A' are the extiemities of a fixed diameter of a 
circle and F, F are the extremities of any chord perpendicular 
to this diameter , shew that the locus of the point of intersec- 
tion of AP and A'P' is a rectangular hyperbola. 

15 Shew that the co-ordinates of the pomt of intersection 
of two tangents to an hyperbola referred to its asymptotes as 
n vpg are harmonic means between the co-ordmates of the points 
of contact 

16 From any point of one hyperbola tangents are drawn 
to another which has the same asymptotes, shew that the chord 
of contact cuts off a constant area from the asymptotes 

17 The straight lines drawn from any point of an equi- 
lateral hyperbola to the extremities of any diameter are equally 
mcbned to the asymptotes 

18 The locus of the middle points of noimal chorda of 

the rectangular hyperbola ai® — » a* is {if'- 

19 Shew that the line 05 = 0 is an asymptote of the 
hyperbola 2xy + 3®* + 4® = 9 

What IS the equation of the other asymptote ? 

20 Fmd the asymptotes of ®y - 3® — 2y = 0 

What IS the equation of the conjugate hyperbola 1 

21 Shew that in an hyperbola the ratio of the tangents 
of half the angles which the radii Tectores from the foci to a 
point on the curve make with the axis, is constant 

22 A ciicle intersects an hyperbola in four points , prove 
that the product of the distances of the four pomts of inter- 
section from one asymptote is equal to the product of their 
distances from the other 

23 Shew that if a rectangular hyperbola cut a circle in 
four points the centre of mean position of the four points is 
midway between the centres of the two curves 

24 If four pomts be taken on a rectangular hyperbola 
such that the chord joming any two is pei*pendiculai to the 
choid joinmg the other two, and if a, y, 8 be the mclinations 
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to either asymptote of the straight lines joimng these points 
respectively to the centie , prove that tan a tan j8 tan y tan 8 = 1 


25 A senes of chords of the hyperbola 

tangents to the circle described on the straight line joining 
the foci of the hypeibola as diameter^ shew that the locus of 

a? if 1 

their poles ivith respect to the hypeibola is — + A r= 


a 


h* a' + 6 ® 


26 If tvro straight lines pass through fixed points, and 
the bisector of the angle between them is always parallel to a 
fixed Ime, prove that the locus of the point of intersection of 
the Imes is a rectangulai hyperbola 

27 Shew that pans of conjugate diameteis of an hyperbola 
are cut in involution by any straight line 

28 The locus of the intersection of two equal circles, 
which are descnbed on two sides AB^ AG of a triangle as 
chords, IS a rectangular hyperbola, whose centre is the middle 
point of AC, and which passes through A, B, C 



CHAPTER VIII 


PoLAB Equation of a Conic, the Focus being the 

Pole 


159 To Jind the polai equation of a coniCj the focus 
being the pole 

Let S be the focus and ZM the directrix of the come, 
and let the eccentricity he e 



Diaw 8Z perpendicular to the directnx, and let SZ'he 
taken foi initial line 

Let LSL' he the latus lectum, then e 8Z — SL^l 
suppose 
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Let the co-ordmates of any point P on the curve he 
r, 6 Let FM, P2f he perpendicular respectively to the 
directrix and to SZ 
Then we have 

8P=^e.PM=^e lfZ=e.P’S+e 8Z, 

or r = e . r cos (tt — 0) + Z , 

- = 1 + c cos 0 
r 

If the axis of the conic make an angle a with the 
initial line the equation of the curve will be 

- = 1 + e cos {Q — a) 

T 

For m this case 8P makes with SZ an angle 6 — u. 

160 If r, 0 he the co-ordinates of any point on the 
directrix, then 

r cos d=8Z^ ~ , 
e 

therefore tlie eqmixm of the directrix is 

~—e cos 6 
r 

The equation of the directrix of ^ = 1 e cos 6 — a. is 
!/ ~=ecos{e-a) 


161 To shew that in any conic the semi-latus rectum is 
a harmonic mean between the segments of any focal chord 
If PSP' he the focal chord, and the vectorial angle of 
P he 6, that of P’ will ho 6 + ir 

Hence, if SP—r, find 8P' = /, we have 

- = l-f eco5 0, and 4 = 1 -h e cos (0 tt) , 


r 1 

i 


Hence 
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1G2 To trace tl»c conic - =1 + ccos0 from its equation 

r 

(1) Let c=l, then the curve is a parabola, and the 
equation becomes 

- = 1 + cos ^ 



At the point A, ivhere the curve cuts the axis, 

6 = 0 and ? = ^ 

As the angle 6 increases, (1 + cos 9) deci eases, that is 
“ dcci eases, and therefoie » increases and ? increases 

T 

•without limit until d = ir, Tvhen t is infinite. As 6 in- 
crca'?es hcioiul tt, 1+cos^ increases continuously, and 
-therefore r decreases continuously until nhen 6 = 27 r it 

♦again becomes equal to ^ The curve therefoie is as in 

the figure going to an infinite distance in the direction AiSi 
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(2) Lot e be loss than unity, then the curve is an 
ellipse 

At the point A, 0 = 0, and r • 

J. T G 

As B increases cos5 decieascs, and theiefore - decreases, 

r 

that IS 7' luci eases, until 0 = tt, when r—~^ [Since c<l, 

X G 



The cuive thercfoie cuts the axis again at some point 

A' such that SA' = ~ — 

1—e 

As 9 passes fiom tt to 27r, cos 9 increases continuously 
from — 1 to 1 , hence ^ lucieases continuously, and r de- 
creases continuously fiom to 

Since, for any value of 9, cos 9 = cos (27r -• 9), the curve 
is syminetncal about the axis 

Theiefore iihen e is less than unity, the equation repre- 
sents a closed curve, symraetiical about the initial line 

(3) Let e be gieatei than unity, then the curve is an 
hj'perbola 

' I 

At the point A, 9 = 0 and r = ‘=~ . 

X "f" G 
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A'' t) incrca'?c'? co'; <?dccrea'5csioi<^ therefore 7 increases 
until 1 -ff cosset 0 For this a nine of 6, ivlnch ive Mill 
nil a (the angle ASK in the figure), the value of r Mill he 
infinitely great 

As 6 increases beyond the value a, (1 + c cos 6) becomes 

ncgalne, and uhen ^ = 7r, ;=— "■, = SA* iii the figure. 

{1+CCOS0) Mill remain negatnc until 6 is equal to 
(Stt — o), the angle ASK' in the figure When 6 is equal 
to (277—0), r IS again infinite If 6 is somcM’hat less than 
this, r is very great and is negaUve, and if 0 is somewhat 
greater, 7 is vciy' great and is giosiUve The values of r 
Mill remain positi\o mIuIo 6 changes fiom (27r — o) to 27r. 

The cun e is therefore described in the folloMung order 

First the part ABC, then CPA' and A'DE, and 
lastly E'QA 



The cur\e consists of tMO separate branches, and the 
mdius lector is negative for the whole of the branch 
CPA'DE 

If, as in the figure, a lino SQP be drawm cutting the 
cunc in the two points Q and P which are on dificrcnt 
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‘brandies, tlie two points Q and P must not be considered 
to have the same vectorial angle The radius vector jSP 
IS negative, that is to saj’’ /SP is drawn m the direction 
opposite to that which bounds its vectorial angle, the 
vectonal angle must therefore be ASp, p bemg on P/Sf 
produced So that, if the vectonal angle of <3 
that of P will be -JT 

163 To find the polar equation pf the straight line 
through two given points on a conic, and to find the equation 
of the tangent at any point 

Let the vectonal angles of the two points P, Q be 
(a—0) and (a+yS) respectively 

Let the equation of the come be 

- = l+ecos0 (i) 

The straight hne whose equation is 

- = ^cos0 + Pcos (0 — a) (ii), 

will pass through any two pomts, smee its equation con- 
tams the two mdependent constants A and B 

It wdl pass through the two points P, Q if r has 
the same values iu (ii) as m (i) when ^ = a — y8, and when 
<9 = a+/3 

This will be the case, if 

1 + e cos (g — ^)=A cos (a — /8) + P cos y3, 
and l + 6cos(a + /S) = u4cos(a+/8) +Pcosj8, 

A — e, and P cos j8 = 1 

Substitutmg these values of A and P in (ii) we have 
the required equation of the chord, viz 

- = ecos0 + sec/Scos^(^— a) (iii). 

To find the equation of the tangent at the point whose 
vectonal angle is a, we must put fi = 0 in (in), and we 
obtain 

I 

-s=ecos ^+cos(^ — a) (iv) 

t 
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Cor. If tlie equadon of the conic be 
^=sl-rCcos(^— y) 

tbe chord joining the points (a— /S) and (s-f-jS) has for 
equation 

- = e cos (0— 'y)- 7 - sec jS cos (0— a), 
r 

and the tangent at a has for equation 

- = e cos (B — «y) — cos (P — a). 
r 

16:i. To md the equation of the poJar of a point mfh 
resj>€ct to a conic. 

Let the equation of the conic be 

^ = 1 -f c cos (i), 

and let the co-ordinates of the point be 7\. 6^. 

Let o i /S be the rectorial angles of the points the tan- 
gents at Tvhich pass through (r„ 6^. 

The equation of the line tiuough these points tvill be 

€ cos sec cos —a) (ii). 

The equations of the tangents rrill be 

p = 0 cos ^ -r cos (^ — s ;8), 

and ^=ecos^~cos(^ — a— iSj. 

Since these pass through (r^, rre have 
- = e cos 0, -i- cos {6^- a 

‘t 

and ^ =e cos0,-fcos (0j — a — /S) : 

• « 


0j==!Z. and eosjS=-^ — ecos0j 


■vrhence 
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Substitute for a and )3 in (ii), and we have 
— e cos ~~ 

which IS the required equation 




165 We will now solve some examples 

(1) The equation of the tangents at two points whose vectonal angles 
are a, § respectively are 

- = CCOS 0 + COS (ff-tt), 

T 

and -=ccosd+cos{fl-p) 

T 

"Where these meet 

cos {0 - tt) =cos [0-p), 


Hence, i/ T he the point of intersection of the tangents at the two 
points P, Q of a conic, ST will bisect the angle PSQ K however 
the conic be an hyperbola, and the points be on different branches of the 
curve, ST will bisect the extenor angle PSQ , for, as we have seen, 
the vectonal angle of P (if P be on the farther branch) is not the angle 
which SP makes with SZ, but the angle PS produced makes with SZ 


(2) If the tangent at any point P of a conic meet the directnx in K, 
then the angle ESP is a right angle 

If the vectorial angle of P be a, the equation of the tangent at 
P will bo 

-=ecos0+oos(fl-tt) 

This will meet the directnx, whose equation is l=ercosd, where 
cos (fl-a)=0 

Hence, at the pomt K, B~a= 

Tlierefore the angle ESP is a nght angle 

(3) If chords of a conic subtend a constant angle at a focus, the 
tangents at the ends of the chord will meet on a fixed come, and the 
chord will touch another fixed conic 

Let 2p bo the angle the chord subtends at the focus Let a-p and 
a+p he the vectonal angles of the extremities of the chord 
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The equation of the chord ■will he 
1 


~=ecosO + sec /3cos(^-o), 
^^-^=ccos/S COB0+COS(0-a) 


(0 


But (i) IS the equation of the tangent, at the point whose vectorial 

angle is a, to the conic whose equation is 

IcosiS , „ . 

— ^^=l+ecos/8 coaO (ii) 

Hence the chord always touches a fised conic, whose eccontncity 
IS ecos/3, and semi-latns rectum leos/3 

The equations of the tangents at the ends of the cdiord ivill be 
I 

-=ecoa0+ooB(B — a+P), 


and 


^=ecos 0+coa (O-a-p) 


Both these lines meet the conic 
I 

-sseeoaO+coaB 

h 

ill the same pomt, m? where = a and ^ = c cos a + cos p 

Hence, tlie locus of the intersection of the tangents at the ends of the 
chord IS the conic 


=l+eseo/3 cos<? 


(Ill) 


Both the comes (ii) and (iii) have the same focus and directrix as the 
given come 

(4) To find the equation of the circle circumscribing the triangle formed 
by three tangents to a parabola 

Let the vectorial angles of the three pomts A, B, G be a, p, y 
respectively 

Let the equation of the parabola he 
I 

-=l+Qoa9 

r 

The equations of the tangents at A, B, C respectively will be 
I 

-=oos 0H-COB {0-a), 

I 

~=coa0+coB{0-p), 


-= cos fl + cos (0 - 7) 



POLAR EQUATION OF A CONIC 


175 


Tlie tangents at B and G meet where 

ttnd ^=2cos^cos^ 

The tangents at C and A meet nhere 

8—hh+a), and-=2cos^cos^. 

- r 2 2 

And the tangents at A and B meet where 

2 it Q 

e=i{a+p], and -=2cos2Cos| 

By substitution we see that the three points of intersection are on the 
circle whose equation is 

I 


r= 


A ® /3 Y 

2 COS ^cos^cos^ 
2 2 2 


cos 


(•-i-l-i) 


The circle always passes through the focus of the parabola 

(5) To find the polar equation of the normal at any point of a come, 
the focus being the pole. 

Lot the equation of the come be 

-=l+ccos(7 

T 

The equation of the tangent at any pomt a is 
^=e cos cos {0 - a) 


The equation of any hne perpendicular to the tangent is 
G 
r ' 


— ^ ^ - — 

'-=ecos +COS > 


or 


— =-CBin d-sin (d-o) 


This mil be the required equation of the normal provided G is so 

chosen that the pomt { , ^ , o J may be on the hne Hence wo 

’■ \l+ecosK ) ’’ 


must haie 


„l + CC08tt 
G ; =-c sm a, 


I 


or 


C= 


- le sin a 


l + eeosa 

Hence the equation of the normal is 

lesma 1 « , 

:p- -=<!Bmd+sin(d-a) 

l+cco8a r 
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Examples on Chapter VIII 

1 Tlie exterioi angle between any two tangents to a 
pambola js equal to half the difference of the vectorial angles 
of their points of contact 

2 Hie locus of the pomt of intersection of two tangents 
to a paiabola which cut one another at a constant angle is a 
hypeibola having tlie same focus and directiix as the origmal 
parabola 

3 If PSP' and QSQ' bo any two focal chords of a come 

1 1 

at nght angles to one another, shew that + 'qs~SQ' 

IS constant 

4 If A, B, C be any three points on a parabola, and the 
tangents at these points form a tnangle A'B'C, shew that 
SA SB SC = SA' SB' SG', S bemg the focus of the paia- 
bola 

5 If a focal choid of an ellipse make an angle a ivith the 
axis, tlie angle between the tangents at its extremities is 

_ 2e sm a 
tan , 


6 By means of the equation - = 1 + e cos 0, shew that the 

ellipse might be geneiated by the motion of a point moving so 
that the sum of its distances from two fixed pomts is constant 

7 Eind the locus of the pole of a chord which subtends 
a constant angle (2a) at a focus of a conic, distmgiushmg the 
cases for which cos a > s < c 

8 PQ IS a chord of a come which subtends a nght angle 
at a focus Shew that the locus of the pole of PQ and the 
locus enveloped by PQ are each conics whose latera lecta are 
to that of the ongmal conic as ,^2 1 and 1 ^2 respectively 

9 Given the focus and directrix of a come, shew that the 
polar of a given point with respect to it passes through a fixed 
point. 
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10 If two comes ha^e a common focus, shew that two of 
their common chords will pass through the point of mtersection 
of their directrices 


11 Two conics have a common focus and any chord is 
drawn through the focus meeting the comes in jP, P' and Q, Q' 
respectively Shew that the tangents at P or P' meet those at 
Q, Q' in points lying on two straight Imes through the inter- 
section of the directrices, these Imes hemg at right angles if 
the comes have the same eccentiicity 

12 Through the focus of a parabola any two chords LSL% 
MSM' are drawn, the tangent at L meets those at JJ/, M ' m 
the pomts Ji’’, iV" and the tangent at L’ meets them in K', K 
Shew that the lines KX, K'X’ are at right angles. 


13 Tivo conics have a common focus about which one is 
turned j shew that two of their common chords will touch 
comes havmg the fixed focus foi focus 

14. Shew that the equation of the locus of the point of 
intersection of two tangents to - = 1 e cos 0, which are at 

T 

right angles to one anothei, is r® (c® — 1) — 2^c r cos 0 + 2P = 0 


13 If PBQ, PUR he two choids of an ellipse through the 
PS pn 

foci S, 11, then will ^ be independent of the position 
ofP. 


16 Two comes are described ha-ving the same focus, and 
the distance of tliis focus fiom the corresponding directnx 
of each is the same, if the comes touch one another, prove that 
twice the sine of half the angle between the transveree axes is 
equal to the difierence of the reciprocals of the eccentricities. 

17 A ciicle of given radius passmg thiough the focus of 
a given come intereects it in A, B, C, J), shew that 

SA SB sa.sD 


lb constant 

fees 


12 
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18 A circle passing tlirougli the focus of a conic •whose latus 
lectiim IS 21 meets the conic in four points whose distances 

from the focus are » piove that — + — h 1 — r=- 

**i ^3 ^ 

19 A given cucle whose centie is on tlie axis of a 
parabola passes through the focus S, and is cut in foui pomts 
A, B, G, D by any conic of given latus rectum having S 
for focus and a tangent to the paiabola foi duectnx, shew 
that the sum of the Stances SA, SB, SO, SB is constant 

20 Two points P, $ aae taken one on each of two comes, 
which have a common focus and their axes m the same 
direction, such that PS and QS aie at nght angles, S bemg the 
common focus Shew that the tangents at P and Q meet on a 
conic the squaie of whose eccentncity is equal to the sum of 
the squaies of the eccentricities of the oiigmal comes 

21 A series of comes are described with a common latus 
rectum, prove that the locus of pomts upon them, at which 
•the peipendiculai from the focus on the tangent is equal to 
the semi-latus rectum, is given by the equation I — — ') cos 20 

22 If POP' be a choid of a come through a fixed pomt 0, 
then mil tixa^P'SO -tan^P/SO be constant, ^ being a focus of 
the come 


23 Comes are described with equal latera lecta and 
a common focus Also 'the conespondmg directrices en- 
velope a fixed confocal come Prove that these conics all 'touch 
two fixed conics, 'the reciprocals of whose latera recta are the 
sum and difieience respectively of those of the variable conic 
and then fixed confocal and which have the same directrix as 
tlie fixed confocal 
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166 We have ‘^cen m the preceding Cliapters that 
the equation of a conic is alwaj’s of the second degree \vg 
shall noiv prove that every equation of the second degree 
represents a conic, and shei\ how to determine from any 
such equation the nature and position of the conic which it 
represents. 

1G7. To sheiu that ciert/ cuiie whose equitation is of the 
second degree is a conic 

We may suppose the axes of co-oidinates to be rect- 
angular, for if the equation be referred to oblique axes, 
and v.e change to rectangular axes, the degree of the equa- 
tion is not altered [Ait 53] 

Let tlien the equation of tlie cun e be 

aa^-i-2hxg-i-bf-{-2gr+2fi/+c = 0 . (i) 

As this IS the most general form of the equation of the 
second degree it will include all possible ca<!cs 

We can get rid of the term contaiiung xg hy turning 
the axes through a certain angle 

For, to turn the axes through an angle 0 we have to 
sub'stitute for x and g respective!}’ kcos^ — ysm0, and 
sc sin ^ + y cos 6 [Art 50] 
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The equation (i) will become 

a {xcosO-y sm 6f + 2h {x cos6-y sin 6) (® sin 0 + y cos 6) 
■i-b(xsm6+ycos6f+2g(xcos6-yi>md)+2f{xsm0+ycosd) 
+ c = 0 (ii). 

The coefficient of xy in (ii) is 

2{b — a)sm6 cos 6 + 2h (cos^d — sin®^ , 
and this will be zero, if 

27 / 

tan 26 — j- ^ (in) 

Since an angle can be found whose tangent is equal to 
any real quantity whatever, the angle 6 = \ tan“^ -^^ is m 
all cases real 

Equation (ii) may now be wntten 

Ax'‘ + By^ + 2Gx + 2Fy + G=0 (iv) 

If neither A nor B be zero, we can write equation (iv) 
in the form 

/ G F\ 

or, taking the origin at the point ( ~ 2 » ~ ^ > 




W 


If the light side of (t) be zero, the equation will repre- 
sent two straight lines [Art 36]. 

If however the right side of (v) be not zero, we have 
the equation 








= 1 , 


which ive know repiesents an ellipse if both denominators 
are positive, and an hypei bola if one denominator is posi- 
tive and the other negative 

If both denominators are negative, it is clear that no 
real values of x and of y will satisfy the equation. In this 
case the curve is an imagmaty ellipse 
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Next let or ^ be zero, A suppose \A aucl B cannot 
both be zeio by Ait 53] Equation (iv) can then be 
■written 


^-2Qx-G + ^ .(vi) 


If tf=0, this equation lepresents a pan of parallel 
straight lines 

If G be not zero, we may write the equation 

[y^Bj ~ b[ 2BG^2G/' 


which represents a parabola, whose axis is paiallel to the 
axis of X 

Hence in all cases the curve repiesentedby thegeneial 
equation of the second degree is a conic 


168 To find the co-onlmate<t of the centre of a conic 
We have seen [Ait. 109] that when the oiigin of co- 
ordinates is the centre of a conic its equation does not 
contain any terms involving the fiist power of the variables 
To find the centre of the conic, wo must theiefore change 
the origin to some point (.r', y'), and choose x', f, so that 
the coefficients of ,r and y m the transfoimed equation may 
be zero 

Let the equation of the conic be 

u-c* + ^hxy + by’ + 2gv + 2fy + c = 0 
The equation referre«l to parallel axes thiougli the 
point {x\ y") will bo found by substituting x + x' for x, and 
y + y foi y, and will therefore be 
a (x-\-xy + 2/i (a; + .Tj') (y + + 6 (y + y')* + 2g {x+x') 

+2f(y-hy') + c=0, 
or arc® + 2hxy + &y® + 2x {ax' + hy' + g) + 2// {hx' + by' +f) 
+ a.r ® + '2hx'y' + iy'® + 2gx' + 2/y' + c = 0 
The coefficients of x and y will both be zeio in the 
above, if x' and y' be so chosen that 

ax'+hy'+g — O , (i), 

and hx'-{-by+f=0 (a) 

TJie equation referred to (x, y') as origin will then be 
aar -}- 2h y + &y® + c' = 0 (i ii), 
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where d = aa!^ + 'ihx'y + 5/® + ^gx’ + 2fy' + c (iv) 
Hence the co-ordinates of the centre of the conic are the 
values of a?' and y' given hy the equations (i) and (ii) 

The centre is therefore the point 


\ab-h^’ ab-h^J 


When db — 11^ = 0, the co-ordinates of the centre are 
infinite, and the curve is therefore a parabola [Art 157] 

If however 7if—hg—0 and o6 — /i.® = 0 , that is, if 
a _li _g 

h~b~r 

the equations (i) and (ii) represent the same straight line, 
and any point of that line is a centre. The locus in this 
case IS a pair of parallel straight hnes 

In the above investigation the axes may be either 
rectangular or oblique 

Subsequent investigations which hold good for oblique 
axes will be distinguished by the sign (©) 

169 Multiply equations (i) and (ii) of the preceding 
Article by a?', y' respectively, and subtract the sum from 
the right-hand member of (iv) , then we have 

c'^gx'+fif +c 
-a ¥-'bg .gh-af 


ah-W^'> ab-W 
__ abc q- 'ifgh — a/® — bg^ — cli? 
~db~1^ 


(ffl) 


170 The expression a6c -i- — q/*® — 6y® — c/i® is 
usually denoted by the symbol A, and is called the 
discriminant of 

a®® + 2hxy + + 2fy -i- c. 

A = 0 IS the condition that the conic may be two 
straight lines 

For, if A is zero, o' is zero , and in that case equation 
(m) Art 168 will represent two straight lines 

This IS the condition we found in Art .37 (<») 
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I7l To find the position and magnitude oftJie axes of 
the conic whose equation is ax^ + 2hxg -f- 5y" = 1 

If a conic be cut by any concentric cucle, the diameters 
tbrougb tbc points of inteisection will be equally inclined 
to the axes of tbo conic, and will be coincident if the 
indius of the cucle be equal to either of the semi-axes of 
the conic 

Now the lines through the origin and through the 
points of intersection of the conic and the circle whose 
equation is a:® + y® = i‘*, are given by the equation 

- p) ^ +(^- p) (i) 

These lines "w ill be coincident, if 

(n - ~ ^ - p) - /i® ^ 0 . (ii), 

and they will then coincide with one or other of the axes 
of the conic 

Hence the lengths of the semi-axes of the conic are the 
roots of tlic equation (ii), that is of the equation 

p — (a + b) p + ab — li^ = 0 (iii) 

Multiply (i) by ^a— pj, then, if i is either of the 
roots of the equation (u), we get 

(a — x‘ q- 2h (a — xy + h^y^=Q , 



Hence if we substitute in (iv) citlici loot of the equation 
(ill) we get the equation of the corresponding axis 

In the above w'o have supposed the axes to be rect- 
angular If however they are inclined at an angle to the 
investigation must be slightly modified, for the equation of 
the circle of radius ? will be ar + 2xy cos to if = i 
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172 To find the avts and latus rectum ofajiaiahola 
If the equation 

m- + 2/iiy + hif + + c = 0 

repiesent a parabola, the teims of the second degree 
foim a perfect square [This follows from the fact that the 
equation of any parabola can he expressed in the form 
y®— 4aa = 0, and thorofoie with any axes the equation 
■will he of the form 

(Z« + my + nf — 4a' (/'a + m'y + »?') = 0.] 

Hence the equation is equivalent to 

(ax + fiijf + 2gv + 2yy + c = 0 . . (i), 

where o® = a, and — h 

Fiom (i) we see that the sqiiaio of the pcrpendiculai 
on the lino ttx+0y = O vanes as the poipondicular on the 
line 2<71 + 2/^ + c = 0 These lines may not he at right 
angles, hut we may \\nte the equation (i) m the fonn 
(ax+$y + X)® = 2i (X.a —g) + 2y (\.5 —/) + - c, 

and the two straight lines, whose equations are 
aa; + ^y + \ = 0, and 2i (Xa — y) + 2y (\/S- /*) +\®- c = 0, 
Avill ho at nght angles to one another, if 
a (X« - g) (X/3 -/) = 0, 

01 rf 

a-+/S* 

jSToav take 


Oic+^y + X=0 and 2(aX-y) « + 2 (;8X-/)y + X.®-c = 0 
for neM' axes of x and y respectively, and n o get 

y®=4pa;, 

and this we know is the equation of a parabola referred to 
its axis and the tangent at the vertex 

To find the latus-iectum, we viite the equation in 
the form 


|^gr + /3y + XV_ f2 - y) a + 2 (/9X - /•) y +X* - c\ 

Va“+/3® / M V{Ma5^-,y)‘+4(;Sx-ir)®| r 
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hence 


V[4(aX -/,)> + 4 (/3X.-/)’) 




Hence (i) is a parabola whose axis is the line 
a% + fy + \ = 0, 
and 11 hose latus-roctum is 

2V{(a\-ff)=4-(^X-/ )"-| ^ 

cmnn - «<7 + /?/* 

since 

t 


a*‘ + /9‘-* 

1 the na 

conics gi\ en by the following eqnations 


"^^173 We •will noAV find the nature and position of the 


(1) 7f=-17a-y+fii/»+23f-2y-20=0 

(2) a!--oT(/+V' + 8*-20y + 15=0 

(3) 36x« + 24ay + 20,/* - 72* + 12C i/ + 81 = 0 
(1) (oi-12i/)s-2x~2‘)j/-l=:0 

(1) Tlio equations for finding tlio centre arc [Art 1C8, (i), (ii)] 
14ai'-l7j/'+23=0) 

-17x'+12y'-2=oi 

Tlicsc give *'=2, i/'=3 Therefore centre is the point (2, 3). 

Tlic equation rcfciTcd to parallel axes through the centre will be [Art 
ICO] 

QO 

7x=-17aF + Cy”+^ 2-1.3-20=0 


or 7**-17arp+6y==0 

Tlic equation therefore represents two straight hncs which intersect 
111 the point (2, 3) The^ cut the axis of x, where 7x*+23*-20=0, that 

IB where x=- 4, and where 


(2) x*-5xy+7/-+8x-20y+15=0 
Tlic cqnalions for finding the centre are 

2x'-5y'+8=0, and - fix' +2^- 20=0, 

. x'=-4, y'=0 

The equation referred to parallel axes through the centre will bo 
xS-5xy+i;®+4(-4)+15=0, 
or sfi—5xy+y-=:l 
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The semi a^cs of tlio oonio nro the roots of the cijuatiou 
p-(n + J)i+«6-A*=0 [Art 171, (m)], 


or 


r* f 4 
21r*+8r*--4=0, 


2 


2 


or-^ 


1 


Tho curve is tliorcforo an li3perbola wlioso real somi axis is 


and irliosc imaginary semi axis is ^ tj 





Tho direction of the real axis is given [Art 171, (iv)] by' the equation 

(>- 1 ) *-§!'=»• 

or a:+ys=0 

(3) 3Ga:S+24a:y+29y--72a:+126v+81=0 
TIic equations for finding flio centre ai-c 

3C*’+12/-3G=0, and 12*'+29y'+C3=rO, 
a?=2, y’=-3 

Tlio equation referred to parallel axes through tho centre, mil be 
3G*=+24a!y+29j/*-72+ 63(-3)+81=0, 

. 2 . 211 ., 

5 "^15*^ '*'180*'""^ 


or 
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The semLases of the conic are the roots of the eq.nation 

l-{a+l)\+ah-1i^=0 

, , 65 13 

id ®+^- 180 ~ 36 * 

, ,o_29 1 _ 1 

~m 223 "36’ 
3C-13r2TT<=0. 

Hence the squares of the semi-ases are 9 and 4 



The equation of the major axis is [Art 171, (it)] 

4x+3y=0 

(4) (6x-12j/)«-2a:-29i/-l=0 
The equation may be mitten 

(6x- 12j/+X)s=2ai (1+5X) +y (29 - 24X) +X=+ 1 
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Tho hues 5® — 12y+X=:0 

and 2{l + 6X)j:+(29 - 24X)y+XS+l=0 

are at right angles, if 

10 + 60X-348 + 288X=0, 

that IS, if X=1 

The equation is therefore equivalent to 

/5a!-12i/+l\9 1 12a;+5i/+2 
V 13 / “13 13 ''' 

therefore 5r-12tf + 1=0 is the equation of tho axis of the parabola, and 
12»+oj^+2=0 IS the equation of the tangent at the rertev 

Every point on the curve must clearly bo on the positive side of tho 
lin n 12i;+5y+2=:0, since the left side of equation (i) is nluays positive 

174 To find the eqitation of the asymptotes of a come 

We have seen [Art 146] that the equations of a conic 
and of the asymptotes only diffei by a constant 

Let the equation of a conic be 

+ 2hxy +hf + 2ffx + 2fy + c = 0 (i) 

Then the equations of the asymptotes will be 
aar + 2hxy + hf + 2gx + %fy + c + X = 0 (ii), 

provided we give to X that value which will make (ii) 
represent a pair of straight lines 

The condition that (ii) may lepresent a pair of straight 
Imes IS [Art 170] 

a 6 (c + X) + 2fg1i — of- — bg* — (c + X) == 0 , 

X (a6 — + A = 0 

Hence the equation of the asymptotes of (i) is 

me® + 2hxy + 6/ + 2gx + 2fy + c — - ^^y - 8 = 0 

The equations of two conjugate hyperbolas differ from 
the equation of their asymptotes by constants which are 
equal and opposite to one another [Ait 152] , therefore 
the equation of the hyperbola conjugate to (i) is 

9A 

aar + 2hxg + by^ + 2g.v + 2fy + c — ~ 0 * 
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Cor The lines represented by the equation 
ax~ + + Jy® = 0 

are parallel to the asymptotes of the conic (to) 

'^Ex Find the asymptotes of the come 

ar-a3?-2y®+3y-2=0 

The asymptotes \rill ho a:*-icy-2i/® + 3y-2+X=0, if this equation 
reptesents straight Imcs Solving os a quadratic in x, we have 

Hence [Art 37] the condition for straif^t hues is 9 (2 - X) =9, or X=l. 
The asymptotes are therefore x--xy- 2?/®+ 3p- 1=0 


175 To find the condttion that the conic ? epresented 
by the general equation of the second degree may be a rect- 
angular hyperbola 

If the equation of the come be 

aal + 2hxy + bf + 2gx + 2fy + c = 0, 
the equation 

CUE® + 2hxy + ty® = 0 (i) 

represents straight hnes parallel to the asymptotes. 

Hence, if the conic is a rectangular hyperbola, the 
Imes given by (i) must be at right angles 

The required condition is therefore [Ait 44] 

a + & — 27icos© = 0 . (ii) 

If the axes of co-ordinates be at right angles to 
one another the condition is 


a q- 5 = 0 (ill) 

The required condition may also be found as follows 
If the axes of co-ordinates be changed in any manner 
whatever, we have 

a 4- 6 — 27i cos © of + b' — 2h' cos to' r. , 

- [Alt 62]. 


sin^ to 


sin® to' 


But, if the conic be a rectangular hyperbola and 
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the asymptotes he taken for axes, the equation will be 
xy + constent = 0 , 

a' — h' = cos to' = 0 

Hence a + 6 — 2/i cos a) = 0 (©) 


Examples on Chapter TX 


1 Fmd the centres of the following curves : 

(i) 3ar*- 5a:y+ 6y®+ 11a.- 17y+ 13 = 0 

(ii) scy + 3aa! - Zay = 0 

(ill) 3a* — 7a:y — 6^ + 3a;— 9y + 5 = 0 
Eind also the equations of the curves referied to paiallel 
axes through their centres 

2 What do the following equations lepresent? 

(i) a;j/-2a; + y-2 = 0 (u) j/® - 2ay + 4aa; = 0 

(ill) y* + aa: + ay + a* = 0 (iv) (a; + 7/)® = o (a; - y) 

(v) 4(a: + 2y)®+ (y- 2a:)® = 5a® (vi) y® - a® — 2aa5 = 0 

3 Draw the following curves 

(1) a;y + oaJ - 2<ry = 0 (2) a;* + 2a:y+y®— 2aJ — 1 = 0 

(3) 2a;® + 5xy + 2y® + 3y — 2 = 0 

(4) a;® + 4a^ + y®- 11 =0 

(5) (2® + Sy)® + 2® + 2y + 2 = 0 

(6) ®® — 4®?/ — 2y®+ 10® + 4y = 0 

(7) 41®®+ 24a^ + 9y® — 130a® — GOa?/ + 116a® = 0 

4 Shew that if two chords of a conic bisect each otliei, 
their point of mtersection must be the centie of the cuiwe. 


5 Shew that the product of the semi-axes of the conic 
whose equation is 

(® - 2y + 1)® + (4® + 2y- 3)® - 10 = 0, is 1 


6 Shew that the product of the semi-axes of the ellipse 
whose equation is 


®®-®y+2y®-2® — 6y + 7 = 0 is 

and that the equation of its axes is 

®®-y®-2®y + 8y- 8 = 0 
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7 Find for -wliat value of X the equation 

2'«® + Xajy — 2/* — 3® + 6y — 9 = 0 
vnll icprcscnt a paii of straight lines 

8 Find the equation of the conic ivhose asymptotes aie 
■(he lines 2® + 3y — 6 = 0 and 5® + 3y - 8 = 0, and which passes 
through the point (1, — 1) 

9 Find the equation of the asjnnptotcs of the conic 

Sv” - 2®^- +7® — 9y = 0, 

and find the equation of the conic winch has the same asymp- 
totes and which passes thiougli the point (2, 2) 

10 Fmd the asymptotes of the hypeihola 

G®* - 7«y — 3y® — 2® - 8y - 6 = 0, 
find also the equation of the conjugate hypeihola 

11 Shew that, if 

aar + 2//®y + ^2/* = 1 + 2A'®y + ft'y® = 1 

represent the same conic, and the axes aie rcctangulai, then 
(o-6)* + 47i‘' = (o'-&7 + 47i'’ 

12 Shew that for all positions of the axes so long as they 
remain lectangular, and the oiigin is unchanged, the value of 
<7*+./'* in the equation n-e® + 27j®y + + 2^® + -j- c = 0 is 
constant. 

13 From any point on a given straight lm6 tangents are 
drawn to each of two circles show that the locus of the pomt 
of iiitci*scction of the choids of contact is a hyperbola whoso 
asjnnptotcs aie perpendicular to the given line and to the lino 
joining the centres of the two circles 

14 A \ ariablc cii do always passes through a fixed pouit 0 
and outs a conic in the points P, Q, 7?, S, shew that 

OF 0Q,0Ji OS 
(radius of ciiclo)® 

IS constant. 

15 If nar* + 27i®y + 6y* •= r, and Av + 2IIay + Bif = \ bo 
the equations of two conics, then ivill aA-vhB 2hll be un- 
altered by any change of lectangular axes 
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176 We have proved [Art 167] that the cur^'e 
represented by an equation of tlie second degree is always 
a conic. 

We shall throughout the present chapter assume that 
the equation of the conic is 

0 ®“ + 2h{cy + by" + 2gx + + c = 0, 

unless it IS qtherwise expressed 

The left-hand side of this equation will be sometimes 
denoted by ^ (a?, y). 

177 To find the equation of the st) aiyht line jjossing 
though two points on a come, and to find the equation of the 
tangent at any point. 

Let {ss, if) and {f', y") be turn points on the conic 
The equation 

a{sa-x')(a}- sc") +h{{x- x') (p-y") + (® - v") (y - y')] 

+ b{y~ y') (y - y") = a®* -f- Shvy + hif + 2gx + 2fy + c (i) 

when simplified is of the fiist degree, and theiefoie 
represents some straight line 
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If we put .b = of and 1 / = ?/ in ( 1 ) the left side vanishes 
identically, and the right side vanishes since (x', i/) is on 
the conic Hence the point (pf, y') is on the line ( 1 ) So 
also the point («b", y") is on the line ( 1 ) 

Hence the equation of the straight hue through the 
two points y') and {x', y") is ( 1 ), and tins reduces to 
ax (nf + a") + hy (a' + x") + Iub (y' + y") + hy (y' + y") + 2gx 
+ 2/y + c = ax'x" + h (ay" + y a") + 6y' y" ( 11 ) 

To obtain the tangent at (x\ y') we put a"=a', and 
y" — y' in ( 11 ), and we get 

2aaa' + 2/t (ay' + a'y) + 2byy + 2ya + 2fy + c = ax’’ 

+ 2/ia'y' + &y'® 

Add 2ya' + 2fy' + c to both sides then, smee (a', y') is 
on the conic, the right side will vanish, and we get for the 
equation of the tangent 

axx + h (y'a + a'y) + hyy +y (a + a') +/(y + y') + c = 0 

It should he noticed that the equation of the tangent 
at (a', y') is obtained from the equation of the curve 
by "Wilting a'a for a®, y'a + a’y foi 2ay, y'y for y“, a + a' for 
2a, and y + y' for 2y (©) 

178 To find the condition that a given straight line 
may he a tangent to a conic 

Let the equation of the straight line be 

lx+viy+n = 0 . ( 1 ) 

The equation of the straight lines joining the origin to 
the points where the line ( 1 ) cuts the conic <fi(x, y) = 0, 
are given [Art 38] by the equation 

aa? + 2/iay + 6y® - 2 (ya +/y) 



If the hne ( 1 ) be a tangent it wdl cut the conic in 
coincident points, and therefore the lines (ii) must be 
coincident The condition for this is 


SOS 


13 
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TOE POLAE 


(an® - ^gln + clr) (bn^ - 2finn + cin^) 

= (Jin' —fin —gmn + clmf, 

01 r- (ho -f) + nn” (c<i - g-) + «® (ah - Ir) + 2w« (gh ’-fa) 

+ 2nl (hf— gh) + 2lm (fg —hc) — 0 . (in) 

The equation (lu) may be -written in the foim 
Al^+JBm‘ + Cn^ + 2Fmn + 2Chil+2JIlm = Q (iv), 
wbeie the coefficients A, B, C, &c aie the minors of 
a, h, c, &c in the deteiminant 

«. b, g I 

A. i, / 

g. fy c , (ft)) 

179. To find the equation of the polai of any point with 
respect to a conic 

It may he shewn, e\actl 3 ’’ as in Aiticlo 7C, 100, oi 118, 
that the equation of the polar is of the same form ns the 
equation of the tangent 

Tlic equation of the polai of (a,\ f) is therefoio 
ar^^ + h (ifx + r'y) + hfy + <7 (/r + r') +/(y + y') + c = 0, 
or a. (ax' + hij + <7) + y (hx‘ + by +/) + gj ' +/»/' + c = 0 

The equation of the polai of the origin is found hy 
putting a' =y' = 0 in the above, the icsult is 

y-’’+/y + c=0 

180 If two 2 )oint<i P, Q be such that Q is on the jiolur 
of P with lespcct to a come, then will P be on the polai of 
Q withiespect to that conic 

Let the co-ordinates of P he a', y', and those of Q 
on", if 

The equation of the polai of P is 
ax a f h (ifx + xy) + bfy + g (x -f x) +/(y -1- y') + c = 0 

Since (x", y") is on the polar of P, wo liaie 

(y'x" -^x’y'^+hy’y" + g (i''+.'r")+/(y'-f-y") + c=0 

The symmetry of this result shews that it is also 
the condition that the polar of Q should pass thiough P 
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If the polars of two points P, Q meet in Ji, then Jt is 
the pole of the line FQ 

Foi, smce P is on the polai of P, the polai of P will 
go through P, similarly the polar of P will go through Q , 
and therefore it must he the line PQ 

If any chord of a conic be drawn through a fixed point 
Q, and P be the pole of the chord , then, smce Q is on the 
polar of P, the point P will always he on a fixed straight 
line, namely on the polar of Q 

Def Two points aie said to be conjugate AVith respect 
to a come ■when each lies on the polai of the other 

Def Tw'o stmight lines are said to be conjugate with 
respect to a conic w'hen each passes through the pole of the 
other Conjugate diauieteis, as defined in Ait 127, aie 
can]ugate hues thiough the centre 


181 If any clioid of a come he di awn through a 
point 0 it will he cut harmonically hy the curve and 
the polar of 0. 

Let OPQB be any chord which cuts a conic in P, P 
and the polar of 0 with respect to the conic m Q 

Take 0 for ongm, and the hne OPQR for axis of sc ; 
and let the equation of the conic be 

a-c® + 2hscy + + 2gx + 2fy + c = 0 

Wheie y = 0 cuts the conic we have 

am? + 2gx + c = 0 , 

J_+ .L=_!7 .X 

OP^ OR c W 


The equation of the polar of 0 is 
5 'aj+/y + c = 0 , 
• JL—.9 

oq~ G 

From (i) and (ii) "we see that 
1 1 


( 11 ) 


2 
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182 To Jind the Iociia of the middle 2 )oints of a system 
oj jnMallel choids oj a come 

Let if, y) cind iih \ y') be Iavo points on the conic 
The equation 

a (aj — os') (a - a") + h {(a - a') (y - y") + (a — a") {y — y')} 

+ 6 (y - y') (y - y") = + 2/^^y + hy- + ^gx + 2 /y + c 

, • 0 ) 

is the equation of the straight lino joining the two points 
In (i) the coefficient of v is a{x'+x") + /!-(»/ + y") + Ig, 
and the coefficient of y is h (a' + x") + i (y' + y") I- 2/ , 
hence if the line is pai’allel to the line y = tma, wo have 
a (a' + «") + h {f + y") +2q 

A(a +A")+6 (y' + y'H2/‘ 

Now, if (a, y) he the middle point of the choid joining 
ioo',y') and {x",y"), then 2a = a' +x”, and ^y = y' + y"i 
theiefore, fiom (ii), wo have 

ax + hy + g 
Jm + by+f' 

or A (a + mh) +y {h + mb) + g + inf — 0 ,(ni), 

which IS the required equation 

If the line (iii) be written iii the form y=:m'x + 1, then 
we have 

, a+mh 
^ ~ h+mb' 

oi a + h (in + m') + hmin' = 0 (iv) 

Tins IS the condition that the lines y = inx and y = inx 
may be parallel to conjugate diameters of the conic given 
by the general equation of the second degree (©) 


] 83 To find the condition that the two lines given by 
the equation Ax' + 21Ixy + By' = 0 may be conpigate dia- 
metei i of the come aer + 2’ixy + by' — 1 


If the lines given by the equation A(r-\-2TT%y+By'=0 

be the same as y — mx = 0 , and y — in'% = 0 , then 

. ' \ , A 

m + m = — 2 - 5 , and min — 

Ji Jo 
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But y — ma,— 0 and y—?n'a}=0 aic conjugate diameters 
il a + h (in 4- nt) + binin = 0 

Thcictoic the icqmicd condition is 
a-Hk + 

or aB + bA = 2/iZ/ (oi) 

[The .ib(»\c lesult lollo^\s at once liom Ai tides 155 
and 58] 

Ex 1 lojindthfeqmittonnl thetqut umjuqatediameltimif the come 
it r- -1 2/u'y 1 hy- = 1 

The btraight lines tliiongli the centre of a conic nnd any concentric 
ciicle goc equal diameters Through the intoi'scctions of the conic and 
the circle \ihoBC equation is X(as*+i/’’+2ry cos w)=l, the hues 
(rt - X) a? + 2 (/i - X cos w) a:y + (t - X) 2 ^* = 0 pass 
These arc conjugate if 

Ii{«-X) 1 rt (/<-X)=2/i (/) -Xtosw) 

Miihstitiiling the inltic of X ho found, uc liuic tlio required equation 

ttj^+2lint + l)ir - - — (e’+H®-! 2i»/tos w)=0 

rt + t-2ficosw' •' ' ' 

E\ 2 To slitio that any /iro conerntnc conns liaic in inneriil one 
and onlif one junr of common coiwiyate diameters 
Let the equations of the tuo comes be 

<it- + 2/(a'y + l»y®=l, nnd a’ar + 2h’xy+b'y-=l 
The diametcrh Ax~-i 2llxy-t Jly"=0 are conjugate with icspcct to 
both conics if 

At-2Jffc + Jlft=0, 

and Al'-2/I/i'-i Ua'=0, 

A -211 It 
* * ha' - ah' “ ah' ~ a'h ~ hh' - l?k 
The equatioii of the common coiijiignlo dianictci's is thoicfoic 
(ha' - ah') a-® - (aV - a'h) rif i (hh' - h'k) v® =0 

Bincfl niiy two concciitric conics lin\o one jinii of coiijugntc diniurtcrs 
111 coiiiinoii, it follmis Hint (he equations of nm (an oniiceiiliic conics 
can bo reduced to the forms 

ax^-i hy-l, a’x^-i 6’y-=l 
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184 To find the length of a sti axght hue drmon from 
a, given point in a given dii ection to meet a conic 

Let {af, if) be the given point, and let a line be drawn 
through it making an angle 6 with the axis of as The 
point which IS at a distance r along the line from {x', y') is 
(as + 7 cos 6, f + 7 sin d), the axes being supposed to he 
rectangular , and, if this point he on the conic given by the 
general equation, we have 

a(a,'+ r cos 6f+ 2h (a! + r cos 6) (?/'+ r sin 6) + 6(y'+? sm^)-* 
+ 2g (v + r cos 0) + + r sm ^ + c = 0, 

01 7 ® (a cos® 6 + Hi sin 6 cos 9 + 1) sm® 6) 

+• %' cos 6 (aaJ + hy +g) + 2r sin 0 (/«,' + hy' +/) + ^ (a , y ') =0 

The roots of this quadiatic equation aie the tivo values 
of 7 lequiied 

185 If the point (r, y') he the middle point of the 
choid inteicepted hy the conic on the line, the two values 
of 7, given hy the quadiatic c<iuation in the pieceding 
Article, ivill he equal in magnitude and opposite in sign , 
hence the coefficient of 7 must vanish , thus 

{ax' + hy + g) cos 6 + (hx' + by +f)sm6 = 0 

If the chords aie always diawn in a fixed direction, so 
that 6 IS constant, the above equation gives us the relation 
satisfied hy the co-ordinates v', y' of the middle pomt of 
any chord 

The locus of the middle points of choids of the conic 
which make an angle 6 with the axis of a is theiefore a 
straight line [See Art 182 ] 

186 The rectangle of the segments of the choid 
•which passes through the point (a', y') and makes an angle 
6 with the axis of is the pioduct of the two values of 7 
given hy the quadiatic equation in Art 184, and is equal to 



(I cns®0 q- 2h sin 6 cos 6 H- h sm‘0 

Goi ] If thiougli the same point if) anothei 
choid he drawn making an angle 6' with the axis of a, the 
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lectanglc of the segments of this chord will be 

<f> Qb, y ') 

a cos® ff + 2/j sin 6' cos ^' + 6 siir 6' 

Hence mc see th.it the i.atio of the lectanglcs of the seg- 
ments of two choids of a conic dr.iMn in given diiections 
through tlio s.une point is constant foi all jioints, including 
the centre of the conic, so that the latio is equal to the 
ratio of the squares of the parallel diametcis of the conic 

Coi 2 The latio of the two tangents diawn to a conic 
fioin any point is equal to the i.atio of the parallel diame- 
ters of the come. 

Gor 3 If through the point {v', y") .a choid be drawn 
also making an .angle 6 with the avis of », tlie rectangle 
of the segments of this chonl will be 

if) 

a cos* 6 + 2/i sm $ cos 6 + i> sm*^ 

Hence the ratio of the rectangles of the segments of 
any two paiallel chords diawn thiough tw’o fixed points 
(.V, i/*) and (a", ?/") is constant and equal to the i.itio of 
^ (r, y') to ^ (r", y") 

Gor, 4 If a cncle cut a conic in foui points P, Q, R, S, 
the line PQ joining any two of the points and the line 
joining the other tw'o make equal angles wnth an axis of 
the conic 

Foi, if PQ and meet in 7’, the icclangles TP TQ 
and TR . TS are equal since the foui ])oiuts are on a cncle 
Therefore by Coi 1, the paiallel diainetois of the conic aie 
equal , and hence they must bi; equally inclined to an axis 
of the conic 

13s 1 If n, p, 7 , 5 hi thr rcrentric iiniih ^ of the four points of intiT- 
srrlwn of a curie ami an ellipse, then v ill a-i p-\y i-5—2nir 
Tlip equations of llio linos joining a, p iniil 7 , 0 nro 

hP) l-’^ 8 ml(oq /9)=cosi(a-/J), 
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and ^ cos i (v + 5) + ^ sin i (y + 5) = cos i (7 - 5) 

a 0 

These t\^o chords are equally mchned to the axis by Cor 4 therefore 
tani(a+/3) = -tani{ 7 + 8 ), or i(«+/S)=«jr- ^( 7 + 8 ), therefore 

a+^+ 7 +S= 2 iiir 

Ex 2 A focal clmd of a come varies as the square of the parallel 
diameter [See Art 161 ] 

Ex 3 If a triangle ctrcumseribe a come the thiee lines from the 
angular points of the triangle to the points of contact of the opposite sides 
will meet in a point 

Let the angular points he A, B, G and the points of contact of the 
opposite sides of the tnangle be A\ B', C', also let r^, r^, 1*3 be the semi- 
diameters of the conic parallel to the sides of the triangle Then 

BA' BC'=ri Tg, OB’ OA'=r^ ?i, and AB’=t^ 

* Hence BA' OB' AC'=BC' AB' CA', 

which shews that the three hnes meet in a point 

Ex 4 If a come cut the three sides of a triangle ABO in the points 
A' and A", B' and B", C' and C" respectively, then will 

BA' BA" OB' CB" AC' AO'=BC' BO" CA' CA" AS' AB" 

{Carnot’s Theorem ) 

[BA' BA" BC BC"=r^ ra®, and so for theothers, rj, 7 o, rg bemg 
the semi-diameters of the conic parallel to the sides of the triangle ] 

Ex 5 If a conic touch all the sides of a polygon ABCD the 
points of contact of the sides AB, SC being P, Q, B, S , then will 

AP BQ GR DS be equal to PB QC BD 

•ft 

187 If S be -written for shortness instead of the left- 
hand side of the equation 

aa^ + 2ha;y + hy' -f- 2gx + 2/y c = 0, 

and S' be -written instead of the left-hand side of the 
equation 

aV+ 2h'ocy + h'y^ + 2g'x -f- 2fy + c = 0, 

then S—'KS' — O is the equation of a conic which 
passes through the points common to the two conics 
,9=0, S'^Q 

Foi, the equation S — \S' = 0 is of the second degree, 
and therefoie represents some conic Also if any point be 
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on both the given conics, its co-ordinates vnll satisfy both 
the equations S—0 and /9'=0, and therefore also the 
equation = 0 

By giving a smtahle value to the conic jS—7i,S' = 0 
can he made to satisfy any one other condition 

If the conic S' —0 really he two straight lines whose 
equations are l-oe -1- my + 7i = 0 and Vx +m'y + n' = 0, which 
for shortness we will call u = 0, and v = 0, then 8 — \uv>=0 
will, for all values of X, he the equation of a conic passmg 
through the points where 8 = 0is cut by the lines it = 0 and 
v = 0 

If now the Ime v = 0 be supposed to move up to 
and ultimately coincide ■with the line it = 0, the equation 
8 —\u^ — 0 will, for all values of X, represent a conic 
which cuts the come 8=0 in two pairs of coincident pomts, 
where jSi = 0 is met by the hne u = 0 That is to say 
8 — Xv^ = 0 IS a conic touchvng 8=0 sd, the tiuo points 
where = 0 is cut by tt = 0 (a) 

Ex 1 All eomes through the points of intersection of two rectangular 
hyperbolas are rectangular hyperbolas 

If S=0, S'=0 be tbe equatioas of two rectangular hyperbolas, all 
comes through their pomts of mtersection are included in the equation 
S-XS'=0 Now the sum of the coefBcients of x® and y~ in S—\S’=Q 
will be zero, smee that sum is zero in S and also in S', the axes bemg at 
nght angles This proves the proposition [Art 175 ] 

The following are particular cases of the above 

(i) If two rectangular hyperbolas intersect in four points, the hne 
]oming any two of tbe points is perpendicular to the hne joining 
the other two (For the pair of hnes is a conic throng the points 
of intersection ) (u) If a rectangular hyperbola pass through the 

angular points of a triangle it will also pass throng the orthocentre 
(For, if A, B, (7 be the angular points, and tbe perpendicular from A on 
BC out the come in D , then the pair of Imes AT>, BG is a rectangular hy- 
perbola, since these Imes are at nght angles , therefore the pair BB, AC 
IS also a icctangnlar hyperbola, that is to say the hnes are at right 
angles } 

E\ 2 jy two conics haie their axes parallel a circle icill pass 
through their points of intei section 
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Take axes parallel to the axes of the comes, their equations \nll 
then be aa? + hy- + 2gx + 2fff + c = 0, 

and fl'x2+6y+2£f'*+2/y+c'=0 

The come a r® + hy- (• 2gx + 2fy + c + X (a'a* +b'y^+ 2g’x + 2f'y + o') = 0 will go 
through their intersections But this Mill be a circle, if we choose X so 
that a+Xa'=6+X6', and this is clearly always possible 

Ex 3 If TP, TQ and T'P', TQ’ he tangents to an ellipse, a come 
will pass through the six points T, P, Q, T', P’, Q' 

Let the conic be aa®+6»/®=l, and let T bo (s', ij) and T' be 
{a!', if) Tlie equations of PQ and P'Q' -will be axs^ +hyy' -1=Q and 
axsi' + hyif -1=0 The conic 

X (aa® + Jy® - 1) - (aaxe' + byif — 1) (aax" + hyif - 1) = 0 
will always pass thiough the four pomts P, Q, P', Q' It will also pass 
through T if X be such that 

X {<ud^+l,if-l) ~ (aa'2+6y'^ 1) {tta!x"+hify" - 1)=0, 

01 if X=oaV'+6y'y"- 1 

The S 3 ’mmetry of this result shews that the conic will likewise pass 
through T' 

Ex 4 ^ tuo chords of a come he diaion though two points on 

a dmnetei equidistant fioin the centre, any conic though the extremities 
of those choids will he cut hy that diametei m points equidistant from the 
centre 

Take the diameter and its conjugate foi axes, then the equation of 
tJio conic will bo ax^+hy"=l Let the equations of the chords be 
y~ni[x-c)=(i and y-ni' (a: + <)=0 Then the equation of any conic 
through their extremities is giien by 

anr+hif-l-h {y-OT(a-t)} {y-m'(x+c)]=0 
The axis of x outs this in points gneii by aT®-l-X7«m'(*®-c®)=0, 
and these two values of » aie clearly equal and opposite whatevei X, m 
and m' may he 

As a particulai case, if PSQ and P’S'Q’ be two focal chords of a conic, 
the lines PP’ and QQ' cut the axis in ijoints equidistant fiom the centre 

188 To find the equation of the <pavr of tangents 
d/I awn from any point to a come 
Let tlio equation of the conic bo 

rt.'c® + 2hxy + + 2gas + 2fy + c = 0 (i) 

y') be the point fiom which the tangents aie 
diawn, the equation of the chord of contact will be 
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aa v' + h (xij + y,t) + hyt/ +g x)+f{y+y') + c = 0. 

The equation 

atr + + by~ + 2gx + 2fy + c 

= \ IffAA' + h {xy +yn’) + hyy +g(x + x) +/ ( 3 ^ + yO + c}“ 

(«) 

rciJicscnts a come touching the oiigmal conic at the tivo 
points where it is met hy the choid of contact The two 
tangents arc a conic which touches at these two points and 
which also passes thioiigh the point if) itself The 
equation ( 11 ) will therefore he the equation lequiied if \ 
be so chosen that y') is on ( 11 ) , that is, if 
+ 2h%y' + htf^ + 2qx' + 2fy + c 
= \ + 2hxy' + /«/'* + 2gx' + 2fy' + c}* 

Therofoie 

1 = X + 2h'>'y' &(/'= + 2gx + 2fy + c} = \<^ ?/) 

Substituting this value of X in ( 11 ) we have 

(rtj® + 2h I y + hf + 2gr + 2fy + c)^ (.-» y') 

= {u't./ ' q- /< ( + y i) + hyy' + (/{i + y)+f[y + ?/) + c]", 

which IS the lequired equation (©) 


The nlwvp equation mnj bo found in tlio following manner 
Lot TQ, IQ’ be the two tangents from (x', y), lot P (x, y) bo any 
lioint on 'J Q, and Jot TK, PM be the pcriicndicubirs from T and P on tho 
chord of contact QQ' 


Then 


PQ- PM- 
'rQ^~'rN- 


.(>) 


But [Art 180, Coi *1] 
and [Art 31] 


P^ _ £{x, y) 

’PQ‘ i'¥,iry 


P3f®_ {nxr'+/i (ry'q »/iq + Jvi/'+<l(»+»’)+/(y+y'j+c}' 

" [^tPa-r2/ixy+ft^ + 2i/x'+2/i/' + c}-* 
thoroforc from (1) v\c ha\c 

v) ^(x', y)- {«TX' \-h{ry'-, »/r') + b»/y + 7 (x I *')H /(//^ ?/')-{ <■}' 


ISO To Jhifl the eqwitiov of the (hiecio) -curie of a 
come 

'J’lit' equation «•( tlic tangents diawii fioin y’)io the 
come given by tho gcncial equation is 
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(ajc® + 2/uc?/ + hf + 2sr'c + 2/y + c) ^ {of, y) 

~ {acux' + h (at/ + yx') + hyy' + <7 + ^') +f (y + yO + 

The two tangents mil he at nght angles to one 
another if the sum of the coeflScients of a® and y^ in the 
above equation is zero This requires that 

(a + b) (ax^ + 2hxy' + htf + 2gx + 2fy' + c) 

— (ax' + hy + gf — (Aa' + by +f )® = 0 

The point (x\ y') is therefore on the ciicle whose 
equation is 

(ab - hF) (a® + y^) + 2v (gb -/A) + 2y (fa - hg) + c (a + 6) 

or Cx^ + Cy-~2Gx-2Fy+A+B=0 (i), 

where A, B, G, F, G, H mean the same as in Art 178 


If A® — a6 = 0, the equation reduces to 

2® (bg - fh) + 2y (fa - hg) + c (a +&)-/* —. 7 ® = 0, 

or 2Gx + 2Fy —A —B = 0 (ii) 

The conic in this case is a paiabola, and (ii) is the 
equation of its dit ectnx 


El. 1 Trace the curve ll9?+24a:y f4y®-2®+16y+ll=0, and shew 
that the equation of the director-oirole is a:®+ 2 /®+ 2 a:- 2 y=l 

Ex 2 Shew that the equation of the directnx of the parabola 
a?+2ay+y®-4*+8y— 6=0 is 3»-3y+8=0 


190 To shew that a centt al conic has four and only 
four foci, tivo of winch aie teal and two vmaginaty 

Let tlie equation of the conic be 

ft®® + A?/ - ] =0 (i) 

Let (f, y') be a focus, and let -ccosa+ysiiia— ^) = 0 
be the equation of the coiiesponding diiectiix , then if e 
be the ecceiitiicity of the conic, the equation "will be 

(a — (y — y')® — e®(®cos a +y&m a— p)®=:0 . (ii) 
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Since (i) .aid (a) icpiesent the snmo cuivc, and the 
cooflicicut ol ay is xoio in (i), the coefficient of .i.y niubt ho 


IT 


/CIO in (ii) , hence a is 0 oi ■= 

Zt 


]Iencc a diiectrix is jjaiallel to one oi other of the 


axes 


Let a = 0, then since tlie coefficients of x and y are 
reio in (i), we have ^ = 0 and a;' = cp 

Also, bj' comparing the othei coefficients in(i) and (ii), 
■w e have 

a h 


1 ** ““ •* t* 2 Q 

— e 1 X — ejr 

-A'-t- 

ajjx = 1 


and 


x~ — - 


] 

a 


1 

h 


(lii). 

..(iv), 

(V). 


From (^) wo see that there are two foci on the axis of 

V whoso distances from the centie aie ± fij ~ 

From (iv) ve see that a duectrix js the polar of the 
corresponding focus 

73 * 

If o = g > ""’c can shew in a similai manner that theie 

aie two foci on the axis of y whose distances from the 

centie are + Of the two pairs of foci one is 

clearly real and the othei imaginaiy, whatovei the values 
of a and h (supposed leal) may be 

The eccentiicity of a conic lefened to a focus on the 

axis of X IS fioin (in) equal to *“ the eccentricity 

referred to a focus on the axis of y will similaily be 

1 — If the curve be an ellipse a and b have the 


^/0 
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same sign, and one of these cccentiicities is real and the 
other imaginaiy If however the cuivc ho an hyperbola, 
a and h have different signs and hath eccentricities are 
real 


In any conic, if e, and e, 
have 



be the two eccentiicities, we 


b 

b — a 


= 1 


191 To find the eccentricity of a come given by the 
general equation of the second degree 

By changing the axes "we c,in lediice the conic to the 
form 

ax~ + ySy" + «y = 0 (i) 

If e he one of the eccentncities of the conic, 

a = ^(l-e®) (u) 

But [Ai-t 52j, wo know that 

a + ^ = a + 6 (ill), 

and Slab — h^ (iv) 

Eliminating a and yS fiom the equations (ii), (iii) and 
(iv), we have 

(2-e°)= ^ (a + b)- 
1 — e® ah — /t® ’ 


01 


e + 


ah — 


(c®-l)=0 


(v) 


If the cuive is an ellipse, ab — h~ is positive, and one 
value of c® is positive and the other negative The real 
value of e is the eccentncity of the ellipse With refeience 
to one of the real foci, and the imaginary value is the 
eccentricity with reference to one of the imaginary foci. 

If the curve is an hyperbola both values of e® aae 
positive, and therefore both eccentricities are real, as we 
found in Art 190, we must therofoie distingmsh between 
the two eccentncities 

The signs of a and y8 in (i) are diffeient Avhen the curve 
is an hypeibola, and, if the sign of « be diffeient from 
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that of 7, the real foci will lie on the axis of a Hence 
to find the eccentricity with reference to a leal focus, 
obtain the values of a and /8 from (iii) and (iv), then (ii) 
will give the eccentricity required, if we take for a that 
value whose sign is different from the sign of 7 

Ex Find the eccentncit}' of the conic whose equation is 
ic® - Axy - 10* + 4j/=0 

The equation referred to the centre is ar - ixy — 2y- -1=0 This will 
become tta?+Py*-l=0, where o+j3=-l and ap = -6 Hence a=2, 
/3=-3 The ecoentncify with reference to a real focus is given by 
2=-3{l-c^, therefore 

192 To find the foci of a come 

Let (a/, y') be one of the foci of the conic 

flar + 2//xy + iif + 2^a + 2/y + c = 0 . ...(1) 
The corresponding diiectiix of the conic is the polai of 
(a', y), therefore its equation is 

X {ax' + hy +g)+y (hiif + by' +f) + go/ +fy' + c = 0 
The equation of the conic may therefore he written m 
the form 

(a - a')® + (y “ y'f *- X {a {ax' + hy' +g)+y {hx' + by -!- f) 

+g'e'+fg' + cY ^0 (ii) 

Since (1) and (ii) repiesent the same curve, the coeffi- 
cients in (11) must be equal to the coiiesponding coefficients 
in (1) multiphed by some constant We have therefore 
1 — \ {ax' + hy + g)' — ka, 

— \{ax' + hy'+g) {h'if + by'+f) =kh, 
l-^\{hx' + bf +f)- =:lb, 

- a' - \ {ax' + hf + g) {gv' ■{■fif + c) = kg, 

-y - x lhx' + by' -^f) (gaf +ff -^c) ^kf, 
and x'^ + y'® — ^ (gaf -^-fy' + c)® = kc 

From the first thiee of the above equations we have 
{ojc' + hf +g)- - (to' + by' +/ •) 
a— b ’ 

_ {ax' -f hy' + g) {hx' + h/' +f) 
h 


(ill) 
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Multiply the tourth and fifth equations by a,', y lespec- 
tively and add them to the sixth , then, comparing Avith 
the second, after i ejecting the factor g-c' +fy' + c, we get 

a {ax' + W+g) + y' + W +/) +.9® +fy ' + c 

(a®' + hy' +g) Qix' + hy' +/) 

_ - , 

or K in = + '‘g'+y . +y (XV) 

The foul foci are therefore from (iii) and (iv) the foui 
points of intersection of the two conics 

{ax + hy + gY — {hx + by +fy _ {ax + hy +g) (hx + by +/) 
a — b h 

= <l> y) 

193 The equation of a come referred to a focus as 
ongin IS /B® + (aj cosa +yama — p)® 

Either of the lines x + J-i y = 0 meets the conic in 
coincident points 

Hence the tangents from the focus to the conic aie the 
imaginary lines a? + y V— 1 == 0, or as one equation 

Since the equation of the tangents from a focus is m- 
dependent of the position of the directrix, it follows that 
if comes have one focus common they have two imagmary 
tangents common, and that confocal conics have four 
common tangents 

Now if the origin and axes of co-ordinates be changed 
m any manner, the equation of the tangents from a focus 
■will be changed from 

aj®+y® = 0 to x^-\-y‘^-2gx + yy + c = Q 

Hence the equation of the tangents to a come from a 
focus satisfies the conditions for a circle 

We may therefore find the foci of a conic in the 
following manner 
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I’he equation of the tangents fiom y’) to the conic 
^ (a, y) = 0 IS 

(cm " + 2/<.'jy + 6/y® + '2>g,< + yy + c)<f> (n/, y') 

- {c^^'a. + h (xy + /a) + byy + (/ (a. + a') +/ (y + y') + d}® 
If {'o,y') be a focus of the conic, this equation satisfies 
the conditions foi a circle, viz that the coefficients of a;® 
and y'' are equal, and that the coefficient of xy is zero 

Hence we have 

(os', y) - {ax + hy +^)® = hif> {x, y') - {lub + hy' +y f, 
and li^ {x', gfO =* {ax' + hy' + g) Qix' + hxf +/) 

The foci are therefoie the pomts given by 
(gg + hy + gj - {hx + hy +/)" 
a — b 


{ax + hy +g) {hx + bi/ +/ ) 
h 


= <f> {^> v) 


The equations giving the foci may be wiitten 


f^Y - 

\dx) \dy) 


a- 


d<f> d(f> 


h 


194. To find the equation of the axes of a conic 
The axes of a conic bisect the angles between the 
asymptotes, and the asymptotes are parallel to the lines 
given by the equation g^+ 2hyx + by'‘=0 [Art 174] Hence 
[Art 39] the axes are the stiaight lines through the centre 
of the conic parallel to the lines given by the equation 

'i"~y^ xy 
a — h h 

We may also find the equation of fhc> axes as folloivs 
If a point Pbe on an axis of the conic, the hue joinmg 
P to the centie of the come is perpendicular to the polar 
of P 

Let x', f be the co-oidmates of P, then tho e([uation 
of the polai of P is 

«5(g«'+/'y'+i/) + 2 /(/ig'+ by'-\-f) +g'r+ fy'+ c = 0 (i) 

s f s 14 
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The equation of any line tliiough the centre of the 
conic IS a® + /iy+ 5 f + X(/w5 + &y+/) = 0 (ii). 

Since (ii) IS perpendicular to (i), we have 
(d+A/t) (aa!'+V+ 9 ) + (/i+A6)(74a;'+6y'+/‘)=0 (m) 

Since (ii) passes through (x', y'), we have 

ok' + %' + 5 ' + a {]ix' + 6y' + f) = 0 (iv) 

Eliminate A from (in) and (iv), and we see that {x', y') 
must he on the conic 

( ax + hy + gy- {hx + hy +/)~ (ax + hy + g) {ha, ■\-by + f) 
a — h h ’ 

which is the equation lequired 

The equation of the axes may also he deduced fiom 
Article 1,92 or 193, for one of the conics on which we have 
found that the foci he passes through the centre, and 
therefore must he the axes 

Ex 1 Shew that all oomoa through the four foci of a como arc 
rectangular hj’perbolas 

Ex 2 Prove that the foci of the como whoso eiiuation is 
«** + 2hxy + by® = 1 , 

lie on the curves 

_ I 

a — b Ii Ifi — ah 

Ex 3 Shew that the real foci of the conic 

«?-6xy+y®-2a!-2y+5=0 are (1, 1) and (- 2, - 2) 

E\ 4 The CO ordinates of the real foci of 2*®-8i:y-4y®-4y + l=0 
are (o. and 

Ex 3 The focus of the parabola is®+2a:y+y®-4a;+8>/-f>s=0 16 the 
point (-i, -%) 

Ex G Shew that the pioduct of the perpendiculars fioin the two 
imaginary foci of an ellipse on any tangent to the cunc is cgual to the 
Bguare of the semi-major axis 

Ex ?• Shew that the foot of the perpendicular from an imaginary 
focus of an elhpse on the tangent at any point hes on the circle 
described on the minor axis ns diameter 
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Ex 8 If a circle have doable contact with an ellipse, shew that the 
tangent to the circle from any point on the elhpse vanes as the distance 
of that point &om the chord of contact 

195 To find the equation of a como when the aoxs 
of co-ordinates at e the tangent and normal at any jmnt 

The most general form of the equation of a conic is 
OJT + ’ihxy + + 2^® + Ify + c = 0 

Since the ongm is on the curve, the co-ordmates (0, 0) 
t\Tll satisfy the equation, and theiefore c = 0 

The hne y = Q meets the curve wheie ax‘ + 2ga! = 0 
If y = 0 IS the tangent at the ongm, both the values of a, 
given by the equation a®*+ 2gj, = 0 must be zero, there- 
fore g = 0 

Hence the most general form ot the equation of a conic, 
■when referred to a tangent and the corresponding normal 
as axes of a, and y respectively, is 

a®® + 2/<®y + hf + 2fy *= U 

Ex 1 All chords of a come which subtend a right angle at a Jixtd 
j)oint 0 on the conic, cut the normal at O in a fixed point 

Take the tangent and normal at 0 for axes, then the equation 
of the come will be 

ax-+2hxg+bg-+2fg=0 

Let the equation ofPQ, one of the chords, be Ix+mg -1=0 The 
equation of the lines OP, OQ will be [Art 38] 

ax--^Zhxg-i-bg-+2fg{lx+mg)=0 (i) 

But OP, OQ are at n^t angles to one another, therefore the sum of 
the coefficients of x* and y- m (i) is zero Hence we have a + 6 + 2fm=0 , 
which shews that m is constant, and m is the reciprocal of the intercept on 
the normal 

Ex 2 If any two chords OP, OQ of a conic male equal angles with 
the tangent at O, the line FQ will cut that tangent in a fixed point 

196 The equation of the normal at any point (j' I y ) 
of the conic whose equation is n®® + hif = 1 is 

X — 0} y — y 
~bf~' 


14—2 
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TJiis will pass tbroligh the point (A, /.) if 

h — 

1 e if xy' (p> — V) ■{■ hhy' — ri/u// = 0 

Theiefore the feet of the uoinials which pass thiough a 
paiticular point (1i, 1c) are on the conic 

xy {a—h) +hhy — ahc—Q (i^ 

The foui leal oi imaginaij’’ points of inteisection of the 
conic (i) and the ongin^ conic aie the points the normals 
at which pass through the pomt (A, k) 

The come (i) is clearly a rectangular hypeibola whose 
asymptotes aie parallel to the axes of co-ordinates, that is 
to the axes of the oiiginal conic It also passes through 
the centre of that conic, and thiough the pomt (A., k) itself 


197 If the noimals at the extiemities of the two 
chords lx + my — 1 = 0 and I'x + m!y — 1 = 0 meet in the 
point (A, A), then, for some value of X, the conic 

aa? + hy‘ — l~\llx + my — 1) {I’x + m'y — 1) = 0 (i), 

w'hichjfor all values of \, passes tlirough the four extremities 
of the two chords, w'lll [Art 196] be the same as 

xy (a — h) + hhy — alex = 0 (ii) 

The coeflScients of x^ and the constant term are 

all zero in this last equation, and therefoie they must be 
zero in the pieceding 

We have therefoie 


a — \ir — Q, h~ Xmni = 0, and 1 -t- X = 0 


Hence, if the noimals at the ends of the chords 
lx -1- my — 1 = 0 and I'v + m'y — 1=0 meet in a point, •we 
have 


W _ mm' 
a~ h 


(ill) 


198. By the preceding Article we see that normals to 
the ellijise whose axes aie 2a, 2h at the extiemities of the 
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clioids whose equations are 

1 % + my — 1 = 0, and Va, + viy —1 = 0, 
will meet in a point, if 


S, 


uTLb — 0 mm = — X 

If the eccentric angles oi these four point 
S, the equations of the chords ■wull he 

£0 ef-h/3 . ;/ a + /3 a — 
^■=05 — = cos -2 


l 8 


j A 7 + 3 , y 7+S fy — 6 
and - cos ~ — h f sm = cos 

a 2 0 2 2 

We have therefoie, by compaiing vnth (i), 

a + /3 7 + S a — ^ y — S . 

cos — ^ cos -g— + COS -g- cos -i-i— = 0, 

/8 7~S . 

~ cos = 0 


and 


cos— g- 

a + i8 7 + S a — / 
sm - g— sin ~ — I- cos — ~ 


By subti action, we have 

a + /3 + '/ + S 
cos =0, 

whence a +^ + 7 + 8= (2n + 1) w (ii) 

Also the first equation gives 


cos 




+ COS 


a+8-^- 7_ 

2 ' ' 


and, usmg the condition (ii), this becomes 

sin (a + /S) + sin (yS + 7) + sm (7 + a) = 0 (111) 

Ex 1 Ij ABC be a maximum triangle -inscribed m an ellipse, the 
normals at A, B, 0 mil meet in a point 

The eccentnc angles will be o, o+y , and a + y [Art 138] The 
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condition that the normals meet m a point is [Art 198 (in)] 
sm2a+sm ^2a+ 
which IS clearly true 

Es 2 The normah to a central conic at the four points P, Q, Jt, S 
meet in a pointy and the circle throuqh P, Q, P cuts the conic again w S', 
shew that SS' is a diameter of the conic 

SS' wiU be a diameter of the conic if PS and PS' aro parallel to 
conjugate diameters [Art 134] 

Now if PQ be Ix+tnij — 1=0, PS will be ja:+ — j/ + l=:0 [Art 197], ^ 



also PS' will be parallel to lx-iiiy=0, since P, Q, P, S' are on a circle, 
hence S^ is a diameter, for [Art 182] lr-jny=0, and ~it=0 are 
conjugate diameters of ax^+hg-=l 

[The proposition maj also be obtained from Art 198 (ii), and 
Art 18G, Es (1)] 

Ex 3 If the normals to an ellipse at A, P, C, D meet in a point, the 
axis of a parabola tlnoiiqh A, P, C, D is parallel to one or other of the 
equueonjiigates 

If 7i, 7 be the point where the normals meet, A, P C, D are the fonr 
points of intersection of the conics 


a? , /I 1\ hu lx „ 

r- + 1 = 1 [a '^ ' ir-j + 

All conics through the luterscctions are inclnded in the equation 
^■,y- n /I IN % A 

If this be a parabola the terms of the second degree mnst be a perfect 
sqnare, and therefore must be the square of - db ^ The equation of everv 


such parabola is therefore of the form 




Their 


axes are therefore [Art 172] parallel to one or other of the lines - i =0 

a h 

Ex 4 The perpendicular from any point P on its polar icith lespeet to 
a come passes through a fixed point 0, prove (a) that the locus of Pisa 
lectangular hyperbola, (/5) that the circle circuniscnhiny the triangle which 
the polar of P cuts off from the axes alicags passes through a fixed point O', 
(y) that a parabola whose focus is O' will touch the ares and all such 
polars, (5) that the directrix of this parabola is CO, where O is the centre 
of the conic, and (e) that 0 and O’ are interchangeable 
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a:® V- 

Let the equation of the come ho ^ + ^=1, and let (7 j, 7i.) he the co-or- 
dmatcs of the fixed point 0 

If the CO ordinates of any point P bo (y', »/')> tlio equation of the line 
through P periiendicular to its polar until lespoct to the come mil he 

v-v' 

' t ’ 

1)8 


01 


x—x! 

t! 

a- 


a-x h-t/ „ 

y-~a-- 0" 

it' 


(0 


If this line pass through the point (7i, 7.), we haic 

*' y* 

From (i) ue see that {sd, y*) is on a rectangular hyperbola (a) 

Tlio equation of the circle circumscribing the triangle cut oil fiom the 
axes bv the polar of {sf, -if) mil he 

The circle mil pass through the point (X7i, -X7 ) if 

Hence, if (a/, y') satisfies the relation (i), ive have 

a8-J)8 

Hence the circles all pass through the point O' uhosc co-oidinatcs are 

(/ 9 ) 


as_l,s l)S_o8, 
\h, ,-Trr-,-,7 


The point O' is on the circle circnmscnhing the triangle formed by the 
axes and any one of the polar s, hence the paiahola uhoso focus is O' and 
which touches the axes will touch every one of the polars ( 7 ) 

The parabola touches the axes of the original conic, therefore the centre 
C IB a point on the directnx of the parabola Also the lines CO and 
CO' mahe equal angles mth the axis of at, which is a tangent to the 
parabola, therefore 0’ being the focus, CO is the directrix (5) 
Since CO' C0=a^-b-, and CO, Cff make equal angles with the 
axis of «, and are on the same side of the axis of y, the points 0 and O' 
are interchangeable (e) 


199 Definition Two cuives aio said to be similai 
and sirmlai ly situated when ladii vcctorcs draxiTi to the 
iii'st from a ceitain point 0 are in a constant ratio to 
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parallel radix vectoies diawn to the second from another 
point 0' 

Two curves aie siniiltti Avhen ladii drawn from two 
fixed points 0 and O' making a constant angle A\ith one 
anothei aie pioportional 

The two fixed points 0 and O' may he called centres of 
similarity 

200 If one pan of centres of swiilanty eanst foi two 
curves, then there will he an infinite numhei of such pairs 

Let 0, O' he the given centres of simdanty, and let 
OP, O'P' be any pair of parallel ladii Take G any pomt 
whatever, and draw O'G' parallel to 00 and in the ratio 
O'P' OP Then, from tlie similar triangles GOP, and 
G'O'P' we see that GP is paiallel to GP' and m a 
constant ratio to it , which proves that G, G are centres of 
similarity 

201 ^ two central conics be similar the centres of the 
two curves will he centres of similarity 

Let 0 and G be two centres of sinulanty Draw 
any chord POQ, of the one, and the corresponding chord 
P'O' of the other ThenbysiippositionPO, C?Q P' O' O'Q' 
is constant for eveiy pair of corresponding choids But 
since 0 is a fixed point PO OQ is always in a constant 
ratio to the square of the diameter of the first conic which 
IS parallel to it The same apphes to the other conic 
Therefore corresponding diameters of the two conics are 
m a constant ratio to one another, this shews that the 
centres of the curves are centres of similarity 

202 To find the conditions that two conics may he 
similar and similai ly situated 

By the piecedmg Article, their respective centres 
are centres of similarity 

Let the equations of the conics referred to those 
centres and parallel axes he 

+ 2/ia:y + 6?/ + c =0, 
and a'x^ + Wxy + Vf + c' = 0 , 
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01 , in polar co-oidmates 

i ■ (a cos® 6 + 27t sin 6 cos 6 + b sin® 0) + c = 0, 
and ? '® cos® 6 + 2//' sin 6 cos 6 + b' siir 0} + o' = 0 
If tliercfoic 7® 7 '® bo constant, wc must liavc 
a cos®0 + 2h bin 0 cos ^ & sin®0 

a' cos'0 + 2h' sin 6 cos 6 + b’ sin' 6 
the same foi all values of 6 


This icquires that Hence the .asymptotes 

of the two comes .are paiallel [This lesult maybe obtained 
in the following mannci since r 7 ' is constant, when one 
of the two becomes infinite, the othoi will also be mfinite, 
which shews that the asymptotes aie parallel.] 

Conveisely, if these conditions be satisfied, and if each 
fi action be equal to X, then 

r® _ c 

7 ~®~\?’ 


therefore the latio of corresponding ladu is constant, and 
therefore the curves are similai 

If c and Xc' have not the same sign the constant ratio 
IS ‘ivuiginaiy, and is zeio oi mfinite if c oi d be zeio 

The conditions of similaiity are satisfied by the three 
curves whose equations are 

xy — c,xy = 0, and xy= — c 

Therefore an hyperbola, the conjugate hyperbola, and 
their asymptotes aie three similar and similarly situated 
curves , the constant ratio being J foi the conjugate 
hyperbola, and zero foi the straight lines 

These curves have not however the same shape Foi 
similar cuivcs to have the same shape the constant ratio 
must be real and fimte 


203 To find the condition that two comes may he 
similar although not similarly situated 

We have seen that the centres of the two curves must 
be centres of similanty 
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Let tlie eq^uations of the curves referred to their 
respective centres be 

au® + 2h%y + iy® + c = 0 . (i), 

a V + 2h'xy + Vy‘ + c' = 0 (ii), 

and let the choid which makes an angle 6 with the axis of 
(c in the fiist be proportional, foi all values of 6, to that which 
makes an angle {6 + a) lo. the second If the axes of the 
second conic be turned through the angle a, we shall then 
have radii of the two conics which make the same angle 
with the respective axes in a constant ratio 

Let the equation of the second conic become 

Then, by the preceding Aiticle, we must have 
a h 6 ’ 


therefore 


A' + B' y {A' 
a + i tj{a'b — h^) 


But [Alt 52] A'+ B= a'+ V, and A!B’- j?'®= A'® , 

theiefore the condition of simdaiity is 

a6-/,® 

(a+&)" (a' + hj 

The above shews that the angles between the as 3 'mp- 
totes of similar conics are equal [See Art. 174] 

This result may also be obtamed in the following 
manner since radii vectores of the two curves winch are 
inclined to one anothei at a certam constant angle are in a 
constant ratio, it follows that the angle between the two 
directions which give infinite values for the one curve 
must be equal to the conesponding angle for the other, 
that IS to say the angle between the asymptotes of the one 
conic IS equal to the angle between the asymptotes of the 
othei. 
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1 If <2 atul P lie am two points, and C the centre of a 
conic, shew that tli<‘ iierpcndicnlarsfioin Q and G on the polai 
of 1* with respect to the conic, aie to one anotlici in the same 
ritio as the pc rjiondiciil u-s fiom P and C on tlie polar of Q 

2 Two tangents drawn to a conic from any point are in 
the same ratio is the corresponding nonnals 

3 l^'ind the loci of the fixed points of the examples in 
Aiticle 1*1 for difierent positions of 0 on the conic 

4 POQ IS one of a sj stem of p irallel chords of an ellipse, 
and 0 is the point on it such that P0‘ OQ' is constant, shew' 
that, for difierent positions of the choitl, the locus of 0 is a 
concentm ionic 

I If <2 ho anr fixed point and OPF any chord cutting a 
conic in P, P , and on this line a point D be taken such that 

ITlP ~ ^^P"’ locus of /> will be a conic whose centre 

is 0 


C If OPJ^QQ’ IS one of a ststem of parallel straight lines 
cutting one gis en conic in P' and another in <?, Q\ and 0 is 
such that the ritio of the rectangles OP OP and OQ OQ’ is 
constant shew that the locus of Ois a conic through the mtei- 
sections of the original conics 


7 POP . QOQ’ arc an^ two choixls of .i conic at right 
ainjles to one another thiousli a fixed point 0 shew* that 

]‘~(T7(}P 


8 ff a ]ioint be taken on the axismajoi of an ellipse, 

whose absciss,! is (ou d to . / , — j-s> piove that the sum of 

f»' + h 

the squaies of the lecipiocals of the segments of any chord 
|msing thioiigh that jioint is constmt 
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9 If PP' be any one of a system of pamllel chords of 
a icctangulai hyperbola, and X, A' be the extremities of the 
poipendicidar diameter , PA and P'A' will meet on a fixed 
circle Shew also that the words rectangular hyperbola, and 
circle, c.m bo interchanged 

10 It PSP’ bo any focjil chord of a ]»aiabola .uid P2r, PM' 
be perpendrcuhus on a fixed straight line, then will 

PM PM' 

PS PS 

be constant. 

11 Chords of a circle are dr iwn through a fixed point and 
circles are described on them as diameters, prove that the 
polar of the point Avrth legaid to any one of these circles 
touches a fixed parabola 

12 Fi om a fixed point on a conic chords are drawn making 
equal intercepts, measiued from the centre, on a fixed diameter, 
find the locus of the point of intersection of the tangents 
at their other extremities 

13 If (of, y') and (-b", y") be the co-ordinates of the 
extremities of any focal chord of an ellipse, and a, ^ be the 
co-oidinates of the middle point of the chord, shew tiiat y' y" 
will vary as What does this become for a parabola ? 

14 /S', JI are two fixed points on the axis of an elhpse 
equidistant from the centre (7, PSQ, PEQ' are chords through 
them, and the ordinate MQ is produced to P so that MR may 
be equal to the abscissa of , shew that the locus of R is 
a rectangular hyperbola 

15 /S’, R are two fixed points on the axis of an elhpse 
eqmdistant from the centre, and PSQ, PHQ' are two chords of 
the ellipse, shew that the tangent at P and the lure QQ’ make 
angles with the axis whose tangents are in a constant latio 

16 Two jiarallel chords of an elhpse, dmwn through the 
foci, interbeot the curve in pouits P, P on the same side of the 
major axis, and the line through P, P intersects the semi-axes 

AG* BC* 

CA, CBmUfVi espectively prove that -j- is invariable 
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17 From >\n «*\U>ni.i1 pomt (wo LingonUj .uc dnvw'ii lo .in 
cnijjt-o, hlu'w tlta( if (lie fotn }iomte whcio tlic tangenfs cut 
(lie .ixes lie on a ciiclo, the point fioin winch the Umgenis me 
drawn w^Il he on .n fixed icct.ingulnr hj'pcibola 

IS Pixnc (li.ib the locus of the iiitei'section of tangents to 
an ellipse which in.ike eipiiil angles wntli the inajoi and miuoi 
axes lespectivoh, hut w-hicli are not at light angles, is a rect- 
angular hyperbola whose imticcs are the foci of the ellipse 

iU If a pair of tangents to a conic meet .i iixed diatnetei 
m tvro points such that the sum of their distances fiom the 
centre is constant, shew that the locus of the point of intersec- 
tion is a conic Shew also that the locus of the point of mter- 
Bcction IS a conic if the 2>rod7ict, oi if the sum of the reciprocals 
be constmt.. 


20 Through 0, the middle point of a chord AJi of an 
elUpse, IS drawn anj chord POQ The tangents at P and Q 
meet AP in S and T rcspcctncly Prove that AS=BT 


21. Pau-s of tangents aio drawn to the conic aa? Pf =\ 
so as to he always parallel to conjugate dhimctci-s of the conic 
oar -^ 211 X 1 / -i-hf , shew that the locus of thcii mtcrsection is 


o ir hy" + 2hxy = 


a 

a 


+ 


b 

/S’ 


22 PP, PT' are two tangents to an ellipse which meet the 
tangent at a fixed point Q in T’, T , find the locus of P (i) 
when the sum of the squares of <?Tand QT' is constant, and (u) 
when the rcchingle QT QT is conslaut 


2.‘i 0 is a fixed point on the tangent at the voilex -1 of a 

conic, and P, 7', ,uo jiomts on that buigcnt eqiiallj distant 
liom 0 , shew tint tin locus of the point of mtci section of the 
othci tangents fiom P and P' is a straight line 

24 If from anj point of the cu*clo circumsdnbmg a given 
square tangents ho drawn to tlie circle insenbed in the same 
squill c, these tangents will meet the diagonals of the squai-e 
ill fom points Uiiig on a lectangnlii hyjjeihola 
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25 Find the locus of the point of intersection of two 
tangents to a conic which inteicept a constant length on a fixed 
straight line 

26 Two tangents to a conic meet a fixed straight line 

in P, <3 if P, <3 be such that PQ subtends a nght angle 
at a fixed point 0, prove that the locus of the point of inter- 
section of the tangents mil be anothei conic 

27 The extrenuties of the diametei of a ciicle aie joined 
to any point, and from that point two tangents aie diawn to the 
circle, shew that the inteicept on the perpendicular diameter 
between one Ime and one tangent is equal to that between the 
othei line and tlie other tangent 

28 Triangles aie desciibed about an ellipse on a given base 
which touches tlie ellqise at Z’, if the base angles be equidistant 
from the centre, piove that the locus of then vertices is the 
noianal at the other end of the diametei through P 

29 A parabola slides between lectangulai axes, find the 
cun'e tiaced out by any pomt in its axis, and hence diew tliat 
the focus and veitex will describe curves of which tlie equations 
are a;®y" = a- + y®), tti/’ (a® + ?/“ + Sa") = a®, 

4a being the latus lectum of the paiabola 

30 If the axes of co-oidinates be inclined to one <inothui 
at an angle o, and an ellipse slide between them, shew that the 
equation of the locus of the centie is 

sin®a (a® + y® —p')" — 4 cos®a (afy^ bin®a— y'*) = 0, 

where ^® and y® denote lespectively the sum of the squaies and 
the product of the semi-axes of the ellipse 

31 If OP, OQ aie two tangents to an ellipse, and 
OP', CQ' the parallel semi-diameters, shew that 

OP Og^CP' CQ'-OS OJI, 
tS, 21 being the foci 

32 Thiough two fixed pomts P, Q straight lines ylPP, CQJ) 
are drawn at nght angles to one anothei, to meet one given 
straight line in -4, 0 and another given stiaight Imc peij'cii- 
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diculai to tlie formei va. B, D , find tlie locus of the point of 
intersection of AD, BG , and sliew that, if the line joining 
F and Q subtend a light angle at the point of inteisection of 
the given lines, the locus •will he a lectanguLai hypeihola 

33 Piove that the locus of the foot of the peipendiculai 
from a point on its polai "With lespeot to an ellipse is a lect- 
angulai hypeihola, if the point lies on a fi\ed diainetei of the 
ellipse 

34 The polars of a point F with lespect to tw’-o concentiic 
and co-axial conics intersect in a point Q, shew that if F 
moves on a fixed straight line, Q will desciihe a lectaiigiilai 
hj'peihola 

35 Show' that if the polaii> of a point with i aspect to two 
given comes aio eithei parallel oi at right angles the locus of 
the point is a conic 

36 The Ime joining tw o points A and B meets the two 
lines OQ, OF in Q and F A conic is desciihed so that OF and 
OQ <ue the polai-s of A and B with xespect to it Shew that 
the locus of its cciitic is the lino OB whore B divides AB so 
that 

jUi BB QB BF 

37 Find the locus of the foci of all conics which have .i 
common directoi-cucle and one common point 

38 Shew that the locus of the foci of conics which have a 
given centre and touch two given straight lines is an hyperbola 

39 III the conic aaj®+ 2hxy + htf = 2ij, the lectangle under 
the focal distances of the oiigm is 

1 

o6-//' 

40 The focus of a conic is given, and the tangent at 
a given pomt, show that the locus of the extiemities of 
the conjugate diameter is a parabola of wdiich the given focus 
IS focus 

41 A seiics of conics have tlieii foci on two adjacent sides 
of a given parallelogram and touch the other two sides, shew 
that their centies lie on a stiaight hue 
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42 li TQ he Ungonts diiiwn fioiii anj point T to 
fxnich a conic in 1* and <?, and if S and 11 be the foci, tlien 
ST _ IIT 

si~sQ ifp m 

13 An ellipse is desciibed concentiic nitli and loucliing a 
given ellipse and passing tlnough its focij shew that the locus 
of the foci of the variable elbpse is a lemniscate 

44 Having given five points on a ciicle of radius a, shew 
that theccnties of the five rectangulai hypeibolas, each of which 
passes through foui of the points, will all he on a circle of 

radius ^ 

45 Tf a 1 octangular hypeibola have its asymptotes parallel 
to the axes of a conic, the centre of mean position of the foui 
points of intersection is midway bet\veen the centres of the 
curves 


46 Three straight lines aie dia\vn paiallcl lespectively to 
the three sides of a triangle, shew that the six points in 
which they cut the sides he on a conic 


47 If the noimal at P to an ellipse meet the axes in the 

2 11 

points G, G', and 0 be a pomt on it such that - 57 = = , 

JrO I hr Irhr 

then ivill any chord through 0 subtend a right angle at P 


48 Through a fixed point 0 of an ellipse two chords 
OP, OP' are drawn, shew that, if the tangent at the othei 
extremity O' of the diameter through 0 cut these Imes pro- 
duced m two points Q, Q' such that the lectanglc O'Q O'Q' is 
constant, the line T’P' will cut 00' in a fixed point 

49 A choid LM is drawn parallel to the tangent at any 
pomt P of a conic, and the Jme PR which bisects the angle 
LPM meets LM m 11, piove that the locus of It is a hy 2 )eibola 
havmg its asymptotes parallel to the axes of the ongmal conic 

60 A given centnc conic is touched at the ends of a 
chord, drawn through a given pomt in its transverse axis, by 
another conic which passes tlirough the centre of the fonnei 
pro\e that the locus of the centre of the latter conic is also a 
centne conic. 
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51 QQ' IS a choid of an ellipse parallel to one of the equi- 
conjugate diameters, 0 being the centre of the ellipse, shew 
that the locus of the centre ot the circle QGQ' for dj^erent 
positions of QQ' IS an hyperbola 


af 


w y 

62 A circle is diawn touching the ellipse ^ + ^ = 1 at 


any pomt and passing through the centre, shew that the locus 
of the foot of the perpendicular fiom the centre of the eUipse 
on the chord of intersection of the ellipse and circle is the 


ellipse a'of + = 


(a^-by 


63 Fmd the value of c in order that the hyperbola 

2xt/ — c = 0 may touch the ellipse ^ + p - 1 = 0, and shew that 

the point of contact will be at an extremity of one of the 
equi-conjugate diameters of the ellipse 

Shew also that the polars of any point with respect to the 
tivo curves wiU meet on that diameter 


54 Shew that, if CD, EF be paiallel chords of two circles 
which intersect m A and B, a come section can be drawn 
through the six'pomts A, B, G, D, E, F , and give a construc- 
tion for the position of the majoi axis 

65 If the mtersection P of the tangents to a come at two 
of the pomts of its intersection with a circle he on the circle, 
then the intersection P' of the tangents at the other two pomts 
■will lie on the same circle In this case find the relations con- 
necting the positions of P and P iov a central come, and deduce 
the relative positions of P and P' when the come is a parabola 

56 If 5^, 2^ be any two pomts equidistant and on 
opposite sides of the directrix of a parabola, and TP, TQ 
be the tangents to the parabola from T, and TQ’, TP the 
tangents from T , then will T, P, Q, T, P, Q' aU lie on a rect- 
angular hyperbola 


57 If a straight Ime cut two circles m A, A' and B, B' 
and if G, G' be the common pomts of the circles, and if 0 be 
any pomt, shew that the three circles OAA', OBB' and OGG' 
will have a common ladical axis 


S C. S. 


15 
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58 Witb a fixed point 0 foi centie Glides are desenbed 
cufctuig a comcj sbew that the locus of the middle iioints of the 
common chords of a circle and of the conic is a rectangular 
liypeibola 

59 With a fixed point 0 for centre any circle is described 
cutting a conic in four points real or imaginary, shew that 
the locus of the centies of all conics thiough these four points 
IS a rectangular hypeibola, which is independent of the radius 
of the circle 

60 The normals at the ends of a focal chord of a conic 
intersect in 0 and the tangents m T , shew that TO pioduced 
will pass thiough the otliei focus 

61 If from any pomt four normals be drawn to an ellipse 
meeting an axis in G^, G^, G^, then will 

111.1 4 

CG^ GG, 0% CG^ ^ GG^ + GG.+ GG^ + GG^ 

62 If the iioimals to an elhpse at -4, B, G, D meet in 0, 
find tlie equation of the conic ABGDO, and shew that the 
locus of the centre of this conic foi a fixed pomt 0 is a straight 
Ime if the ellipse be one of a set of co-axial ellipses 

63 The four nomals to an ellipse at P, i?, S meet at 0 
Straight hnes are diawii fiom P, Q, R, S such that they make 
the same angles witli the axis of the ellipse as CP, CQ, CR, CS 
lespectively piove that these foui Imes meet m a point 

64. Tlie iioiinals at P, Q, R, S meet in a point 0 and lines 
aie drawn thiough P, Q, R, S makmg 'oath the axis of the 
elUpse the same angles as OP, OQ, OR, OS respectively prove 
that these foui Imes meet m a pomt 

65 The noiinals at P, Q, R, S meet m a pomt, and 
P , Q', R', S' aie the points of the auxiliaiy circle correspond- 
ing to P, Q, R, S respectively If lines be draivn through 
P, Q, R, S paiallel to PG, Q'G, R'G and S'G respectively, shew 
that they will meet in a pomt 

66 If from a veitex of a come perpendiculars be drawn 
to the foui 1101 mals which meet in any pomt 0, these lines 
uill meet the conic again m foui pomts on a cu’cle. 
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67. Tangents are diawn from any point on tlic conic 

7/^ •(/* 7^ 

_ + ^ = 4 to the conic ^ = 1 , piovc that the normals at 

a b a~ h- ’■ 


the points of contact meet on the conic a'^r+h^y^ = 



68 11 ABC be a triangle msenbed in an ellipse such that 
the tangents at the angular points are parallel to the opposite 
sides, shew tliat the normals at A, B, C will meet in some 
pomt 0 Shew also that for diffeient positions of the triangle 
the locus of 0 •will be the ellipse 4a®ar + Wif = [or — h~)" 

69 If the co-ordinates of the feet of the normals io = a 

from the point {X,T) be a;,, x^, y., a,, y„ then 

i’’=.y, +V- + V3 + y 4 , and A' = -i,, a;^ - a;, -f- a;^ 


70 The locus of the point of intei section of the normals 
to a conic at the extremities of a chord -which is parallel to a 
given straight line, is a conic 

71 Any tangent to the hypeibola ■Ixy — ah meets the 

• • * 

•K” 7/” 

ellipse ~g + p=:l m pomts P, Q, shew that the normals to the 

dhpse at P and Q meet on a fixed diameter of the ellipse 

72 If four normals be drawn from the point 0 to the 

ellipse 6®.ir -i- a*y® = and /i, , be the perpendiculars 

from the centre on the tangents to the ellipse diawn at the feet 
of these normals, then if 



•w here c is a constant, the locus of 0 is a hyperbola. 

73 Tind the locus of a pomt -when the sum of the 
squares of the four normals from it to an elhpse is constant 

7 4 The tangents to an ellipse at the feet of the noi-mals 
which meet m ( /]^)form aqnadi ilateral such that if {x',i/), 

be any pair of opposite vertices — 1, and that the 

O' o 

equation of the Ime joining the middle points of the diagonals 
of the quadrilateral is ./ic -f yy = 0 

75 Tangents aie drawTi to an ellipse at four points -which 
are such that the normals at those pomts co-intcrsect, and foui 
rectangles ai c constructed each having two adjacent sides along 


15 — 2 
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tlie axes of the ellipse, and one of those tangents foi a diagonal 
Pioie that the distant extremities of the othei diagonals ho 
in one straight line 

76 Fiom a pomt P normals are di-awn to an ellipse 
meeting it in yl, B, G, D If a conic can he described passing 
through A, B, C, D and a focus of the ellipse and touching the 
coi responding directrix, shew that P lies on one of two fixed 
straight lines 

77 If the noimals at A, B, C, B meet in a point 0, then 
Milli!/! SB SC SD=J^ /JO®, where /S' IS a focus 

78 Eiom any point foui normals are diawn to a lect- 
angulai hyperbola, jirove that the sum of the squares on these 
noimals is equal to thiee times the square of the distance of 
the pomt fiom the centre of the hypeibola 


79 A choid is drawn to the ellipse + ^=1 meeting the 


a 


major axis ui a point whose distance fiom the centie is 
a a/ ^ — r the extieniities of this choid noimals are drawn 

to the ellipse, prove that the locus of their pomt of mtersection 
lb a cii cle 


80 The product of the foui noimals drawn to a come fiom 
any point is equal to the contmued product of the two tangents 
diavTi from that point and of the dmtances of the pomt from 
the asymptotes 

81 Fmd the equation of the conic to winch the straight 
lines {v + Xi/f ~ = Of and {a, + fipy — gr = 0 are tangents at the 
ends of conjugate diametera 

82 Prom »my pomt T on the cucle + tangents 

PP, TQ aie diawn to the ellipse p + ^ = 1, and the ciicle TPQ 

cuts the ellipse again in P'^ Shew that the line PQ' 
always touches the ellipse 

sc' if c- 

83. A focal chord of a come cuts the tangents at the 
ends of the major axis m A, B, shew that the circle on AB as 
diameter has double contact with the conic 
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8 -I- ABGD IS any lectangle circnmsciibing an ellipse whose 
foci aic S and JI, shew that the ciiclo ABS oi ABII is e«inal 
to the auxihaiy cixcle 

85 Any ciicle is described liaving its centre on the 
tangent at the vertex of a paiabola, and the foiii common 
tangents of the circle and the paiabola aie drawn, shew that 
the sum of the tangents of the angles these lines inahc 
ivnth the axis of the parabola is reio 

86 Tangents to an ellipse aie drawn fiom any pomt on 
the auxiliaiy circle and intersect the diiectiix m four pomts 
prove that two of these lie on a straight line passmg through 
the centre, and find wheie the line thiough the otlier two 
pomts cuts the major axis 

87 If ?« = 0, w = 0 be the equation of two central conics, 
and the i allies of «, v at the centres 0, O' of these conics 
lespectively, shew that n^ — v^u is the equation of the locus of 
the interaection of the lines OP, O'P', wliere P, P' aie two pomts, 
one on each curve, such that PP’ is parallel to CO' Examine 
the case iiheio the conics aic siinilai and similaily situated 

88 . Two circles have double internal contact with an 
ellipse and a third ciiclc passes thiough the foui points of 
contact If I, t', T be the tangents drawn from any point on 
the ellipse to these thiee ciicles, pioie that tt' =T- 

89 Emd the general cqu.ition of a conic winch has 
double contact ivith the two ciicles (aj-a)®+ 7 /®=c®, (a— 6 )®+ 2 r=rf‘, 
and proie that the equation of the locus of the extiemity of 
the latus rectum of a conic ■which has double contact with the 
cii cles (a jfc o)® + y® = c* IS 7 /® (ar — or) (v - a" + c®) = c*af. 

90 Shew that the lines fa. + my = 1 and I'x + m'y = 1 
aio conjugate diameters of any conic thiough the intersections 
of the two conics whose equations are 

(l^m' - 1 -m) if + 2(1 — I') mm'xy + (m - m') mm'if = 2 (/ini' - Vm) i , 
and 

(mfl' — m'‘l) y® + 2 (m - m') IVxy -j (/ — V) U’af = 2 (»»/’ — «?'/) y 

91 If through a fixed pomt choids of an ellipse be drawn, 
and on these as diameters ciicles be desenbed, prove that the 
other chord of intersection of these circles with the ellipse also 
passes through a fixed pomt 
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92 G’lio angular points of a triangle aie joined to tivo 
fixed ponitb, shew that the six points, in which the joining 
1iT>f-R meet the opposite sides of the tiiangle, lie on a come 

93 If three sides of a quadnlateiul insciibed in a conic 
pass thioiigh tlnee fixed points in the same straight line, shew 
that the fourth side -mil also pass through a fixed point in that 
straight line 

94 Two choids of a conic FQ, PQ' intersect in a fixed 
point, and PF passes through another fixed point Shew that 
QQ’ also passes through a fixed point, and that jP<2', FQ touch 
a conic having double contact with the given conic 

95 A line parallel to one of the equi-conjugate diameters 
of an ellipse cuts the tangents at the ends of the major axis 
in the ]]oints P, Q, and the other tangents from P, Q to the 
ellipse meet in 0, shew that the locus of 0 is a lectangular 
hyperbola 

96 X, M, jT, R are fixed points on a rectangular hyper- 
bola and P any other point on it, PA is perpendicular to LM 
and meets NR in a, PC is perpendicular to LN and meets MR 
m c, PB IS perpendicular to LR and meets MN in h Piove 
thatP^ Pa^PB Pb = PC Pc 

97 P IS any point on a fixed diameter of a parabola 
The normals from P meet the curve m A, B, C The tangents 
parallel to PA, PB, PC intersect in A', B’, C' Shew that the 
ratio of the areas of the triangles ABC, A'B'C is constant 

98 A point P IS taken on the diameter AB of a circle 
whose centre is C On AP, BP as diameters circles are 
described the locus of the centre of a circle which touches 
these three circles is an elhpse having C for one of its foci 

99 The stiaight lines from the centre and foci S, S' of a 
conic to any pomt uitei’sect the coirespondmg chord of contact 
111 V, G, G' , prove that the radical axis of the cucles described 
on SG, S'G' as diameters passes through V 

100 If the sides of a triangle ABC meet tw’o given 

straight lines in a„ Cj, 6„ c„ c„ respectively, and if lound 
the quadiilaieiiils cja^a^a^, conics be de- 

scribed, the three other common chords of these comes will 
each pass through an angular point of ABC, and -will all meet 
in a point 
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SYbfEMS OF COXICb 

204. The most general equation of a conic, viz 
aar + 2hxy + hf + 2^a; + 2fy + 0 = 0, 
contains the siv constants a, 1i, h,g,f,c But, since we 
may multiply oi divide the equation by any constant 
quantity vithout changing the relation between x and y 
which it indicates, there aio leally only five constants 
which aie fixed for any particular conic, viz. the five latios 
of the SIX constants a, h, b, g,f, c to one auothei 

A conic therefoie can be made to satisfy conditions 
and no moie For example a conic can be made to pass 
through five given points, oi to pass through foiii given 
points and to touch a given straight line The five con- 
ditions which the conic has to satisfy give use to five 
equations between the constants, and five independent 
equations are both necessarj'^ and sufiRcient to determine 
the five ratios. 

The given equations may howevei give moie than one 
sot of values of the latios, and therefore moie than one 
conic may satisfy the given conditions , but the number 
of such conics -wnll be Jimie if the conditions aie really 
.independent 

If there are only foui (or less than foui) conditions 
given, an tnfimte number of conics will satisfy them 

The five conditions which any conic can satisfy must 
be such that each gives nse to one relation among the 
constants, as, for instance, the condition of passing through 
a given point, or that of touching a given straight line 
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THE CONIC THBODGH FIA’-E POINTS 


Some conditions give two or more relations between 
the constants, and any such condition must be reckoned 
as two 01 more of the jive We proceed to give some 
examples 

In ordei that a given point may be the centre two 
relations must be satisfied [Art 168] 

To have a focus given is equivalent to having two 
tangents given [Art 193] 

To have given that a bne touches a conic at a given 
point IS equivalent to Uuo conditions, for we have two 
consecutive points on the curve given 

To have the direction of an asymptote given is equiva- 
lent to havmg one point (at mfimty) given 

To have the position of an as 3 miptote given is equivalent 
to two conditions, for two points (at infinity) aie given 
To have the axes given in position is eqmvalent to 
th ee conditions. 


To have the eccentncity given is in general equivalent 

to one condition, but since we have ^5 = _ 

1-e® 


[Art 191], if we are given that e = 0, we must have loth 
a = l and h — 0 


205 Through jive points, no four of which ai e in a 
straight line, one conic and only one can he drawn 

If three of the points are in a straight line, the come 
through the five given points must be a pan of straight 
hnes, for no straight line can meet an ellipse, parabola, or 
hyperbola in three points And the only pair of stiaight 
lines through the five points is the line on which the three 
pomts lie and the line joimng the other two pomts 

If however not more than two of the points are on any 
straight line, take the line joinmg two of the points for 
the axis of os, and the line joining two others for the 
axis of y 

Let the co-ordinates of the four points referred to these 
axes be ftj, 0 , , 0, Ibj , and 0, respectively 
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The pairs of stiaight lines + + 

and xy — 0 are comes whicli pass thiough the four points 
Hence [Art 187] all the conics given by the equation 

■will pass through the four points 

This conic will go through the fifth point, whose co- 
oidinates are x, y, if X he so chosen that 

( f , + 1 " + 1 ; “ ” 

There is one and only one value of \ which satisfies 
this last equation, and therefore one and only one conic 
will pass through the five points 

If four points lie on a straight line, more than one 
conic ivill go through the five given points, for the straight 
hne on which the four points lie and any straight line 
through the fifth is such a conic 

Ex 1 Find tlio equation of tho conic passmg through the five points 
(2, 1) (1, 0), (3, -1). (-1, 0) and (3, -2) 

The pairs of hnes (aj-y-l) (*+4y+l)=0, and y (2aj+y— 5)=0, pass 
through the first four points, and therefore also tho conic 
(aj - y _ 1) (a!+4y + 1) - Xy (2®+y - 5) =0 
Tho point (3, - 2) is on the latter conic if X= - 8 , therefore tho required 
equation IS a:*+19xy+4yS-45y-l=0 

Ex 2 Find tho equation of tho conio vluch passes through the fiie 
points (0, 0), (2, % (0, 3), (2, 5) and (4, 5) 

Alls 5x--10xy+4i/-+20x-12i/=0 


206 To find the general equation of a come through 
four fixed points 

Take the hne joining two of the points for axis of 
a?, and the line joining the other two ibi axis of y, and 
let the Imes whose equations are ax + hy — 1 = 0 and 
o'a; + 6 y — 1 = 0 cut the axes in the four given points 
Then xy = 0, and {ax + by—l) {a'x + b'y — l)=0 are 
two conics through the four points, and theiefoie all the 
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couics of the sj^steiu aic included in the equation 

Xicy + (tia + 1) + ~ ^ •(!)> 

or aa'ar + {ha' + aV + \)x}j + hh'f 

-(« + «') A’-(& + &')y + 1 = 0 *00 

207 The equation (ii). Art 206, will lepreseut n 
parahola, if the terms of the second degiee are a perfect 
square, that is, if 

4aa'6&' = {hd + ah' + X)® 

This equation has huo roots, therefore txoo parabolas 
will iiass through four given points These paiaholas 
are leal if the roots ot the equation aie real, which 
IS the case ivhen aa'hh' is positive It is easy to shew 
that when axihh' is negative the qiiadrilateial is re-en- 
trant, in that case the paiabolas aie imaginaiy, as is geo- 
metncally obvious 

When the terms of the second degree in (ii), Ait 206, 
form a perfect square, the square must be {J a a' x ± Jhh'y)’ 
Hence [Art 172], the axes of the two parabolas are parallel 
to the lines whose equations are J^x ± Jhh'y — 0, or as 
one equation aa'ar — hh'y^= 0 

These two straight lines are parallel to conjugate di- 
ameteis of any conic through the foui points [Ait 1S3] 

Hence all conics through foui given points have a pan 
of conjugate diameters parallel to the axes of the two pa- 
rabolas through those points 

208 To find the locus of the centies of the conics which 
pass tin oiigh foui fixed points 

As in Alt 206, the equation of any conic of the 
system is 

+ iy — 1) (a'aj + — 1) = 0 

The co-oidinates of the centre of the conic are given 
by the equations 

^y + a (a\ + Vy — I) + a' {ax + hy—l)=0, 
and Xic + Z> («% + h'y — 1) + &' {ax + hy ~1) =0 
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^Multiply these by a and y lospoctivoly and siibtiact , 
then Ave have, for all values of 

{ax — by) (a'x + b'y — 1) + (ax — Vy) (ax + by — 1) = 0, 

01 2aa''tP — 2bb'y^ — (a + «') a + (6 + &') y = 0 

The locus of the centie is theiefoie a come whose 
asymptotes are paiallel to the lines aaar — bb'y^ = 0, le 
parallel to the axes of the two parabolas through the four 
points. [The two parabolas are conics of the system, and 
their centies are theiefore the points at infinity on the 
centie-locus ] 


209 The centre-locus in Ait 208 goes through the 
origin, that is thiough the point of intersection of the line 
joining two of the points and of the line joining the other 
two, and by sj^mmetry it must go through the intersection 
of the othei pans of lines thiough the four points [This 
could have been seen at once, for the pans of lines are 
conics of the system and their centies aie their points of 
intersection, and therefoie these points of intersection are 
points on the centre-locus ] 

The centi e-locus cuts the axis of x where a = 0 and 


where x = 



Therefoie the locus passes through 


the point midway betiveen oj and 0^, that is 

through the middle point of the line joining two of the 
fixed points, and therefore similaily thiough the middle 
point of the line joining any other tw'O of the foui points 
If then A, B, G, D be any four points, the tliiee points 
of intersection of AB and GD, ol AG and BD, and of AD 
and BG, togethei ivitli the six middle points of AB, BG, 
GA, AD, BD and GD all lie on a conic, and this conic is 
the locus of the centres of the conics Avliich pass through 
the four points A, B, G, D 


210 If aa' and bb' have the same sign, we see fiom 
Art 208 that the centre-locus is an hyperbola, and that if 
aa and bb' have different signs the centi e-locus is an ellipse. 
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If aa'=&6', that is if the foul points aio on a cnclo^ tljc 
ceutiG-locus IS a i octangular liypeibola If aa' — -~W, 
and the axes aio at light angles, all the conics of the 
system aie lectangulai hyperbolas, and the centre-locus is 
a circle In this case the lines joining any two of the 
pomts IS perpendiculai to the line joining the other two, 
so that J) is the ortho-centre of the triangle ABO 

Hence a cucle will pass tluough the feet of perpendi- 
culars of a tnangle ABO and thiough the middle points 
of AB, BO, GA, AD, BD, GD where D is the ortho-centre 
of the tnangle ABC, and this circle is the locus of the 
centres of all the conics (which aie all lectangular hyper- 
bolas) thiough A, B, G, D This ciicle is called the nine- 
point cii cle. 

211 The asymptotes of any conic thiough the four 
pomts defined as in Art. 206, are parallel to the lines 
"kxy + {ax + hy) (a'a -f Vy) = 0, 

01 aaV + (\ + ah' + ci'b) xy -f- hh'y’ = 0 

And [Art 183] these lines are paiallel to conjugate dia- 
meters of the centie-locus Hence the asymptotes of any 
conic through the four points are parallel to conjugate dia- 
meters of the ceiiti e-locus, as a particular case, the asymp- 
totes of the lectangulai hyperbola which passes through 
the foul points are parallel to the axes of the centre-locus 

Bs, 1 Tho polar of a fixed pomt with respect to a sjstem of conics 
through four given points will pass through n fixed point 
Take the fixed pomt for origin, and lot 

N = 2(7j: + 2fi/ + c = 0, 
and S'=a'a? ■{■2h'xy + b'y-+2g'x+3/ y + r's 0, 

be two of the conics, then anycomo of tlie system is giien 1»3 N-XS'=0 
The polar of tho origin is 

+/il + c - \ ((I'le +/'?/ + c') = 0, 

and this, for all \ nines of X, passes thiough tho intersection of 
gx+f»j+c=0, nndjr'x-i-f'y-i-c'ssO 

Ex 2 The locus of the poles of a gn en straight lino with lespeci to 
the conics which pass through four given points is a conic 

Tale the fixed straight hue for tho axis of x, and let the equation 
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of any conic of the Eystem he as in Ex 1 The polar of (ic*, y') is 
X (ax' +hy'+g)+y{lix'+ hj +/) + gxf +fy ' + c 

- X { a; (oV + 7ty + p') + y (hV + jy +/') + yV +/y' + c' } = 0 
If this IS the same line as y=Q, the coefficient of x and the constant 
term must be zero Equate these to zero and eliminate X 

Ex 3 Shew that the locus of the pole of a given straight hne 
with respect to any come which passes through the angular pomts of 
a given square is a rectangular hyperbola 

[Take foi axes the hues through the centre of the square parallel 
to the sides , then the conics are given by a:® - a® - X (y®- a®) =0 ] 

Ex 4 The mne-pomt circles of the four triangles determined bj 
four given pomts meet m a pomt 

212 If a = 0 aud /9 = 0 are the equations of one pair 
of straight lines through foui given points, and y = 0, 
8 = 0 the equations of another pair, any conic through 
the four points has an equation of the form 

a/S = kyB 

Now, if a = 0 be the equation of a straight line and 
the co-ordinates of any point be substituted in o, the 
result IS proportional to the perpendicular distance of the 
point from the line Hence the geometrical meaning of 
the above equation is 

PiPz 

where p^ are the perpendiculars on the four lines 

a = 0, /3=0, 7 = 0, 8=0 respectively, the perpendiculars 
being draivn fiom any point on the conic 

213. If P, Q, R, S, he four points on a conic, and 
QP, MS meet in A, QS, PM in B, amd PS, QB in G, then 
of the three points A, B, G each is the pole with respect to 
the conic of the line joining the other two 

Talce A for origin, and the two hnes ASM, APQ for 
axes of CD and g respectively 

Let the equations of PS and QR be 
ax +hy —1 = 0 
a' X + h'y — 1 = 0 


• • • 


(i), 

(P) 
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Then the equations of PB and QS will be 

a'x + hy —1 = 0 (in), 

and CfA + — 1 = 0 . (i\) 

The equation of any conic through the intersection of 
the conics xy = 0 and (ax + &y — 1) (ax + b'y — 1) = 0, 
•\vill be 

7ixy + (ax + by — l) (a'x + b'y — l) = 0 
The polar of the origin of this conic is [Art 179] 

(a + a') X + (b + b') y — 2 = 0 
“Writing this in the forms 

ax + hy — 1 + a'x + b'y — 1 = 0, 
and a'x + by — 1+ ax +b'y — 1 = 0, 

we see that the polar of the origin goes through the point 
of mtersection of the lines (i) and (ii), and also through the 
point of intersection of the hnes (iii) and (iv) The polar 
of A ivith respect to the conic is therefore the line Bu 
It can be sheivn in a similar manner that GA is the 
polar of Bf and AB the polar of G 



A triangle which is such that each of its angular points 
is the pole, ivith respect to a come, of the opposite side, is 
called a sdf-conjugate, or self-polar tnangle 

21 4 Jf a come touch the sides of a quadrdatei al and 
ABG be the tnangle foi med by the d%agonals of the quadri- 
lateral, then will ABG be a self-polai triangle with respect 
to (he come. 

Let P, Q, B, S be the points of contact 

Then, in the figure, L is the pole of P Q, and K is the 
pole of SB, therefore BN is the polar of the point of 
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inleracction of PQ and SP. Similarly KM i& the polai 
of the point of intoi section of SP and PQ. 

Hence A, the point of in- 
tersection of LN and KM, is 
the pole of the line joining 
the point of intereection of PQ, 

SP and the point of intersec- 
tion of SP, liQ 

But [Art 213] the point of 
intersection of PP and SQ is 
the pole of this last line 

Hence A is the point of 
intersection of PP and SQ 

So also P IS the point of 
intersection of SP and PQ, 
and 0 IS the point of inter- 
section of PQ and tSP 

Hence from Ait 213 the 
triangle ABC is self-polai 

21 0 To Jind ihc gone} at equation of a conic which 
touche.^ the aaes if co-ouhnaics 

If the equation of the hue joining the points of contact 
he ax + bg— 1 = 0, the equation of a conic liaiing double 
contact iMth the conic xg — Q, -where it is met by the hue 
ait;+6y — 1 =0, IS [Alt 187] 

{ax+hg — 1)® — 2Xa-y = 0 

210 To find the gencial equation of a conic which 
touches four fixed straight lines 

Talcc two of the lines for a\es, and let the equations 
of the other tw'o he Iv + mg —1=0, and I’x + vi'y — 1 = 0. 
'J’ho equation of any conic touching the axes is 

{ax + bg — lf— 2X.r// = 0. . . (i) 

The lines joining the oiigiii to the points -where 
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U + iny-l cuts (i) are given by the equation 

Qtx + by — H~ myf = 2'kxy (n) 

The line will touch the conic if the lines (ii) are 
coincident, the condition for which is 

(a — If (i — m)® = {(a — ^) (J — m) — \]® , 

whence X = 2 (a — Q (& — m) 

Hence the general equation of a conic touching the 
four straight lines 

= 0, y = 0, lai + my — 1=0, and I'.v + m'y — 1 = 0, 
is {av + hy— 1)® = 2Xaty , 

the paiameters a, b, X being connected by the two 
equations 

\ = 2 (a~l) {b — m) = 2{a— V) {b — m') 

217 To find the locus of the centi es of comes which 
touch foul given sti aight lines 

If two of the hnes be taken for axes, and tlic equations 
of the other two lines be 

h + my — 1=0, and I'x + m'y — 1 = 0, 
the equation of the conic null be 

{ax + 6y — 1)® — 2Xa.y = 0, 
with the conditions 

X = 2 (a — i) (6 — m) (i), 

X=2(o — ?')(& — 7a'). . (ii) 

Tlie centi 0 of the conic is given by the equations 
a {ax + Jy — 1) — Xy = 0, and b (ax + Jy — 1) — Xa; = 0 , 
ax — by, and a(2aa;— l) = Xy (iii) 

To obtain the required locus •\vc must eliminate a, h 
and X from the equations (i), (ii), and (iii) 

^rom (i) and (in), we have 
a (2a.'B — 1) = 2y (a — 1) (i — an) = 2 (a- Z) {by— my), 
theiefoie, smee ax — by, 

a {2h + 2my — 1) = 2lmy 
Similarly, from (ii) and (m) we have 
a (21' X + 2»i'y — 1) = 2l'my 
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Eliminating a, w e obtain tlic equation of the locus of 
ccntics, Mz 

2/» -f- 2m?/ — 1 1l'% + ‘‘Iviy — 1 

Im I'm' 

The reqiiiietl locus is theiefore the stiaight hue whose 
equation is 

\m m'J ^ V i ' hn. I'm' 


Tins straight line can casil} he shewn to pass through 
the middle points of the diagonals of the quadniateial, as 
it clearly should do, foi any one of the diagonals is the 
limxtuig fonn of a leiy thin ellipse which touches the foui 
lines, and the centre of this ellipse is ultimately the middle 
point of the diagonal Hence the middle points of the 
three diagonals of a quadnlateral aie points on the centre- 
locus of the conics touching the sides of the quadnlaterah 


218 All conics touching the a\es at the two points 
where they are cut by the line oa + — 1 = 0 aie given 

by the equation 

{ax by — 1)® = 2X.ry 

The conic will be a parabola if \ bo such that the 
terms of the second dcgicc foim a peifect squaie the 
condition foi this is 

. \ = 0, or X = 2ab. 

The \alue \=0 gi\es a pan of coincident straight 
lines, VI/ (« < f by — 1)* = 0 

Hence, for the paiabola, \ = 2ab, and the equation 
of the ciiive is 

{ax + hy — 1)®= 4’abxy, 

The above equation can be i educed to the form 

Ja.i + Jby = l 

210 To find the equation of the tangent at any point of 
the parabola Jax + Jby = 1 

We may lationali/e the equation of the curve and then 
S C S 16 
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make use of the formula obtained in Art 177 The result 
may liowevei he obtained in a simplei form as follows 
The equation of the line joinmg two points (x', f) and 
(a", y") on the curve is 

x-x _ y-y' 
oa" - of y" -y' 

with the conditions 

= l = Jax'' + J by" (ii) 

From (ii) we have 

Va Wic' - ^/x") =-^h Wy' - ^y") (in) 
Multiply the correspondmg sides of the equations (i) 
and (m), and we have 

V® + = -^ iy-y') 

The equation of the tangent at (a?', y') is theiefore 
or, since + Jhy' — 1, 


X 




To find the equation of the polar of any point with 
respect to the conic, we must use the rationalized form of 
the equation of the parabola 

Ex 1 To find the condition that the line Ix+my -1=0 may touch 
the parabola tjax+ Jby -1=0 

The equation of the tangent at any point {x', y’) is 

which IS the same as the given equation, if > 

or if ^=Jax', and —=J(ii? 

Hence the leqnired condition is 
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2 To find the focut of the jtarabola whose equation ts 
Jai-i Jlaj—l 

The circle which touches TQ at T and whicli passes Ihimigli 1’ wall 
also pass throngh the focus [s.cu Art 163 (I), two of the tnngcntb being 

coincident] The two i>oints P, Q arc 0^ and ^0, Therefore 

the focus is on both the circles whose equations arc 


X -i 2r»/cosw+i/*--=0, 


and 

Hence the focus is giccn ba 


a^+2rycos w+y*- ^=0 


» . > -r V 

r- a. I/. X Oxijew cj= ^ ^ 

Ht. 3 loftnd the directrix of the jun ahola Jax +»Jhif=l 
The directrix is the locus of the intersection of tangents at right 
angles, now the line fx + jnj/ = l will be iicrpcndicular to y=0 if 

111 - 1 cos w =0, and the line will touch if ^ = 1 Therefore the inter- 

cept on the axis of x made bj a tangent perpendicular to that axis is 
given bji(«.rj^) = l 

Hence the point ( , , 0 J is on the directrix 

\6-«-acos« / 

Similarly the point (0, — -?" ■■■ “ — J is on the directrix 
' V a+icos w/ 

Hence the required equation is 

le (6 + « cos u) + y (rt T 6 cos w) = cos u 

220 Since the foci of a conic are on its axes, if two 
conics are confocal they must have the same axes 

The equation 

A ^ 

V 




X i" X 

willjfoi different values of A, lepiesent different conics of a 
confocal system Foi the distance of a focus from the 
centie is 

V{(a' + A) — {h' + A)} or ~ ^'\ 

16—2 
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221 Tlie eqviatlou of a system of confocal conics is 
•» 2 

, +_ 1 _ =1 
+ Ai 6* + \ 

If X IS positive the curve is an ellipse 
The principal axes of the cuive •will increase as X 
increases, and their latio ivill tend more and more to 
equality as X is increased more and more, so that a circle 
of infinite radius is a hmiting form of one of the confocals 


If X he negative, the piincipal axes ■wiU decrease as 

X incieases, and the ratio ■w'lll also decrease as X 

dr+\ 



increases, so that the ellipse becomes flatter and flatter, 
until X is equal to — 6®, "when the minor axis vamshes, and 
the major axis is equal to the distance between the foci 
Hence the line-ellipse joining the foci is a hmiting form 
of one of the confocals 

If &■ + X IS negative, the curve is an hyperbola. 
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If Jr + \ lb a simll negative quantity the tirUisvcrsc 
avis of tlic hyperbola ib very nearly equal to the distance 
between the foci , and the complement of the lino joining 
the foci is a limiting form of the hyperbola 

The angle between the asymptotes of the hyperbola 
mil become gi eater and gi eater as — \ becomes gi eater 
and greater and in the limit both branches of the curve 
coincide with tho a\is of y 

If Xis negative and numerically gicatcr than dr, tho 
cm VC lb imaginary 

222 . Two conicit of a confotal system 2 Mss tinough any 
given point One of thctc comcb u an cllipiiC and the other 
an h yperbola 

Let the equation of the oiigmal conic bo 



The equation of any coufonil conic is 

tt"* + \ \ 

Thib mil pass through the given point (.i/, y), it 

tt* 4" X 6* 4* \ 

In the above put i®4- X = V , 
then + if (V + «,V) - V (V 4- «V) = 0, 

01 X'* - X' (i/® 4- y'" - oV) - aVy'= = 0 

The loots of this quadratic in X' arc both leal, and aic 
of different signs Therefore there aie two conics, and 
6" 4- X IS positive foi one, and negative for the other, so 
that one conic is an ellipse and the othei an hypeibola 

22.3. One conic of a confocal system and onh/ one will 
touch a given },tiaight line 

Lot the equation of the given straight line be 
lx 4- my — 1 = 0 
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Tbe line ivill touch the conic -wliobe equation is 
(1“ + X b~ -h'K 

if (ft" + X) + (&* + \) wi* = 1 [Art l-lo], 

which gives one, and only one, value of X Hence one 
confocal will touch the given straight line 


224 Two confocal comes cut one another' at light 
angles at all their common 2 }Otnts 

Let the equations of the conics he 


or 


^, + 1 = 1, and 


a 


+ y =1 


and let {of, y') be a common point , then the co-oidinates 
Jtf, y will satisfy both the above equations 

Hence, by subtraction, we have 


X- 


+ 


V 


= 0 




a^(a^ + \)" ¥{h^+-K) 

Now the equations of the tangents to the conics at 
(a', y') are 


— +2'^=! and-— + yy-^1 


a 


respectively 

The condition (i) shews that the tangents are at right 
angles to one nnothei 


225 The difiei ence of the squat es of the perpendiculat s 
drawn from the centre on any two patallel tangents to two 
given confocal conics is constant 

Let the equations of the conics be 



af 


and -f — -t 


?/ 


<?'+ X 6* q- X 


Let the two stiaight lines 


X cos a + y sin a — p = 0, x cos a + y sin a — p'*= 0, 
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touch the conics respectively, then [Ait 115, Cor] we 
have = dr cos® a + sin® a, 

and ^'® = (a® + \) cos® a + (6® + X) sin® a , 


226 If a tangent to one of two confocol conics be 
2 Je) pendicular to a tangent to the otliei, the locus of their 
2 }oint of intersection is a circle 


Let the equations of the confocal conics 


DC 


® +*^=1, and 
a b a 


a;® 


+ TT 


V 


+ \ 6“ H- \ 


= 1 


The lines whose equations aie 
a; cos a + y sin a = V (a‘ cos® a + 5® sin® a) (i), 

a; sin a — ^cos a = sin® a + (5® + \) cos®a} (ii), 

touch the conics respectively, and are at nght angles 
to one another 

Square both sides of the equations (i) and (ii) and add, 
then we have foi the equation of the lequued locus 
a;® + y® = a® + 6® + \ 

If we suppose the minor axis of the second eUipse 
to become mdefinitely small, all tangents to it will pass 
indefinitely near to a focus, so that Art 125 {ij) is a 
particular case of the above 


Ex. 1 Any two paraljolas which have a common foens and their axes 
in opposite directions intersect at nght angles 

Ex 2 Two parabolas have a common focus and their axes m the 
same straight line , shew that, if TP, TQ be tangents one to each of the 
parabolas, and TP, TQ be at right angles to one another, the locus of T 
IS a straight line 


Ex 3 TQ, TP are tangents one to each of two confocal conics whose 
centre is 0 , shew that if the tangents arc at right angles to one another 
CT will bisect PQ 
Let the tangents be 




and 
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the equahon of Cif' will be 

Tbis will pass tlirougb tlio middle poiut of l^Q, if 


that IS, if 




or, since llio comes aie coiifocal, if 

rV' 

That IS, if the tangents aie at nght angles 

E\ 4 TP, TQ are tangents one to each of two iiarabolas winch have 
a common locus and their ai.es m the same straight line , shew that, if 
a lino through T parallel to the aias bisect PQ, the tangents will bo at 
right angles 

Ex 5 If points on two confocal elhpses whndi have -the same cccen- 
tno angles are called corresponding points , shew that, if P,Q bo any 
two points on an ellipse, and p, q bo the corrobpondmg pomts on a 
confocal ellipse, then Pq^Qp 

227 The locus of the pole of a given straight line with 
lespect to a series of confocal conics is a stiaight line 

Let the equation of the confocals be 

and let the equation of the given straight line be 

Iw + mg = 1 (ii) 

The equation of the polai of the point (ja, y') with 

.expect k,«.s ^ + . (,„) 

If (ii) and (in) lepiesent the same straight line, 'wo 

must liave — = L ^ — = sn . 


t in 
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Hence the locus of the poles is the straight line whose 
equation is 


This straight line is perpendiculai to the line (ii) 
One confocal of the system -will touch the line (ii), and the 
point of contact Mull be the pole of the hne with lespect to 
that confocal 

Hence the locus of the poles is a straight line perpen- 
dicular to the given straight line and through the point 
where it touches a confocal 

228 Fi om any point T the two tangents TP, TP' ai e 
d) awn to one eonic, and the two tangents TQ, TQ' to a con- 
focal come, shew that the straight lines QP, Q'P will make 
equal angles with the tangent at P 

Let TP and the normal at P cut QQ' in K, L 
respectively 

Then [Art 227] the pole of TP, with lespect to the 
conic on which Q, Q' lie, is on the line PL Also, since 
2’ IS the pole of QQ' with lespect to that conic, the pole 
of TP IS on QQ' [Art 180] Therefoie the pole of TPK 
is at L, the point of intersection of QQ' and PL 


T 



Therefoie [Art 181] the lange K, Q, L, Q', and the 
pencil PK, PQ, PL, PQ', aie harmonic 
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Hence, since the angle KPL is a nglit angle, PQ and 
PQ' make equal angles with PL or PK [Aidi 56] 

Cob 1 Let the conic* on winch Q, Q' he degenerate 
into the hne-elhpse joining the foci, then the proposition 
becomes — The lines joining the foci of a conic to any point P 
on the curve make equal angles with the tangent at P 

CoK 2 Let the conic on which P, P' lie degenerate 
into the line-eUipse, and we have — Two tangents to a conic 
subtend equal angles at a focus 

Cor 3 Let the conic on which P, P' he pass through 
T, and we have — The two tangents drawn to a conic ft oni 
any point T make equal angles with the tangent at T 
to either of the confoced conics which pass ihi ough T 

229. If QQ' be any chord of a given conic which 
touches a faced confocal conic, then will QQ' vary as the 
squat e of idie parallel diametet Also, if GE be drawn 
though the centre parallel to the tangent at Q and 
meeting QQ' in E, then will QE he of constant length ' 



Let Pbe the pole of QQ', and let CP cut QQ' in V, and 
the curve in P. Also let GD be the semi-diameter paral- 
lel to QQ' 

Let p', p be the lengtlis of the pei’pendiculars from the 
centre on QQ', and on the parallel ttmgent to the ellipse 
QPQ’ , then [Art 225] we have 
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TT v" ^ GV"‘_QV^ 

Hence - 1 ^,-1 - ^jj, , 

tlicicfore, since j* GD = ah, vre have 

QV^ = X.^=~ GJJ', 

jr a'b^ 

qV=^G1)^ 

Also 

QE GT GV GT _ GP- 
q V VT ~GV GT- Gr- cr- - Gv"- 
therefore fiom (i) "w e have 

^ QV 


Ex TP, TQ are tangents one to each of two fixed eonfocal comes; 
sheic that , »/ the tangents are at right angles to one another, the line PQ 
Kill always iotich a third eonfocal come 

If C be tbe common centre, then smee the tangents are at right angles 
to one another the Ime CT bisects PQ [Dx (3) Art 22b] Therefore 
CT and QP make equal angles -with the tangent at Q If therefore OC 
be parallel to the tangent at Q, and meet QP in E, we have QE=CT 
But CT IS constant [Art 226] Hence QE is constant, and therefore 
QEP touches a fixed eonfocal 


230 When two of the points of intersection of any 
two curves are coincident, that is when the tvo curves 
touch, they are said to have contact of the first Older at the 
point When three points of intersection are coincident 
the curves are said to have contact of the second order, 
and so on 

A curve which has v\ith a given cuive a contact of 
the highest possible ordei is called an osculating curve 
A circle can only he made to pass thiough ilnee given 
points , hence the circles which osculate a cun e have 
contact of the second ordei wuth it 

The circle which has contact of the second order with 
a given curve at a given point is geneially called the cn cle 
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of cm vature at that point, and the ladius of the cucle is 
called the ? advus of curvature at the point 

Two conics intersect m four points Hence two 
conics cannot have contact with one another of highei 
order than the thud If they have contact of the second 
order they ^vlll have one other common point 

231 To find the gene) al equation of a conic which has 
contact of the second order imth a given conic at a givoi 
'point 

Let iSi = 0 he the equation of the given conic, and lot 
T—O he the equation of the tangent to /S' = 0 at the given 
point [x, if) 

The equation of any straight line through {x, if) is 
'g — ij — m(x—x')=Q 

Hence the equation 

8-\T{(i/-if)-in(x-x')]=Q (i) 

IS the equation of a conic passing through the points where 
the straight lines T=0, and y — y' — m (x — x) = 0 cut 
8 = 0 . 

Hence (i) intersects 8=0 in three coincident points 

The two constants A and m being arbitiary, the conic 
mven by (i) can be made to satisfy two other conditions. 
They can for instance be so chosen that the equation (i) 
shall represent a circle 

If the line y — y' — m{x — x') = 0 coincides ivith the 
tangent, all four points of intersection aie coincident. The 
conic 8—XT‘ = 0 therefore has contact of the third order 
with 0 , that IS to say, is the equation of an osculating 
conic 

Ex 1 Pind the equation of the circle 'which osculates the conic 
ax^ + 2bxy + cy- + 2da; sO at the ongm 
All the conics included in the equation 

a*®+ 26si/+ci/®+2<fa!-^a- {j/-7nar)=0 
have contact of the second order , 

The conditions for a circle are 26-X=0 and a+XTn= c 
Therefore the circle requued is cr®+<^®+2da:=0 
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2 Find tlio equation of the parnholn •winch has contact of the 
thml order with the come ar~+2lirif+ci/‘’-t 2(7r=0 at the ongin 

The conic nr- 1 2bxy-i cy-4*2rfx-\a?=0 cuts the gi\cn come lu four 
coincident point*' 

The cur\o is a parabola if (ti -X)c=6' 

The equation of the required parabola is therefore 
l’jr+2bert/-rc'^y"j 2rf«:=0 

232 Stiicc the line joining any tn o of the points of 
intersection of a ciicle and a conic, and the line joining the 
other two points of intersection, make equal angles with 
the axis of the conic, wo see that, if tlie ciicle of curvature 
at a point P of a conic cut the conic again iii 0, the 
tangent at P and the chord P 0 make equal angles with an 
axis of the conic 

233 If a. A 7. S bo the eccentric angles of four points 
on an ellipse, a circle will pass tlnough tliose foui points, if 

a + yS -}• Y + 8 as 2«7r [Art 1S4 lilx. 1] 

Hence the ciicle of curvature at the point a will cut 
the ellipse again at the point S where 

3a + 8 = 2H‘7r (i). 

Prom (i) we see that, tlirough any particular point 8 
three ciioles of ciuvatuie will pass, viz the circles of 
turvaUire at the points J (2?? — 8), J (^tt — 8), and J (Gtt — 8) 
These thiee points are the angular points of a ma\imum 
triangle inscribed in the ellipse [Ait 138 (1)] Also, since 
8 -h {27r — 8) + \ ('tvr — 8) ^ (Grr — 8) = 47r, the point 8 

and the thiee points the ciicles of cnrvatuie at which pass 
thiough 8 aie on a circle. 

234 To fmd the cquationa of the tin cc 2 )ovs ofsti atght 
Hnc<i which can bo (hawn though the 2 >oints of {nto'seciwn 
of two comes 

Let the equations of the conics he 

= a r® 2hrg hif -t- 2(f e -t- 2/]y c — 0, 
and a' = ajr+2lixg+h'f-\-''2g\+2f’y + c —0 
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The equation of any eomcthiough then points of in- 
teibccliou lb of the fonn 

;5'+X/S” = 0 . (i) 

The come /b'+X/S' = 0 ^VlU be a pan of stiaight lines, 
if 

ft + "Koff h + X/i> ></“!’ ~ ® 

h+Xh', b+\Kf+\f' 
if + V. Z + V'* C + Xc' 

"We have therefoie a cubic foi the determination of X 
If any root of this cubic be substituted in (i) we have the 
equation of one of the three pairs of straight lines 

If X bo eliminated between the equations (i) and (ii) 
we have an equation of the sixth degiee which represents 
the three pans of stiaight lines 

Since one root of a cubic equation is always real, one 
value of X is in all cases real 

It can be shewn that at least one pan of stiaight lines 
IS in all cases leal [See Salmon’s Conics, Art 282 ] 

235 The equation (u) Ait 234 is usually wiitten 
A + X0 + X®0' + X'*A' = O 

If the axes be changed in any manner, and the equa- 
tions of the two conics become S = 0 and X' = 0, the equa- 
tion 8 + \8' = 0 will become X + XX' = 0 , and if X be such 
that 8+X8' = 0 represents a pair of straight lines, so 
also will X + xX' = 0. Hence the values of X for which 
S-J-XS'=:0 represents straight lines must be independent 
of any particular axes of co-ordinates , hence the ratios of 
the four quantities A, 0, 0', A' to one anothei must be 
indejiendent of the axes of co-ordinates For this reason 
they aie called the Invai lants of the system The student 
will find interesting applications of invaiiants in Salmon’s 
Conic Sections and Wolstenholme’s Problems 

23G "We shall conclude this Chapter by the solution 
of some Examples 
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Ex 1 ^ two comes have each double contact with a thud, their 

choids of contact with that come, and two of the lines through their 
common points, will meet m a paint and form a harmonic pencil 

Let <9=0 lie tho equation of tlie thud conic, and let a=0, /3=0 be the 
eqnationE of the tMO chords of contact Then [Art 187] the equations of 
the conics are 



S-\-a'=0 

w. 

and 

How the two straight Imes 

s-p^pr-=o 


\^ar-p-p'-=0 

(m) 


go through the common points of (i) and (ii) The hnes (m) also go 
through the point of intersection of a=0 and j3=0 , and [Art 56] the 
four lines o=0, \a~fip=0, /3=0, andXtt+/i)5=0 form a harmonic pencil 

Ex 2 A circle of given radius cuts an ellipse in four points, shew 
that the continued product of the diameters of the ellipse parallel to the 
common chords is constant 

X- v® 

Let the equation of the ellipse be ^ + ^ = 1, and the equation of the 

cirde be (a!-a)®+(y-/3)®- 1®=0 Then the equation of any pair of 
common chords is 

(* - a)H (y _ |3)* - 1= - X + 1' - 1) =0 (i). 

‘nhere X is one of the roots of the equation 

0 . -« 

a* 

0 . -P 

-a, -p, X + a=+/3!-ls 

The equation of the diameters of the ellipse parallel to the lines (i) is 

+ + ( 111 ) 

The two seim-diameters given by (iii) clearly make equal angles with 
the axis, and the square of the length of one of them is equal to X 

Hence the continued product of the six scmi'diameters is equal to the 
product of the three values of X given by (ii), which is easily seen to be 

Ex 3 If a conic have any one of four given points for centre, and the 
triangle formed by the othei three for a self polar triangle, its asymptotes 
will be parallel to the axes of the two parabolas which pass through the 
four points 
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Let tlio four points be gnen by the intersections of the straight lines 
vij=0 and (/a; + 7«y-l) (Z'a:+}ji'y- 1)=0 
The line joining tho centre of a conic to any one of tho angular points 
of a self polar triangle is conjugate to the hue joining the other tivo 
angulai points Hence, for all the four conics, the three pairs of lines 
joining the four given points arc parallel to conjugate diameters 
Let the equation of one of the conics be 

27ia:y+%®+27«+2/i/+c=0 (i) 

Thelmes (lx+my-\)()!x+m’y-l)=0 

are parallel to conjugate diameters, therefore also tho lines 
IVa? + (7im'+ Vm) xy+ mm'y-=0 

are parallel to conjugate diameters Hence [Art 183], we hare 
amm'+ Ml' =h (Ini' + I'm) 

The lines xy=0 aie parallel to conjugate diameters, therefore 7(=0, 
and we have 

amm'+Ml'=0 (ii) 

The asymptotes of (i) arc parallel to the straight lines 

a*®+iy®=0, 

or, from (ii), the asymptotes are parallel to the lines 

uludh piovcs the theorem [Art 207] 

Ex 4 The etteumscribing circle of any triangle self polar mth 
respeet to a conic cuts the director-circle orthogonally 

Let tho equation of the come be aa:®+6yS=l , and let (af, if), (*", y") 
and (as"', f") be the angular points of the triangle 

Since each of the points is on the polar of another, no hare 

(i), 

a'd"x' + lry'"y' - 1=0 (ii), ' 

and ax'x"+hy’y" -1=0 (m) 

Tlie equation of the circle circumscribing the tiianglo is 

a?. y, 1 =0 (i\) 

if, V\ 1 

if'-'+y"-, if', y". 1 

ir"'®+y"'s, if", y'", 1 

Now, if the equation of a ciiclo bo 

Ax^-i Ay- + 2Gv+2Fy + C=0, 

the square of the tangent to it fiom the origin is equal to the ratio 
of (7 to ^ 

Hence the square of the tangent to the circle (i\) is equal to the 
ratio of 



nXAMPLTlS 


257 


3-'*-+2/'=, 

/"-+y 


sr' »/' to - j r', y, 1 , 

r, 'y'. V", i; 

«/" 1 
The iir'.t dctermiiuiut is e<iual io 
*■5 {x"y ' - y ") + / = (a-' V - W) -r r'"- (rV' - /* 0 

+ V s (af./ ' - y V") -i-y'* (•*"''/' -y’"*’) +/” (a^v" 

Now from the eijuntions (i), (u) (in) wc have 
ax' by' - 1 

,1 

ax" __ by" _ - 1 


and 


v’-v ' 

ax" 


X - X 

Ji’C- 

y - x' 


' x’v"-v'x"'' 
-1 


X tl ~v X 

Bv means of these equations, (a) hccoines 

y y r'" 

I ^-0/" ./) 


or 


-Gn) 


X, 

x'. 


(«) 


1 

V", 1 

;x". »/". n 

Hence tlie tangent to the circumscribing circle from the centre of the 
conic IS equal to equal to the radius of the director- 

circle, i\hicli jiroics the proiiositton 


I’WMlM-l-S ON ClIAl'TI-U XI 

1 Two stiiuglit lines of gi\pu length aio lllo^c<l along two 
gi\cu straight lines in such a innmiei that a ciicle will pass 
through then foui oNtieimties, shew' that the locus of the centre 
of this cn ch is a i octangulai hypei hol.i 

2 OPF, OQQ’ aitj two choids of a conic, ‘iiul any line 
thiough 0 cuts the conic in J2, Jt’ and the lines PQ, P'Q' in f\, /S', 
shew that 

L 1 1 1 

oji ojr 'OS OS 


S (1 S 


17 
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3 A j>ys.tein of comes pa-ss tliroiigli tlie same four points 
. 111(1 the tangent at a gii en point 0 ol one of the conics cuts any 

otlici of the comes in V , shew tliat is constant 

4 A ciicle .Old a loctuigulai hyiioibola luteisect in foui 
points, and one of then common choids is a diametei of the hy- 
peihola, shew that the othei chord is a diameter of the ciicle 

Of all conics which pass thioiigh foui given pomts that 
winch lias the least eccentiicity has its equi-conjugato diametei's 
paiallel to the aves of the two paiabolas thiougli the pomts 

6 Of all conics which touch two given stiaight lines at 
given pomts the one of least eccentiicity will be that in which 
one of the equi-conjug.vte diametei s passes tluough the intersec- 
tion of the given lines 

7 The locus of the middle point of the mteicept of a 
variable tangent to a come on two fixed tangents OA, OB is a 
conic Avhicli leduces to a stiaight line if the oiigmal conic is a 
paiabola 

8 Two tangents OA, OB me diawii to a conic and are cut 
111 P .vnd Q by a vaiiable tangent, prove that the locus of the 
centre of the ciicle desoiibed about tlie tnangle OPQ is an 
hypeiboLn 

9 A come is dinvii touching the co-oidmate axes 
OX, OF at ul, B and jiassmg through the pomt D where 
OADB IS a parallelogram, sheu that if the aiea of the tnangle 
OAB be constant, the locus of the centre of the come will be 
an hyperbola 

10 Tangents aie draivii fioin a fixed pomt to a system of 
conics touchmg two given straight hues at given pomts Piovc 
that the locus of the pomt of contact is .i conic 

11 Shew that the locus of the pole of a given struight 
line with respect to a senes of comes msonbed m the same 
quadrilateral is a straight line 

12 An ellipse is described touching the asymptotes of an 
hypeibola and meeting tlie hyperbola m four pomts, shew 
that two of the common chords are parallel to the line joimng 
the pomts of contact of the eUipse with the asymptotes, and 
aro equidistant fiom that Ime 
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13 Tu a systoin of conics vJncli ha\o .i gnen centre 
imd (lien a\(‘s in ii gnoii diiettion, tJje sum of tJie axes is 
gueii , sho'v That The locus of the pole of it gi\t*n sTi.ught line 
IS a jiimihol.i touching the axes 

11 A p u-iihola is dniM n sons touch thi-co given straight 
lines, slHn\ tint the chouls ^pnning the points ol contaeL pass 
each through a fixed point 

1 r» Shew that, it a paiiibola touch two given stmight lines, 
and the line joining the points ot contact pass thiough a fixed 
])oint, the loens of the focus will he a ciicle 

Ifi If the axis of the pambola Vm + 1 pass tinongh 

a fixed point, the lotus of the focus will he a lectangulai 
hjpeihola 

17 From a fixed point O, a |mi of secants aie drawn 
meeting a gi\en eonic in foui points Ijmg on a ciicic; shew 
tint ll»‘ locus of the centie of this ciicle is the perpendiciilai 
fi om 0 on tlie polar ot 0 

13 TPy TQ aio tangents to a conic, and R any othei point 
on the cuiwe, RQ, 7?/* meet nnj slinight lino through 7' in the 
points 7v, L lO'ipcctneU, shew that QL and PK intei’sect on 
the enne 

1*1 Am |ioint ]* on a fixed straiglit line is joined to tivo 
fixed points ^t, R of a conic, and the lines PA, PR meet the 
conic ng.im in Q, R, show (hat the locus of the point of intei- 
scction of RQ and AR is a conic 

20 TJie lonfocnl Iiypeibola through the point on the 

I/** 

ellipse -4 = 1 whose ei centric angle is a lias foi equation 


w «t ■ — V 

COS' a sin tt 

21 h'lml the locus of tlic points of contact of tangents to 
a series of confocal comes from a given point in the major .ixis 

22 If A, /A bo tin* ]inrametcis of the confocals which pass 
tinongh tw*o points P, Q on a gnen tdlipse, shew' (i) that if 
P, Q be extremities of con]ugato diameters then Ah /z is con- 
stant, and (ii) that if the tangents at P and Q be at right angles 

then - -r - is constant 

A IX 
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23 Shew that the ends of the eqiial conjugate diameters 
of a senes of confocal ellipses aie on a confocal rectangular 
hyppibola 

24 Piiid the angle between the tA\ o tangents to an ellipse 
fiom .uiy point in terms of the paiameteis of the confocals 
thiough that point , and shew that the equation of the two 
tangents referred to the normals to the confocals as axes will be 


25 The stiaight Imes OPP, OQQ' cut an ellipse in 
P, P' and Q, Q' lespectively and touch a confocal ellipse, piove 
tint OP OP' QQ' = OQ OQ' PF 

2G The locus of the points of contact of the tangents 
drawl fioni a given point to a system of confocals is a cubic 
cuive, which passes thiough the given point and thiough the 
foci 

27 Shew that the locus of the points of contact of paiallel 
tangents to a system of confocals is a lectangulai hypeibola, 
and the locus of the vertices of these hyperbolas foi all possible 
directions of the tangent is the curve whose equation is 

r* = (a"-6")cos20 

28 If a triangle be insciibed m an elhpse and envelope 
a confocal ellipse, the points of contact will he on the esenbed 
circles of the triangle 

29 If an ellipse have double contact wth each of two 
confocals, the tangents at the pomts of contact will form 
a rectangle 

30 If fiom a fixed pomt tangents be drawn to one of 
a given system of confocal conics, and the noimals at the pomts 
of contact meet in shew that the locus of Q is a stiaight 
line 

31 A tiaangle ciiciiniscribes an ellipse and two of its 
angular points lie on a confocal ellipse , jii ove that the thn d 
angular point lies on another coiiiocal ellipse 

33 An olhpse and hypei bola ii p confocal, and the asymp- 
totes of the hypeibola he along the eqiii conjugate diametei’s of 
the elhjises, prove that the hypeibola ivill cut at right angles 
all conics which pass thiough tlip ends of the axes of the ellipse 
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33 Four iioiTuiils aio diawn to an ellipse fiom a point P , 
pio\c that tljcu product is , 

o’- y‘ ’ 

ivlicic A,, .ue ilio paianietcrs ot the couioc.ils to the gneu 
«>Uipsp winch ])ass tlirough P and <t, h the senii-a\es ot the given 
ellipbe 

31 Shew that the feet of the pei pendiculai'S of a tnanglc 
.lie a conjugate tn.id with Hspcct to any cquilateial hjpeibola 
which cncuinbciibcs the tiiangle 

3y TP, TQ aie the tangents fiom a point T to a conic, 
and the bi«ectoi of the angle PTQ meets PQ in 0 , shew' tliat^ 
if JiOR' be .inj othei choid thiough 0, the angle RTR' will be 
bisected by OT 

36 If two pai-abokb aie diawn e.ich passmg thiough tluee 
points on a ciiclc and one of them ineetmg the ciicle again in 
D, the othei lucetuig it again in E, piovo that the angle 
between then axes ib one-fomtli of the angle subtended by JJE 
at the con tie of the ciiclc 

17 If ABC be a iua\iiiniin tiiangle inbciibod man ellipbo 
and tilt circle louiid ABC lut the ellijibe again m J), show 
that the locus of the point of intei'sectioii of the axes of the two 
jiarabolas which jiass thiough -I, B, G, is a conic siimlai to 
the oiigin.il conic 

3S If an> point on .i ciicle ol indius a be given by the 
CO 01 diii.itcs a cos 0, a wn 0 , shew that tho ctjuatioiis of the axes 
ol the two paiabolas thiough tlio fom iioints o, /3, y, S aie 


■'Vheic bS'-rt-l /3 + y + 8 

If the a\e‘s ol the two pai ibolas inteiscct in P, shew that 
the li\e Jjointshoobbuncd by selecting foni out of five points on 

tho ciicle 111 all possible ways, he on a ciicle of ladius ^ 


„ ,, a fcOH ((S'— a) + cos (B -B) + cos (S — y)) 

T ,m ,S= !! ") * "" (S- y), 

'1 (+ bin (iS — o) J 
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39 If J, £, C, D bo the htdfb of a quadnlateial mscnbed 
in a conic, the latio of the pioduct of the perpendiculara from 
an) point P of the cucle on the E>ideb A and G to the product 
of the perpendictilais on tlie sides Ji and D will bo constant 
Shew also, that if A, li, C, D, B, F be the bides of a polygon 
insciibed in the eoinc, the mimbei of sides being even, the 
coiitiiuicd pioduct of the peipendiciilai-s fioni any point on 
the conic on the sides A, C, B, -will be to the continued 
pioduct of the pei'pciidiculais fioin the same point on the sides 
Ji, J), in 1 constant latio 


40 0 IS the centre of cmvatuie at any point of the 

ellipse ^ 1 > (?, P aie the feet of the othei two normals 

diaun from 0 to the ellipse, piove that, if the tangents at Q 

h~ 

and R meet in 'J\ the equation of the locus of P is -„ = 1 

»- y 


41 Shew that a cucle cannot cut a parabola m four leal 
points if the abscissa of its centie be less than the semi-latus 
icctum 

A cucle IS desciibed cutting a paiabola in font points, 
and through the vertex of the parabola lines are draivn parallel 
to the SIX lines joming tiie pairs of points of intei’section, shew 
that the sum of the abscissae of the points wheie these lines cut 
the parabola is constant if the abscissa of the centie of the 
cucle lb constant 


42 Three stiaight lines foim a self-polar tiiangle with 
lebpect to a rectangular hypeibola The curve bemg supposed 
to vaiy while the lines lemain fixed, find the locus of the centie 

43 If a cucle be described concentric "with an ellipse, 
shew that an infinite numbei of tiiangles can be mscnbed in 

the ellipse and ciicumbciibed about the cucle, if -==-+!» 

c a u 

whole c lb the i idius of the cncle, and a, h tin* semi-axes of 
the ellipsi* 

41 Find the points on .iii ellipse such that the osculating 
cucle at P passes tluough (J, and the osculating cucle at (J 
passub tluough 7’ 



35XAiIPLl-b OX CHAPTER XI * 


263 


15 Pio\o thiit tlic locus ot the centies of lectanguliu 
lijpeibolas ■which ha\e contnei ol tho thud oidei "svith ti given 
jiar.ibola is an equal iiaiaboln 

10 /', <3 aie two points on an ellipse pio\c that if tho 

iioiiual at P bisects tho angle that the iioiinal at <3 bubteuds 
at Vf the noijual .it (/will bisect tlie angle the noiinal at 7^ 
bubtonds at Q 

17 Shewr that tiie tentie ol cuivatuu .it .in^ point /' ol 
.in olhjise is thn polo of the tnngent .it P wuth lobjioct to the 
coufocal hyperbola thiough P 

4S AJiP IS a triangle insciibcd in an ellipse A confocal 
ellipse touches the sides in Jl\ ('' Pioic that the confoc<vl 
hjperboH thiough meets tin* innci ellipse in A' 

1*1 Of two locbingiilai hjpoibolas the asymptotes of one 
are i»n illtl to the axes of the othei and the centie of each lies 
on the othei If an\ cirele thiough the centre of one cut the 
othei ng.uu in P, <?, /»*, then PQP will foini i coniugati tii.id 
with respect to the hi-st 

.50 A ouclo through the centie of a lectangul.u hypoibola 
tuts the cune m the points 71, C, D Pioie that tho ciiclc 
circumsciibing tho tiiangle fonned by tho tangents at A, 7?, G 
passes thiough the centie of tho hypcibola and has its centie 
at the point on tho hypcibola diameti ic.illy' opposite to D. 
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237 In the general equation of a straight line the 
two constants aie not in any way connected. If howevei 
the two constants aie connected by any i elation, the 
equation will no longer represent any straight line We 
have seen, foi example, that if the constants I and m 
in the equation lx + my — 1 = 0 satisfy the equation 
a®P+&W=l, wheie a and J aie known, the line will always 

touch the ellipse ^ + ^ — 1 [Ait 115] In eveiy such 

case, in w'hich the two constants in the equation of a 
straight line aie connected by a relation, the line wall 
touch some curve This curve is called the envelope of the 
moving line 

By means of the lelatiou connecting the tw'O constants 
w'e may eliminate one of them, and the equation of the 
straight line ivill then contain only one indetenninate 
constant If diffeient values be given to this constant we 
shall have a series of diffeient straight lines all of wdiich 
will touch some curve 

238 To find the envelope of a line whose equation 
contains an indetei minate constant of the second deqiee 

Wiite the equation of the line in the foim 

jR = 0 (i) 

w'heie (i IS the constant 
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Thouf^h any particulai point two of the lines will pass, 
foi if the co-oidinates ot that point be substituted 
we shall have a gifodiafoc equation to deteimine ^ jSow 
the two tangents thiough any pouit will be coincident, it 
the point be on the cun^e which is touched by the moving 
line 

Hence, to find the equation of the envelope, ive have 
only to wnte down the condition that the loots of (i) may 
be equal, viz Q' — PR = 0 

Ex 1 To find till Lmclajie of the line 

a 

y=mx -J — 

*' m 

The equation may be wntfen ni-t:— inv+rt=0, niul the (oiiilition foi 
equal loots gives y-= lax 

Ex 2 Fmd the cm elope of a line vliich entu off from the axei 
intercepts whose sum is constant 

If tlie equation of the line bo ^ + ?= 1, wo liavo h +I.=constiint=r 

il n 


Therefore j + j^=l, or li--h{v-ij+e)'^xe=sO Wliento the equation 

of the envelope is 4<, r = (a- - y + rl® 

Ex 3 Find the cm elope of the line axcoi 0 i hy mi d—i 
The equation is cquiialcnt to 


aT—c+2byt — {ax+i)t-^0, where t=tiin^ 

Hence, the cm dope is 

(«r- c) («a:+c) + fj-y-— 0, 
o*" aVn bY=c- 

Ex 4 2'he envelope of the polar of a yiien point 0 with respect to a 
system of amfocal conics is a parabola whose directrix is CO, iiheie C u 
the centre of the confocals 

If the confocals ho gi\en hj the equation 


a -4 \ ‘■p+X"’’ 

anti 0 be the point [x', y'), tlie line uliosc om elope is leqnuctl is given bj 

■ VV' 1 

or by _ X (s5-a . + ,jy _ „s _ i,s) + jjsji _ ^ 
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Tho equation of the envelope is theiefoio 

4 (a-b^ - b^'x - ahjy)— [ai i \ tj'ij- a- - 6-’)- 

Tlic emeloiic is tlicicforc a parabola 

Two coufocals iiass tlirougli 0, and the polais of U \Mtli respect to 
them are tho tangents at O, hence, since these tangents arc at right 
angles to one aiiothei, the point O is on the diicolii\ of tho paiabola By 
considering the limiting forms of the oonfocals as in Art 221, wo see (hat 
tho axes themselves are polars of 0 , hence C is on the dncctiix of tho 
parabola, so that the diiectiiv is tho line CO 

23.0 To find the emelope of the hue + + l = 

whcie 

al' + 2hlin + ftju® + 2gl + 2fm 4 c = 0 

If the line jjass tluough a paiticulai point {sa', we 
have Z®'+ wiy'4 1 = 0 Using this to make the given con- 
dition homogeneous in I and m, we have the equation 
aP + 2hlm + bm^— 2 {gl + fm) (lx' + my) 4 c {h' + my')’ = 0 

The two values of the latio — give the diiections of 

the two lines which pass tluough the point (as', y') 

If [x', y') be a point on the curve which is touched by 
the moving line, the tangents fiom it must be coincident, 
and therefore tho above equation must be a perfect squaie. 
The condition for this is 

{a - 2gx + c.^'® ) (6 - 2fy' 4- c;/'®) = (A - gy' -fa! 4- cx'y'f, 
Avhich reduces to 

{he -f) 4 2ay {fg - eh) 4- y'’ [ca - g^) 

+ 2a:' {fill — gh) 4- 2?/' {gk — fa) + ab — h" = 0. 

The lequiied envelope is theiefore the conic 
A%^+2IIay + Jiy^-^2Gr + 2Fy G= 0, 

Avheie A, B, G, F, G, Tl mean tho saino as in Ait 178 

The condition tlial h hiiii/ | 1=0 may lonch 

+ ItiP h20'( 1 'ih'y i ^=0 m aP \ 2ltlm | bm- I 2i/?S 2 /jh l < -0 

Hence by coini>niing with the condition found m Ai ( 17S, no see tliot 
tl, h, c, ifcc must bo luoportional to tho niinois of A, /}, O, Ac in the 
detciminant 
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A II G 
II BF 
O F a 

This IS easilj \cnfieil, for the inmor of A is BG-I or 
(< rt - g-) (ab — 1i-) - {gli — af)-, that is «A , 
and so for the others 

Es 1 lojtndihc eiiidope of the hue lx+vni + l=0 where 
al- + hm-+e—0 

The dircLtioiis of the lines through {x, i/) arc giien hj 
aP + bm-+c {Ix+my)-=Q 
These hues will coincide, if 

(fl+ea?) {l+etp)-=<Px^y- 
Hence the equation of the envelope is 


Es 2 To find the envelope of the hue tx+iny — l = Owtththe condition 

/ in 

The directions of the two hues through (x, y) are given bj 
Mm - {fm+<}l) {lx+my)—0 

They vnll therefore coincide if 

ifgxy- {fx +yy- A)® 

This IS equivalent to 

fjfx+ Jgy-rtJh=0 

240 If tile equation of a stiaight line be 
lx + my + 1 = 0, 

then the position of the line is determined if I, m aie 
knowTi, and by changing the values of I and m the 
equation may be made to lepiesent any straight line 
whatever The quantities I and m which thus define the 
position of a line aie called the co-oi di nates of the line 
If the co-oidinates of a stiaiglit line aie connected by 
any relation the line will envelope a emve, and the 
equation vihicli (‘xjiiesses the icl.ition is (ailed the tan- 
fjeiihal etjnation «>i flu <1111 vo 

If the tangential filiation ol the emve is of the »th 
degree, then tangents can be diawu to the ciiive fioin 
any point 
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Def A curve is said to be of the ntli class -vilien n 
tangent's can be draiin to it fioni a point 

We have seen [Ait 239] that eveiy tangential equation 
ofthe second degiee lepresents a conic, also [Ait 178] that 
the tangential equation of any conic is of the second 
degiee 

If the equation of a stiaight ime be h-i- vnj + = 0, e 
maj call I, m, n the co-ordinates of the line and if the 
co-oidmates of the line satisf}' an'^ Itumorjeneous equation, 
the line -mil envelope a cun e, of v hich that equation is 
called the tangential equation 

241 To find the dn ectoi -cit cle of a come whose 
tangential equation ts given 

Let the t.<iugeutial equation of the conic be 
a? + 2hlni + bm' -}- 2gl -I- 2/m + c = 0 
As in Art 239, the equation 
air + 2hlm -f- bnv— 2 {gl -f fm) {h + tng) +c(l^4■ nigf = 0 
gives the diiections of the two t.uigeuts which pass 
through the paiticular point (r, g) These tangents will 

be at light angles to one another if ^ -f. 1 = 0, that is, 

wi, ni„ 

if the sum of the coefficients of r and //r I's icro 

If therefore (^, //) be a point on the diicctoi -circle of 
the conic, w e shall have 

a — 2g.v + caf + b-2fg + cif = 0 (i) 

The centi e of the conic, which coincides wuth the centie 

of the dll ectoi -circle, is the point 

If c = 0, the equation (i) is the equation of a straight 
line The cun'c is iii this case a paiabola, and the 
equation of its diiectiix is 

^gv + 2fy~a~h=:0 (u) 

In the above we have supposed the axes to be rect- 
angular , if, howevei, the axes of co-ordinates are inclined 
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to one another at an angle t», the condition that the 
straiglit lines may he at light angles is 
a - '2gjs + c c'+ /> — 2/y + cif+ 2 cos to {k — gy~fa. + tjuy ) = 0 


The centie of tins circle is 


Hence, irhether the axes are rectangular or oblique the 
centre of the conic, ^^hlcll coincides ^^lth the centre of its 


director-circle, is 



242 To find the foci of a come luliose tangential 
equation ii given 


Let (f, q) and (^, »/) be a pair of foci (both being leal 
01 both imaginary) The piodiict of the perpendiculars 
from the=e points on the line /? + my + 1 = 0 u ill be 

+ 1) fir mi} +1) 

1 ‘ 4. wr 

Tins product will be equal to some constant X foi all 
values of I and m if 

I- (ff - X) 4- hn {1^1} + 1 }^') +7?r (i}!}' - X) + 7 (^ + ^) 

+ 70 (7; + 77') + 1 = 0 
Companng this vith the tangential equation we have 
^f-X ^ 1 } + 1 }^' 777/ -X g + g' 77 + 7/ 1 

a ’Ih 6 2 r/ 2 / c 

Hence — CJ 777 ' =a — h, and c^f + ci]^' = 2/< 
Eliminate and if by means of the last two equations 
of ( 1 ), and 0 have 


^ - 77 (c;, - 2/ ) = /> _ a, 

and I (cy - 2 /) + 77 (c^ - 2g) = - 21i 

Hence the foci aie the foui points of mteisection of the 
two conics, c ir — cifi ~2gi + 2fy + a — & = 0, 

cj\f — fx — gy-\-h~0 


243 If ^ =s 0 and S’ = 0 be the tangential equations of 
two conics, then 8~\S'—0 will be the tangential equation 
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of a conic 'tonclnng tlie four common tangents of the fii’st 
two 

For, if = 0 be 

aP + 2lilm + bm- + 2gl + 2/»i + c = 0, 
and = 0 be 

a'P + 2h'Im + b'm- + 2g'l + 2f m + c' = 0 
Then S—7i,S' = 0 represents a conic, and anj’ values of 
7 and w/ winch satisfy both jS = 0 and S' = 0 will, what- 
ever \ mav be, satisft* S — \S'=0 Therefoie the conic 
S — 'KS'=0 will touch the common tangents of S—0 and 
5 =0 


Es 1 I he loeu^ or the centre^ of all corner irhich toueh four fixed 
'itratnht hues is a vtraioht line 

If iS=0, and 9* =0 be tbe tangential equation*; of anyftro conics which 
touch the four straight lines ^^-XS'=0 will be the general equation of 
the conics touching the lines The centre of this conic is given by 

ff-W . r-Xf" 


^"c-X? 


V= 


c-X**' 


[Art 241] 


Eliminating X we obtnm the equation of the centre-locus, luz 
X (ef'-c'f)x.if(e'ff~ca^ fp'=0 

Es 2 The director-circles of all conics icIiilIi touch four straioht 
lines hate a common radical axis 

The director-circle of the conic S - \S =0 is 

a-b- 2qx- 2/i/ -»-c {x- -\{a’-’-l/- 2q’x - 2f 'if -«-c' (a:S-}-j/=)} =0 

[Art 241] 

This circle always passes through the points common to the two 
circles 

a-2 -{. I^s _ 2 II j- _ 2 - = 0, 

t I c 


jr‘+y--2-,x-2 =0 


The radical aias is therefore the hue 


One of the comes of the system is a parabola, and its directrix is 
clearly the common radical axis of the director-circles 
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ExAMJ’IXS on (JllATThR Xi I 

J rA’'^s M)t' Olfliii ilo at. aii\ j>oint o£ ji pai.ibola -wliosc 
vcitex IS yl, and the rectangle JMPJI is completed, tind tlio 
em elope of the line Jl/iT 

2 If tlie diffeience oi the intercepts on the axes made hy 
a TOOimg Ime he constant, shew that the line will envelope 
a jiamboln 

3 Pmd the envelope of a straight line mIucIi cuts oil' 
a constant aiea fiom two fixed stiaighb linos 

4 DM ai<‘ the oidmales of an ellipse at the extiemi- 
tios of a pan of conpignte diametei-s, Imd the envelope of PD 
Find also the envelope of the line thiough the middle points of 
KP and of MD. 

5 and J'/f aic two gi\eu finite stinight lines, a line 
PP' cuts these lines so that the mtio AP PI! is equal to 
MP" Fli', shew that PF ein elopes a paiabola which touches 
the gii en stiraight lines 

6 OAPt OBQ aie two hxod stmight lines, A, B aio fixed 
poults and P, Q are such that rectangle AP BQ is constant, 
shew that PQ envelopes a conic 

7 A soiies of cnclcs aie desciihed each touching two 
gn en straight lines, shew that the polai-s of any given point with 
respect to the ciixles will cm clop a paiuhola 

8 Two points are taken on an ellipse such tlint the sum 
of the oi-dinates is coiistiut, sliew that the emeloiie of the line 
joining the points is a pai aholn 

9 A fixed tangent to a jiaiahola is cut hy auv othei tan 
gent PT in the pomt 'I\ and TQ is drawn pfijiendiculai to 
TP- shew that TQ em elopes anolhei paiahola 

10 Through any pomt P on a given straight line a line 
PQ IS drawn parallel to the jiolai of P with lespect to a given 
conic, pro\e that the envelope of these lines is a parnhola 

11 If a leaf of a hook he folded so that one comer moves 
along an opposite side, the line of the ciease wnll envelope a 
paiabola. 

ellipse turns about its coutio, find tbe envelope of 
the chords of intersection with the initial position 
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13 An angle of constant magnitude moves so that one 
side passes thiough a fixed point and its summit moves along 
.1 fixed stiaight linoj sheiv that the othei side envelopes a 
paiabola 

14 The middle pomt of 'a chord FQ of an ellipse is on a 
given straight line, shew that the chord FQ envelopes a 
parabola 

15 0 IS any jioint on a conic and OF, OQ aie chords 
drawn parallel to two fixed straight lines, shew that FQ 
envelopes a conic 

16 Any pail of conjugate diameters of an ellipse meets 
a fixed circle concentric with the ellipse m P, Q , shew that 
FQ will envelope a siniilai and similarly situated ellipse 

17 If the sum of the squares of the perpendiculais from 
any numhei of fixed points on a straight line be constant, 
shew that the line will envelope a conic 

18 The sides of a triangle, produced if necessary, are cut 
by a straight line m the points L, 21, FF respectively, shew 
that, iiL2I MN be constant the Ime will envelope a parabola 

19 OA, OB are two fixed straight lines, and a circle 
Inch passes thiough 0 and through another given fixed pomt 

cuts the lines m P, (? respectively, shew that the line PQ en- 
velopes a parabola 

20 The four normals to an ellipse at P, Q, R, S meet m 
a point, prove that if the chord PQ pass through a fixed pomt, 
the chord BS will envelope a parabola 

21 A lectangulai hyperbola is cut by a circle of any 
radius whose centie is at a fixed point on one of the axes 
of the hyperbola, shew that the hnes joimng the pomts of 
mtei-section are eithei parallel to an axis of the liypeibola oi 
are tangents to a fixed parabola 

22 Shew that the envelope of the polar of a gn en point 
with respect to a system of ellipses whose axes are given m 
magnitude and duection and whose centres are on a given 
straight Ime is a parabola 

23 Of two equal circles one is fixed and the other 
passes through a fixed pomt , sliew that their radical axis en- 
velopes a conic liavmg the fixed pomt for focus 



EXAMl’LKfi ON GHx\.PTER XII 


273 


It pans of ladii vootois be ilia^vii fioiu the centio of 
an ellipbe uialcuig wtli tlio inajoi axis angles whose sum is a 
nglit angle, the locus of the poles of the chords joining then 
cxticniities is tX concentiic hypeibola, and the envelope of the 
choids IS a iccfcangulai hypeibola 

25 Fioni any point on one of the equi conjugate dia- 
niefceis of a conic lines aie clmwn to the oxtiemilies of an axis 
and these lines cut the cuivc again in the points P, Q , shew 
that the envelope of FQ is a lectangulai hypeibola 

26 PWP' IS the double oiclinate of an ellipse which is 
equi-distant from the centie G and a veitex, shew that if 
parabolas be drawn tliiough P, P', G, the choids joining the 
other mteisections of the parabola and ellipse will touch 
a second ellipse equal in all lospects to the given one 

27 Two given parallel straight lines aio cut ui the points 

Q by a line which passes thiough a fix( d point , hiid the 

envelope of the circle on PQ as diaraetoi 

28 The envelope ol the ciicles desciibed on a sj^stom of 
paiallel chords of a conic ns diameteis is anothei conic 

29 A choid of a parabola is such that the ciicle described 
on the chord as diameter ivill touch tho cuivc, shew that the 
chord envelopes anothei parabola 

30 Shew that the envelope of the diiectiices of all 
parabolas which have a common veitex A, and winch pass 
through a fixed point P, is a paiabola the len^h of whose latus 
rectum is AP 

31 Piove that, if the bisectors of the internal and exter- 
nal angles between two tangents to a conic be paiallel to 
two given diameters of the come, the chord of contact will 
envelope an hyperbola whose asymptotes aie the comugates of 
those diameters 

32 The polar of a point P with respect to a given 
come S meets two fixed straight hnes AP, AG in Q, Q' , shew 
that, if AP bisect QQ', the locus of P iviU be a conic j shew 
also that the envelope of QQ' will bo anothei conic. 

SOS 
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33 St l^^o points be iakoii on ii conic so th.it the hai- 
inonic mean of then (hbUnces fiom one focus is constant, 
shew th.)t the thoul joining them ■will .ihvays touch .i coniocal 
conic 

34 The envelope of the thoid of a ]Mi.ibola which sub- 
tends a 1 iglit angle at the focus is the ellipse 

(%-3aY -i- 2if = 8a-, i/‘ — ia%=0 
being the equation of the parabola 

35 A choi d of a conic ■which subtends a constant angle at 
a given point on the curve envelopes a conic liavmg double con- ' 
tact with the given conic 

36 Tliiough a lived point a pan of choids of a ciicle aie 
diawn at light .ingles, pioie that each side of the quud- 
iilateial foiined by joining then extiemities envelojie a conic 
of 11*111011 the fixed point and the centre of the ciicle are foci 

37 The peipcndiculai from a point S on its pohii with 
lespect to a parabola meets the axis of the p.iiabola in (7, 
show that choids of the jiarabola which subtend a light angle 
at S .ill touch a conic whoso centie is C 

38 Shew' that choids of a conic winch subtend a light 
.ingle at a fixed point 0 cm elope anotliei conic 

Shew also that the pouit 0 is a focus of the envclo])o and 
that the diiectnx coi responding to (? is the polar of 0 with 
1 aspect to the oiiginal conic 

Shew that the cm elopes coiicsponding to a system of con- 
ceiitnc siniilai and similaily situated conics aic confocal 

39. A sti .light line meets one of a system of confocal 
conics in 7^ Q, .ind JfS is the line joining the feet of the othei 
two 1101 mals diawn fioin the point of intci section of the 
1101 mals at 7' and Q Pioio that ihc em elope of 7»'»S' is a 
paiabola touching the axes 

40 3f a line cut two giien circles so that the poitions of 
the hue inteicopted by the circles aie in a constant latio, show 
that it will em elope a conic, which will be a pai abola if the 
latio be one of equahty 

41 Ohoids of a icctangiilai hyperbola at light angles to 
each othei, subtend light angles at a fixed point 0, shew tliat 
they interaect in the jiolai of 0 
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43 Shew that jf A P, AQ be two clioids of the pdrabola 
^•'_4rti_0 through the vcitex A, which make an angle 


4 


with one another , the lino PQ Mill ahvayb touch the ellipse 
ISStt" 16a' 


43 Pairs of points aio taken on a conic, such that the 
lines joining them to a given point are equally inclined to a 
given straight luie, prove that the choid joining any such pan 
of points em elopes a conic ivhose duectoi-cucle passes thiough 
the fixed pomt 

44 Choids of a conic 6' which subtend a right angle at a 
lived point envelope a conic S' Shew that, if ^ pass thiough 
foui fixed points, S' will touch foui fixed straight lines 

45 A conic passes thiough the foui fixed points A, B, G, 
D and the tangents to it at /f and (7 aie met by GA, BA 
produced in P, Q Shew that PQ em elopes a conic which 
touches BA, GA 

46 If a choid cut a circle in tMO points A, B which aie 
such that the lectangle OA OB is constant, 0 bemg a fixed 
pomt , sheiv that the envelope of the chord is a conic of which 
0 IS a focus Shew also that if OA‘ + OB" bo constant, the 
chord will envelope a paiabola 

47 On a diameter of a ciicle two points A, A' are taken 
equally distant fioin the centre, and the lines joining any point 
P of the ciicle to these points cut the ciiclc again ui Q, R, 
shew that QR em elopes a conic of which the given cucle is the 
auxihaiy cucle 

48 A tiiangle is insciibcd in .in ellipse and two of its 
sides pass thiough fixed points, show that the em elope of the 
thud side is a conic luiving double contact with the foimei 

49 A tiiaugle is insciibed m .in ellipse and tw’^o of 
its sides touch a coaxial ellipse , shew th.it the envelope of the 
thud bide IS a thud ellipse 

50 Shew that the locus of the ccntie of a conic which is 
lusciibcd 111 a given tiianglc, and which has the sum of tlie 
squaies of its axes constant, is a cucle 


18—2 
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Trilineab Co-ordinates 

244 Let any three stiaight lines be taken winch do 
not meet in a pomt, and let ABC be the triangle foimed 
by them Let the peipendiculai distances of any point P 
fiom the sides BO, GA, AB hQ a, 7 lespectively , then 
a, yS, 7 aie called the tnlmeai co-oidinates of the point P 
referred to the triangle ABC We shall consider o, j8, 7 
to be positive when diawn in the same duection as the 
perpendiculars on the sides Irom the opposite angular 
points of the triangle of lefeience 

Two of these peipendiculai distances are suflScient to 
deteimine the position of any point, there must therefoie 
be some relation connecting the thiee 

The 1 elation is 

aa + 6y3 + C7=2A, 

where A is the aiea of the tiiangle ABG This is 
evidently true for any point P within the tiiangle, smce 
the triangles BPG, GPA and APB are together equal to 
the tnangle ABG , and, legard being had to the signs of 
the perpendicular, it can be easily seen to be universally 
true, by drawing fig^ies foi the diffeient cases 

245 By means of the relation au + h^ + cy ~ 2A any 
equation can be made homogeneous m a, ty , and when 
we have done this "we may use instead of the actual co- 
ordmates of a point, any quantities proportional to them . 
for if any values a, /8, 7 satisfy a homogeneous equation, 
then I,a, kfi. Icy will also satisfy that equation 
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246 If any ongin be taken within the triangle, the 
equations of the sides of the triangle leferred to any 
lectangular axes through this point can be "written in the 
form 

— a; cos 6^—y sm 6^ +p^ = 0, 

-xcos6„-y sin 6^ + p„= 0, 

— Tjcosda— J/sm ;>3 = 0, 
where cos (0„ — ^,) = — cos A , cos (6^ — 6^) = — cos B, 
and cos (^j — 6^ = — cos G 

[We wnte the equations with the constant terms posi- 
tive because the perpendiculars on the sides from a point 
within the tiiangle are all positive] 

We therefore have [Art 31] 

(L=p^ — x cos B^ — y sin0j, 
yS - X cos e^-ysm B^, 
and 7=^3 — .rcos^g — i/sm^g 

By means of the above we can change any equation in 
tnlmear co-ordinates into the corresponding equation in 
common (or Cartesian) co-ordinates 

247 Eveiy equation of the fiist degree repiesents a 
sti Wight line. 

Let the equation be 

loL -I- TO/S W7 = 0 

If we substitute the values found in the precedmg 
Article for a, 7, the equation in Cartesian co-ordinates 
so found w’lll clearly be of the fiist degree Therefore the 
locus IS a straight line 

248 ICveiy straight line can he lepieiented by an 
equation of the fii si degi ee 

It will be sufiicient to shew^ that we can alwaj’^s find 
values of I, m, n such that the equation let + m/3 + 717 = 0, 
w'hich W’e know' represents a straight line, is satisfied by 
the co-ordinates of any tw’o points 

If the co-oidinates of the points be a', 7' and 
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o", yS", 7 " we must have 

/a' +m^' +ny =0, 

Za" + ?»/S" + ny" ~ 0, 

and values of I, m, n can always be found to satisfy these 
two equations 

249 To find the eqiiatton of a sfyatght line which 
passes till ough two given points 

Let a', , a", 7 " be the co-ordinates of the two 

points 

The equation of any stiaight line is 
let + + ny = 0 

The points (of, y), (g", 7 "), are on the line if 

Za' + 7 nyS' -f- ny = 0, 

Zo"- 4 - m^"+ ny" = 0 

Eliininating Z, m, n fiom these tliiee equations we 
have 

a , , 7 =0 

7 ' 

a", i 8 ", 7 " 

250 To find the condition that thiee given points may 
he on a sti aight line 

Let the co-oidiiiates of the given points be a, B', y 

^// O'/ ff ^/// o'ff /// ' 

a. ,p ,y , and o , /3 , 7 

If these are on the straight line whose equation is 
Za ny = 0, 

we must have la' +m^' +ny' = 0 , 

Za" + myS" -}- ny" = 0, 
and la'" + m^"' + ny'" = 0 

Ehmiiiatiiig 1, m, n we obtain the reqiiiied condition, 

a' , , 7 ' =0 

a, P", y" 

a", r. 7 " 
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251 To find thepmnt of mi o section of iwo given simiglit 
lines 

Let the equations of tlie given stiaight lines be 
la + w)8 + ny = 0, 
and I'cc + m'/S + n'y = 0 

At the point winch is common to these, wo have 

= _JL_ . (\) 

mn' — m'n nV — nl Ini—l'ni ^ 

The above equations give the ratios of the co-ordinates 

If the actual values be requned, multipl}' the nume- 
rators and denominator of the fractions in (i) by a, h, c 
respectively, and add; then each fraction is equal to 

aa + h^ + cy 2A 

(limn' —m*n) + h{iil' —n"l) +c{lm' — I'nt) * \ I, m, n 

I, w , n 
a, b, c 

The lines will not meet in a point at a finite distance 
from the triangle of refeience, that is to say the lines will 
be parallel, if 

I, m, n = 0. 

I', m', n' 
a, b, c 

252 To find the condition that thee sti aight line's mag 
meet in a 2 }mnt 

Let the equations of the stiaight lines be 
l!,« + w,/S + w,7 = 0, 

+ ??„7 = 0 , 

l/x + m'^ + n\y = 0 

The lines will meet in a point if the above equations 
aie all satisfied by the same values of a, /S, *y The elimi- 
nation of a, )3, 7 gives for the icquiied condition 

m,, 71, =0 

h, m„, V, 

^** 9 ’ ’*3 
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253 If Ax + By + <7= 0 be the equation of a straight 
line m Cartesian co-ordinates, the inteicepts •nhich the 

C G 

line makes on the axes aie — ^ respectively If 

therefore A and B he veiy small the line will he at a veiy 
cot distance fiom the 01 igin The equation of the line 
will in the limit, assume the form 

0 T + O y + G=0 

The equation of an infinitely distant straight line, 
geneially called the h«e at ‘infinity, is therefoie 
0 -B + O y + G=0 

''i\Tien the Ime at infinit}’^ is to be combined with other 
expressions involnng x and y it is written (7=0 

The equation of the line at infimty in tiilinear co-oidi- 
nates is oa + + c<y = 0 

For if ka, k^, ky he the co-ordinates of any point, the 
invanahle i elation gives I (aa+ b^ + cy) = 2 A, or 

. rrj 2A 

az +bp +cy = ~j- 


If therefore k become infimtely great, we have in the limit 
the relation ax -f- &/S -}- cy = 0 This is a linear relation 
which IS satisfied by finite quantities w’hich are propor- 
tional to the co-ordmates of any infinitely distant point, 
and it is not satisfied by the co-oidmates, or by quantities 
proportional t-o the co-oidinates, of any point at a finite 
distance fiom the tnangle of reference 

254 To find the condiUon that tiio given hues may be 
pai allel 

Let the equations of the lines be 
la -f- ?ny8 + 7?7 = 0, 

Va + m'l3 -1- n'y — 0 

If the lines are parallel their point of inteiaection will 
be at an mfinite distance from the origin and therefore its 
co-ordinates will satisfy the i elation 

aa+b^ + cy — 0 
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Elinnuating a, 7 from the three equations^ ■\ve have 
the required condition, viz 

I , m, % = 0 

7 f t t 

, m, n 
a, b , c 

255 To find the equation of a sfi Wight line th ough a 
given pmnt parallel to a given sti aiglit line 

Let the equation of the given line he 
lu + ^Jl/9 + M7 = 0 
The lequiied line meets this wheie 
aa + 6)8 + cy = 0 

The equation is theiefoie of the foim 

la + m)8 + fly + \ (oa + h^+ cy) = 0 

If fi g, h he the co-ordinates of the given point, 
we must also have 


whence 


lf+mg + nh + X (qf + hg + ch) = 0, 
la + fli)8 + fl y _ gg + 6)8 + cy 
If + mg + nil af+bg + ch 


A useful case is to find the equation of a straight line 
through an angular point of the triangle of reference 
parallel to a given straight line. 

If A he the angular point, its co-ordinates are f, 0, 0, 
and the equation becomes {ina — Z6) )8 + {na — lc)ry =^0 


256 To find the condition of pei pendicularity of two 
given sti aight lines 

Let the equations of the lines be 
la + mjS + fly = 0, 

I'a 4- fli )S + 91 y = 0 

If these he expressed in Cartesian co-ordinates by 
means of the equations found in Art 24:6, they will be 
a:(/cos 0J+ m cos 6 ^+n cos d^+y{l sin ^j-J-wsin^j+wsm^^) 

-lp^^mp„-np^^0. 
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nud 

a (rcos^,+ 7?i'cos^„+ ji'cos^,)+2/(f sin^,+7?i'sin^„+7i'sm^,) 

- Vi\-~ m'2K -np^ = 0. 

the lines will therefoie be peipendiculai [Ait 29] if 
(I cos 0^ + m cos 6^ + n cos 6^ {I' cos 0^ + m' cos 0^ + n cos 0^ 

+ (^sin^, + WISH! 6^5+71 sin^3)(^'sm^j+7n'sin^.+7i'sm0,)=O, 

that is, if 

W + mm' + nn + {Ini' + I'lri) cos {0^ ~ 0^ 

+ (jn 7 i' + m'n) cos { 0 ^ ~ 0 ^ + {nV + n'l) cos { 0 ^~ 0 ^ = 0 
But cos {0„ — 0J = — cos A, cos (0^ — 0^) = — cos B, 
and " cos (0^ -0^ = — cos G , 

theieforc the leqiuied condition is 

IV + mm' + nn' — {mn' + 7n^7i) cos A — {nV + til) cos B 

— {Ini + I'tn) cos G=0 

2)7 To find the pet pendtculnt distance of a given 
point ft oni a given sti aight line 

Let the equation of the straight line be 

la + m^ + wy — 0 

Expiessed in Cartesian co-oidinates the equation ■will be 
xQ, cos^j + 7M cos 0J+ 71 cos^j) + y{l sin0j+ m sin0g+ 7isin^g) 

-lp^~mp^-np^=^Q 

The perpendicular distance of any ijoint fioin this line is 
found by substituting the co-ordinates of the point in the 
expiession on the left of the equation and dmdmg by the 
squaie root of the sum of the squares of the coeflScients 
of X and y If this be again expiessed in tiilineai co- 
ordinates, we shall have, for the length of the perpen- 
diculai from f, g, h on the given line, the value 

lf+ mg -}- nh 

V{(/cos0j+ in cos^j-l- 71COS 0 ^^+ (/sin -(-Tiisin^j-j- n sin 
The denominator is the squaie loot of 
P 7ir -h tr + 2lm cos {0^ — 0^ -f 27?i7i cos (^j. — 0^ 

27iZ cos { 0 ^ — ^j), 

01 of -f- m" + ??* — 2/7?i cos C — 27/171 cos A — 2w/ cos B, 
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Hence the length of tlie perpendiciilai is ctjual to 
If-^ mg + nh 

+ «■ — ^nn cos A — 2nl cos B — 2lm cos C) 

258 To sheiu that the co-ordmates of any four points 
may he expiessed in the foi m ±f ±g, ±h 

Let P, Q, B, S be the fom points 


B 



The intersection of the line joining two of tlie points 
and the line joining the othei two is called a diagonal- 
point of the qiiadi angle. There are therefore three 
diagonal-points, viz the points A, B, G in the 6 gure 

Take ABC for the tiiangle ol reference, and let the 
co-ordinates of Phe/, g, h 

Then the equation of AP will he ^ ^ 

The pencil AB, AS, AC, AP is harmonic [Art 60], 
and the equations of AB, A C are 7 = 0, = 0 respectively. 


and the equation of AP is - = ^ > therefore the equation 
7 

g ~h 


ofA.3mllhe^= 


g 7t = 
[Art 56] 


The equation of (7Pis %■=■— 

f 9 

Therefoie wheie AS and GP meet, 1 e at S, we shall 


have 


7 


2S4 


KQUATIOXS 01- lOOTl SniATGIlT LlNtS 


So that tlio co-ordinatos of aie proportional to f, g,—h 
Similaily the co-ordmatos of 11 me propoifcional to —y,g, h 
Similail^ the co-oidinatcs of Q are pi02iortional to f, —g, h 

259 'fo shew that the etjuations of any four sti aight 
hues may be cvpt eised in the foi ml7.± m^ + «7 = 0 

Let DE1\ DKG, EKlf FGH he the foxu straight 
Imos 

Let ABC 1)0 the tiidiigle foinied by the diagonals 
FK, EG, and DHoi tlie quadiilateial, and take ABC foi 
the tiiangle of lefeienoe 



Let the equation of DBF be 

la + viB + «7 = 0 

Then the equation of AD is wy3 + ?j7 = 0 

Since the pencil AD, AB, All, AO is haiinonic 
[Alt GO], and the equations oi AD, All, AO aie m/3+»y =0, 
7 = 0, /S = 0 lespectively , 

thoiefoic [Alt 56] the equation of AD is mfi — ny = 0 

Since E is tlie point given by y8 = 0, 7a + 117 = 0 , and II 
IS the point given by 0 = 0. «?/3 — 717 = 0 , tlie equation 
of I/E IS /a — mfi +vy—0 
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We c.m shew in a sinnlai nidnuei t.hali the equation 
of DK IS — Za + + ;J 7 = 0, 

,iuJ that the equation ol FIT is 

Za + wi/3 — H<y = 0 


EXAI^ITLES 

1 The llirco bisectois of tlic angles of the timnglo of referente lm^o 
for equations, ^-y=0 y-a=0, nnd a-fi=0 

2 The three stinight lines from the angular points of the triangle of 
reference to the middle pomts of the opposite sides have for equations 
&;S-cy=0, cv-«a=0, nnd fla-Zi/3=0 

3 If A'll'C he the middle points of the sides of the tiiangle of 
reference, the equations of BC’, C'A’, A’li’ mil he bp + cy-aa=0, 
eyj-aa-hpr=0, aa+lip~cy=0 rcspectnelj 

4, TIic equation of the lino joining the centics of the inscnbcd and 
circnniscnbcd circles of a tnaiigle is 

o(cosB-coa<.')+/S(co8C'-coB l)-l 7(cos 1 ~cosB)^0 

5 Fmd the co ordinates of the centu s of the four circles wIikIi touch 
the sides of the triangle of lefcrence Find also the co ordinates of the 
SIX middle pomts of the lines joining the four centres, and shew that the 
CO ordinates of these six pomts all satisfj the equation 

«/Sy + Irya + ca^ = 0 

6 If AO, BO, CO meet the sides of the tnauglo ABC m A', B', 
and if B'C meet J3C in B, C'A' meet CA ui Q, and A'B' meet AB in Ji, 
bhow that P, Q, Jl arc on a straight line 

Show also that BQ, CB, AA' meet m a jioint P , CB, AB, BB' meet 
in n point Q’, and that AB, BQ, CC' meet in a point B’ 

7 If through the middle pomts. A', B', C of the sides of the triangle 
ABC hncs A'B, B’Q, C'Jl be drawn pciqicndiculai to the sides nnd equal 
to them, hliew that AB, BQ, CB mil meet in a point 

® Pt 5t the Icngthb of tlie perjieudiculai-s from the angular 
points of the tiiaiiglc of reference on nni htraiglit line, shew that the 
equation of the hue will be «jm i l«//J i-cr7=0 

9 If there bo two triangles such that the stiaight hues joining the 
corresjHmdmg angles meet in a jiomt, then will the thice mtci'seetions of 
corresponding sides lie on a straight line 

[Let/, g, Ji be the co-ordmates of the point, referred to ABC one of the 
two triangles Then the co-ordinates of the niigulni pomts of the other 
tnangle A’BC can bo taken to be f, g, h , f, if, h and/, g, h' respectivdy 

B'C cuts BC where a=0 and + ~~r,=0 Hence the three intcr- 

g-f h-h' 

sections of concsponding sides are on the hue 5-^, -i — -t- ,-^,=0 ] 

f-f 0-9 
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260 The geneial equation of the second degree m 
tnlinear co-ordinates, viz 

i/x” -h i>/8® + W7‘ + -f 2 v'<yx -f- 2 w'a^ = 0, 

is the equation of a conic section, loi, if the equation be 
expressed in Cartesian co-oidinates the equation ivill be of 
the second degiee 

Also, since the equation contains five independent 
constants, these can he so determined that the curve 
represented by the equation will pass thiougli five given 
points, and therefore will coincide with any given conic 

261 To find the equation of the tangent at any pomt of 
a conic 

Let the equation of the conic be 
^ (a, / 3 , 7) = ud: + + wf + 2 u’^y + 2 v'ya + 2 w'a^ = 0 , 

and let a', fi', y , a", fi", y" be the co-ordinates of two 
points on it 

The equation 

u (a - a') (a -d') + v(fi- P') - ^") + ii; (7 - 7') (7 - 7") 

-f- 2«' - ^’) (7 - 7") ■+ 2 v' (7 - 7') (a - a") 

-f- 2 ^i;'(«-a')(/ 8 -) 8 ") = .^.(a,/3,7). 

IS leally of the first degree in a, 7, and therefoie it 
IS the equation of some straight Ime The equation 
IS satisfied by the values a= a', )8 = / 3 ', 7 = y, and also by 
the values a = a", ^=, 6 ", 7 = 7" Theiefoie it is the 
equation of the line joining the two pomts (a', y), 

(a", fi", y") Let now (a", y") move up to and ulti- 

mately coincide -with (a', y 3 ', 7'), and ive have the equation 
of the tangent at (a', /8', 7'), viz , 

iwta' -t- -f Wyy + w' (fiy -f- y^') 

+ v’ (7a' ay) -f- w' (a^’ -|- ^a') = 0 

Usmg the notation of the Diffeiential Calculus we may 
yTite the equation of the tangent at any pomt (ol, 0 , y) 
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ot the come ^ (a, 7) = 0 in eithci ot the louut> 

,d^ a,d4> ,d<}) 

“rfa+^ ?? + '>' -4“” 


202 'fo jind the equation of the polai of a given 
point 

It may be shewn, exactly as in Ait 76, 100, or 118, 
that the equation of the polai of a point with lespect to 
a conic IS of the same form as the equation we have 
found foi the tangent in Art 2G1 

2G3 To find (he condition that a given stiaight line 
mag touch a conic 

Let the equation ot thegiien stiaight hue be 

I'x+mfi + ny = 0 (i) 

The equation of the tangent .at (a', y) is 
a (ua' + w'^' + v'y) + /S (w'a’ vfi' + u'y) 

+ 7 {v'a + n'f3' + wy) = 0 (11) 

If (1) .ind (11) ropiesent the same straight line, ve have 
ua' + w'P' + v'y _ id a! + v^’ + u'y _ v'a' + u'^' + wy 
I m n 

Putting each of these fi actions equ.al to — ve have 
ltd -{-id^’ -^-v’y -rXl =0, 
vfd + vy9' + u'y + 'Km = 0, 
vd + it'yS' + wy +Kn =0 
Also, since (o', )3’, y) is on the line {I, m, n), 

Id + 711/3' + ny = 0 

Eliminating d, /8’, y, K fioin tliese foui equations we 
obtain the requii ed condition 

u , id, d, I =i) (ill), 

id, V , u', m 

d , v', 10 , 71 

1 1 , in, 71, 0 j 
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THE CENTRE 


or {vio + m~ {tou — «''*) + n" {uo — w'^) 

+ 2inii {v'w' — uu') + 2nl {w'u' — W) + 2???i (itV — ww') — 0, 

01 

Ul' + F// 1 * + Wn^ + 2 U’vDh + 2 V'nl + 2 W’lia = 0 (v), 
whcic U, V, W, If, V\ W' aie the minors of ti, v, w, 
u\ v\ w' in the determinant 

1 u , w', V =0 

w, V , ti' 

V , u', w 

264 To find the co-ot dinates of the centre of a come 
Since the polar of the centre of a conic is altogethei at 
an infinite distance, its equation is 

02 + 6^ + C7 = 0 (i) 

But [Alt 262], the equation of the polai of the centre 
Avill be 


o 




+ 7 



wheie flf„ y8„ are the co-ordinates of the centic 
Hence the equations foi finding the centre are 


d<l} d^ 

da„_ d^„_d^„ 
a h c 


265. To find the condition that the curve represented 
hy the general equation of the second degree may he a 
parabola 

The co-oi dinates of the centre of the cui’ve aie given 
by the equations 

ugp + + v'y^ w\ + v^o + M 7„ ^ v'a^ + wy„ 

a b c 

Put each of these equal to — and we have 
ua^ + -f- v'% + \a-0, 

+ +u'% + Xb = Q, 

v'a„ + + wrf^ + Xc = 0. 
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Also since the centie of a pai’abola is at infinity, we 
have 

The elimination of a„, /3„, jg, \ gives loi the lequiied 
condition 


u , 

w. 

v\ 

w', 


w', 

v\ 

n'. 

w, 

a, 

b, 

C, 


, We see from the above that the paiabola touches the 
hue at infinity [Ait 263 ] 

2GG To find ihe condition that the conic lepiesented hy 
the genetal equation of the second deyiee may be two stunght 
lines 

The required condition may be found as in Ait 37 
The condition is 

uiw 4- 2it'v'to' — xni~ — vv"^ — xoio'‘ = 0, 

01 , as a determinant, 

u , lb’, v' =0 
vj', V , u' 

V , u' , w 

2G7 To find the asymptotes of a conic. 

The equations of the curve and of its asymptotes only 
differ by a constant. 

Hence if the equation of the curve be 

W2‘+ v^' + luf + 2u'fiy + 2vfya + 2«;'«/8 = 0, 
the equation of the asymptotes will be 
nor* + -f iD<f + 2u ' + 2v'ya + 2w' a/3 

+ X (aa + 6/S + cy)‘ — 0 (i) 

The value of X is to be detennined from the condition 
for straight lines, viz 

n +7^, w' + \ab, v' + Xac =0 
w'+ "Kab, V + X6* , u'+ X6c 
i/ +Xac, 7t'+X6c, w+Xc? 


s. c. & 


19 
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ASYMPTOTES 


The teim independent of X is 
16 , to' , v' 

V)' , V , u' 

v' , u' , w 
The coefficient of X is 


£6®, ah, ac 

+ 

16 , to' , o' 

+ 

u , \v' , o' 

V} , V , ll' 


ah , P , he 


w' , 0 , n' 

o' , It' , 10 


o' , It' , w 


ac, he, c® 


^Yh^ch is equal to 

— ti , w' , v' , a 

W', V , 16 ', h 

v' , u' , w , 0 
a , & , c , 0 


The coefficients of X® and of X® aie both zeio 

Hence theie is a simple equation for X, and therefoie 
from (i) n e have for the equation of the asymptotes 

1 = 0 


u , w' , v' , a 

-f (aa-htyS+cy)® 

u , to' , o' 

tv' , V , u' , h 


w' , V , ll' 

o' , u' , w , c 


o' , ll' , 10 

a , h , c ,0 




268 To find the condtiton that the conic may he a 
i ecf angular hypei hola 

Change to Caitcsian co-ordinates Then the conic will 
be a lectangulai hyperbola if the sum of the coefficients of 
cc® and is zero 

Tlie condition becomes 

i6-{-i> + 10 — 2i6' cos a — 2i/'cos B — 2to'cos 0=0 


269. To find the eqtiaiton of the cit cle circumscribing 
the ti langle of i efei ence 

If from any point P, on the ciicle ciicumscribing 
a triangle ABO, the thiee peipendiculais PL, PM, PNhc 
drawn to the sides of the triangle and meet the sides 
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BG, GA, AB in tlic points L, M, N lespcciively , tlien it 
IS knovm tluit these tliiee points L, M, N aie in a stiaight 
line 

Let the triangle be taken foi the triangle of lefeience 
and let a, 7 be the co-oidinates of P 

The areas of the triangles MPN, NPL, and LPM 
aie ^^ysmA, \yasmB, and lespectively 

Since L, M, N are on a straight line, one of these triangles 
IS equal to the sum of the other two Hence, legaid being 
had to sign, we have 

/S7 sin -4 + 7a sin 5 + «)8 sin (7=0, 

01 a^y + hyx + = 0, 

which IS the equation lequiied 

Ex Tlie perpendiculars from O on tlie side% of a triangle meet the 
sides in U, E, F Shew that, if the aica of the triangle DFF is constant, 
the loons of 0 is a circle concentric mth the circumscribing circle 

270 Since the terms of the second degiee are the 
same m the equations of all circles, if S — Q be the 
equation of any one circle, the equation of any other 
circle can be written an the foim 

S-\-\OL + + vy = 0, 

01, in the homogeneous foim, 

8+ (I 0 L + m/3 + ny) {ax+h^ + cy) = 0 

271 Fiom the form of the general equation of a 
circle in Art. 270 it is evident that the line at infinity cuts 
all circles in the same two (imaginary) points 

The two points at infinity through which all ciiclas 
pass are called the cii cidar points at injinity 

Since, in Cartesian co-oidinates, the lines a® + ?f® = 0 
are paiallel to the asymptotes of any circle, the imagmaiy 
lines ic® +2/® = 0 go through the ciicular points at infinity. 
Hence, from Art 193, the four points of intersection of 
the tangents drawn to a conic from the circular points at 
infinity are the four foci of the curve 

272. To find the conditions that the curve represented 
by the genet al equation of the second degree maybe a circle 

19—2 
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CONDITIONS FOR A CIRCLE 


Tlie equation of tlio circle circunisciibing the triangle 
of lelereiice is [Ait 269] 

aj3y + bya + ca/3 = 0 

Tlieiefoie [Ait 270] the equation ot any other circle 
IS of tlie foim 

a/3y + bya + ca/9 + (la + w/S + ny) (aa + 6 ^ + C 7 ) = 0 

If this IS the same cui-ve as that represented hy 
iMt® + v/3^ + wy’‘ + 2u'^y + %>'ya + 2w'a^ = 0, 
we must have, for some value of \ 

\u = la, Xv ~ mb, Xw = 71 c, 

2Xu' = a + cm + bn, 2Xv' = b + an + c?, and 2Xw = c + 6? + am 

Hence 

2bctt' — c% — ¥w ~ 2cav' — = 2abw' — — a\ 

for each of these quantities is equal to ^ 

A» 

273 To Jmd the condition that the conic 7 epi esented by 
the general equation of the second degree may be an ellipse, 
parabola, o? hyperbola 

The equation of the lines from the angular point (7 to 
the points at infinity on the conic will he found hy ehmi- 
nating 7 from the equation of the curve and the equation 
CMC + + C 7 = 0 Hence the equation of the lines through 
G parallel to the asymptotes of the conic will he 

«cV + 7 ;c®/3® + w (aa + — 2a'c/8 (aa + bfi) 

— 2v'ca (aa + 6/8) + 2tt;'c®a/8 = 0. 

The conic is an ellipse, parabola, or hyperbola, accoid- 
ing as these lines are imaginaiy, coincident, 01 real 5 and 
the lines are imaginaiy, coincident, 01 real accoiding as 
(wab — uac — v'bc + w'c^' — (uo~ + war — 2v’ ac) 

(vc^ + ?c6® — 2u'bc) 

lb negative, zeio, or positive , that is, according as 
Ua-^ + VP +Wc-+2 me + 2Fca + 2 W'ab 
IS positive, zero, 01 negative 

274 The equation of a pair oftangmts drawn to the 
conic from any point can be found hy the method of 
Alt 188 
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The equation of the dvtector circle of tlie conic can be 
found by the method of Aii;. 189 

The equation giving the foci can be found by the 
method of Art. 193 

The equations for the foci will he found to ho 
4 (6®w + <?v — 2bou) <fi (a, 7) “ ^ ® 

= 4 (c®it + a'w - 2cav') ^ (a, A 7) “ ^ 

= 4 (a"v + b'H — 2abw') <j> (a, A 7) ~ ^ ^ * 

The elimination of (f) (a, 7) will give the equation of 

the axes of the come 

275 To find the equation of a conio cii cuinscnbing the 
triangle of refei ence 

The geneial equation of a conic is 

no? + y/8* + wf + 214/87 + 2y 7a + 2iy a/8 = 0 
The co-ordinates of the angular points of the triangle 
are 

— , 0, 0, 0, 0 , and 0, 0, - 

a ’ b c 

If these points are on the curve, we must have ?4 = 0, y = 0, 

and w — 0, as is at once seen by substitution. 

Hence the equation of a conic cii cuinscnbing the tii- 

angle of reference is 

ii^y + vya + w'a/8 = 0 

276 The condition that a given stiaight line may 
touch the conic may be found as in Art 263, or as follows 

The equation of the hnes joining A to the points 
common to the conic and the straight line {I, m, n), found 
by eliminating a between the equations of the conic and 
of the straight line, is 

lu'/3y — (vy + v/fi) (m/8 ny) = 0, 

01 mwff -f 717/7® 4- {niv’ H- md — 7?/') ^y — 0 

The I11101 aie coincident il (7, ?ii, n) is a langent, the 
condition foi this is 

Aninv'w' = + md — Zm')®, 
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IKSCKIBED CONIC 


•v\ hich 7S equivalent to 

ijlv' + Jmv' + tjnvj = 0 

277 To find the equation of a come touclniig the sides 
of the ti tangle of reference 

The general equation of a conic is 

wa* + + VJrf + + 2w' 72 + 2?y —t) 

Where the conic cuts « — 0, we have 

+ wf + 2u'^y = 0 

Hence, if the conic cut a = 0 in coincident points wo 
have _ 

vto = «'*, 01 u' = Jvio 

Similar^, if the come touch the other sides of the 

tnangle, u e have 

v' = Jwu, and w = Jtiv 

Putting 7c, ff, V' instead of u, v, xu lespectivelj', ive ha\ e 
for the equation, 

W + + 2iiv^y + 2v7jyx + 2Xfia^ — 0 

In this equation either one or three of the ambiguous 
signs must be negative , for otherwise the left side of the 
equation would be a peifect squaie, in which case the 
conic i\ ould be two coincident straight Imes 

The equation can be ■written in the foim 
ij\'x + ^/ ft^ + \/ vy — 0 


278 To find the condition that the line h. + mP + 7 iy — 0 
mag touch the conic Jxa + + ^/v 7 = 0 

The condition of tangenev can be found as in Art 276, 
the ic^iilt IS 


I m n 


279 To find the equations of the cii cles which touch the 
sides of the ti tangle of lefetence. 

If be the iioint wheie the inscribed ciicle touches 
BC, Ave knoAA that 

DG = s — c, and BB — s—l 
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Theiefoie the equation oi AD will bo 

"y t \ 

(s — c) sm G (s — b) sin B 

Now the equation of any inscnbed conic is 

ijxa + »/ fij5 + »/ijy = 0 (ii) 

The equation of the line joining A to the point of contact 
of the conic with BG will he given by 

Jfi^ + Jvy = 0, 

' fi^ = vy . (ill) 

Hence, if (ii) is the inscribed circle, we have fiom (i) and 

( 111 ) 

fl _ V 

b(s — 6) ~ c(s— c) 

Similaily, by consideiing the point of contact with GA, 
we have 

V _ X. 

g{s — c ) ~ a{s — a) 

Hence the equation of the inscribed circle is 
*/a (s — a) a + (s — 6) + y c (s — c) 7 = 0. 

The equations of the escribed circles can be fonnd in a 
similar mannei 

E\ 1 Shew that the conic whoso equation is 

Vao + \/^+ n/^=0» 

touches the sides of the triangle of reference at their middle points 

Ex 2 If a conic he inscnbed in a triangle, the lines joming the 
angular points of the triangle to the points of contact with the opposite 
sides ivill meet in a point 

280 To find the equahon of a conic which passes 
till oiigh foul given points 

If the diagonal-pojiits of the quadianglo be the angulai 
points of the tiiangle of lefoionce, the co-ordinates of the 
tom points aie given by ±f, ±g, + h [Ait 258] 

If the foui points aie on the conic Avhose equation is 
-f wy^ + 2u!/3y + 2v'ya. 2w'a^ = 0, 
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we have the equations 

w/* + + wP ± 2u'gh ± ^v'hf ± ^'fg = 0 j 

u' = v' =11/ = 0 

Hence the equation of the conic is uP + v0' + wy^ = 0 , 
with the condition uf^ + vg^ +wP = 0 

Bv 1 Find the locus of the centies of all comes which jiass through 
foui given 2 >oints 

Let the foTir points bo ±/, ±g, -t/i 
The equation of any coma uill be 

Mtt® + VjS® + W7® = 0, 

uitb the condition 

uf^+vg-+w}fi=0 ( 1 ) 

The 00 ordinates of the centie of the conic aie gi\cn by 
«o _ d (5 _ wy 
a ~~ b ^ c 

Substitute for u, v, w in ( 1 ), and vre have the equation of the locus, viz 

^ + ^ + — =0 [See Art 209] 
a g y '■ * 

Ex 2 The polars of a given point with respect to a system of 
comes passing through foui given points will pass through a fixed point 

281 To find the equation of a come touching foui 
given sti aight lines 

Let the triangle foimed by the diagonals of thequadii- 
lateral he taken for the triangle of reference, then [Art 259] 
the equations of the four lines will be of the foim 
la ± m0 ±ny = 0 
The conic whose equation is 
wa® + t-yS* + W 7 ® + 2u'0y + 2v'yx + 2tv'a0 = 0 (1) 

will touch the line (I, m, n) if 

UP + Fm® + ir?!® + 2 CT mn + 2 V'nl + 2 Wlm — 0 
If theiefore the conic touch all four of the lines, we 
must have U' = F' = IF = 0 , 

tliat IS vw' — iiv' = 0 , 

wV — vv' = 0 , 
u'v — ww = 0 , 

u' -=.< 0 ’ =. qjo' = 0 , 
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or else (i) is a perfect square, and the conic a pair 
of coincident straight lines 

Hence we must have v! =v' = w' = 0, and the condition 
of tangency is l^mo + m^wii + n^uv — 0 

Hence every conic touching the four straight lines is 
included in the equation 

us? + u/S® + toy® = 0, 

with the condition 


U V w 


Ex 1 Find the locus of the centres of the conics which touch four 
given straight lines 


Any come is given by 
witb the condition 


iia2+ v/3® + icy® = 0, 


P lit 

— j 

11 i> 


2 n® 

+ — = 0 
w 


The co'Ordinates of the centre of the conic are given b> 
iitt vfi wy 
a~ b~ c ’ 

therefore the equation of the locus of the centres is the straight line 

a b c 

This straight line goes through the middle jioints of the three diagonals 
of the quadnlateral [See Art 217 ] 

Ex 2 The locus of the pole of a given hne mth respect to a system 
of conics inscnhcd in the same quadrilateral is a straight Ime 

Ex 3 Slievi that, if the conic iia®+‘i?/5®+W7®=0 ho a parabola, it 
Mill touch the four lines given by aai6/5±C7=0 


282 When the equation of a conic is of the form 
tw® + + wy® = 0, each angular point of the tiiangle of 

reference is the pole of the opposite side This is at once 
seen if the co-ordinates of an angular point of the triangle 
be substituted in the equation of the polai of (a', y'), 

VIZ Ma'a + + wy y = 0 

C'onveisc]y,if the fnaiigle of lefeionce heself- 2 iolai, the 
equation of the conic will he of the form ica® + vyS® + ioy~ = 0 

For, the equation of the polai of A , 0, oV with lespect 
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NINE-POINT CIRCLE 


to the conic given by the geneial equation, is 

im. + ?o'/8 4- v'7 = ® 

Hence, if 5(7 be the polar of A, we have «(;'=v' = 0 
Similarly, if GA he the polar of B, wc have w' — u= 0 
Hence w', v’, xo aie all zeio 

283 If two conics inteisect in four leal points, and 
we take the diagonal-points of the quadi angle foimed by 
the foul points foi the tnangle of leference, the equations 
of the two conics will [Art 280] be of the foim 

ita® 4- 4- xtyf = 0, and w'a® 4- v'iS® 4- to 7® = 0 

So that, as we have seen in Ait 213, any two conics 
which intersect m four real points have a common self-polar 
tnangle 

When two of the points of intei section of two conics 
aie real and the othei two imaginaiy, two angular points 
of the common self-polai tnangle aie imaginaiy When 
all foul points of intei section of two conics are im^niaiy, 
they will have a leal self-polai tnangle [See neiieis’ 
Trihnears, or Salmon’s Conic Sections, Ait 282] 

284 If two tangents and then chord of contact be 
the sides of the tnangle of leference, the equation of the 
conic wiU be of the form 

a® = 2«^7 . (1), 

for (1) is a conic which has double contact with the conic 
)87 = 0, the chord of contact being a = 0 [See Ait 187 ] 

285 To find the equation of the cn'de xvith lespect to 
xohicli the ti tangle ofxefeiencc is self -polar 

The equations of all conics with lespect to which the 
tnangle of leference is self-polai aie of the form 
Ma® 4- v^~ 4- 1C7® == 0 

The equation of any ciicle can be vntten in the form 

a^y+ bycc + <xc^ 4- (A.a + /ttyS 4- vy) (aa+b^ 4- cy) = 0 

If those equations lejncsent the same cuive, wo have 
u = \a, V = fib, w = vG, 

afpc + vb = 0, 54-m4-Xc=0, and c 4- XJ + /aa = 0 
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Whence X = — cos A, /!, = — cos J5, and v = — cos G 
The required equation is therefore 

a cos A 0 ? + h cos B ^‘ + c cos G 7' = 0 
286 To find, the equation of the nine-point cm cle 
Let the equation of the circle be 
CIJ87 + h'^i + cay3 — (fia. + + vf) (oa + hfi + 07) = 0 

This ciicle cuts a = 0 where h^ = cy , 
abc — 2 (pc + vh) he = 0, 

c~ 2abc 

c a 2abo ’ 


or 

Similarly 


and 


+ ^ = 
h 2abc 


Hence 2X = cos A, 2p = cos B, and 2v = cosG , 
therefoie the equation of the ciicle is 
2aj87 + 2byx + 2cayS 

— (a cos cos j5 + 7 cos G) (a/ + 6/S + 07) = 0, 
or a^y+bya + cayS — a'a cos A — cos B — fo cos G=0 
The form of this equation shews that the nine-point 
circle, the circumsciibed circle, and the self-conjugate 
circle have a common radical axis, the equation of the 
radical axis being 

a cos A +y3 cos B-{-y cos (7=0 

Ex 1 The centre of the self-conjugate curcle of a triangle is its 
orthocentro » 


Ex 2 The locus of the centres of all leotangular hyperbolas de- 
scribed about a given tnanglc is the nine-point circle 

287 BascaVs Theorem If a hexagon be insci ibed in 
a conic, the tin ee points of intersection of the thi ee qtaii s of 
opposite sides mill be on a sti uight line 

Let the angulai points of the hexagon be A,F,B,D,G,E 
Take ABG for the tiiangle of lefeience, and let the points 
B, E, F^oc (a', i8', 7'), (a", yS", 7"), and (a'", y8'", y'") 
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pascal’s theorem 


Let the equation of the conic he 

-+g+-=o (1) 

« P 7 

o, ^ 

The equations of BT) and AE will bo ~ 

p 

j thciefoio at their iiileihoction, d j8' 1 

P ^ f ff 

7 7 

fot 

Similarly CD, AF meet in the point , 1, . 

And CE, BE meet in the point fl>^» 

The thiee points will he on a stiaight Ime if 


a' 

Y’ 

§1 

7" 

1 

= 0, 01 if 

1 

y’ 

1 

7~" 

-L 

7" 

d 

1, 

/// 

7 


1 

1 

1 


/3'" 




B'" 

1, 

iS" 

a"' 

f/t 

5L 

d" 


]_ 
d ’ 

1 

a"’ 

1 

a'" 


= 0 


Oi) 


, - 

we have 


and 


a ^ ry 

Il + JL + L-o 
dy 

d"^B" i" 


By the elimination of fi, v we see that the condition 
6i) lb satisfied, Avlncii proves the proposition [Sec also 
AitSlO, E\3] 

Since si\ ijoints can he Lakon in oidoi in sivty difieient 
ways theie aie sixty hexagons coiiosponding to six points 
on a conic , and, since Pascal’s Theoi em is true for evei}’’ 
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one of Ihc^c lie\a^ons t< 1 >cio .no si\ty Risral hne-s couc- 
hpoiuling 1-0 fiiv poniUs on a. conic 

2SS II ,a licxagon cuciimscnbo a come, the points of 
contact of its sides -will he the angular points of a hexagon 
inscribed in the conic Each angulai point of the circiim- 
senbed hexagon will bo the polo of the coiTcsponding side 
of the 111*501 died hexagon; thcicfoic a diagonal of the cir- 
cumscribing hexagon, that is a line joining a pan of 
its opposite angiilai points, will be the polar of the point 
of intersection of a pair of opposite sides of the inscribed 
hexagon But the tliree points of intcr'section of jJaiis of 
opposite sides of the insciibed hexagon he on a straight 
line by Pascal's Thooiein ; hence their three pol.irs, that is 
the three diagonals of the ciiciimscnbing hexagon, will 
meet in .v point. This proxos Biianchon's Thcoiem — rf 
aheragon hotIcf>athcd about a conic, the thee ihagonah will 
meet in a jmnt. 

289. If MC aic gnon five tangents to a conic xve can 
find their points of contact bj* Bnanchon’s Thcnicin For, 
let A, Ji, C, J). JC be the angular points of a pentagon 
formed by the five gixen tangents, then, if Kho the point 
of contact of AJi, A, K, J5, 0 , J), JS h\q the angulai points 
of a circuinscrdnng h'jragon, tiio sides of which aio co- 
incident, By BiianchoiA Theoiem, DK passes thiough 
the point of intersection oi AC and BE, hence K is 
found The othci points of contact can be found in a 
similar manner. 

Himilaily, by mcan«. of Pascal’s Thooicm, wo can find 
the tangents t«» .a conic at. five given points Foi, let A, 
li, 0, 1), I'J be the li\e given points, and lot Fho the point 
on the conic indefinitely iic.ii to A, then, by Pascal’s 
Theoreiii, the tluee points ol inlei^ection of yl/iand BE’, 
of BO .iiid EE’, and of CD and FA he on a stiaight line 
Hence, if the line joining the jioint of intersection of AB 
and BE to the point of intersection of BC and EA meet 
CB in 11, AH will be the tangent at A. The othei 
tangents can be found in a similai manner 
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AREAL CO-ORRINATES 


AKLAl. GO-ORDINA'J’ES 


290 The position of any point P is determined if the 
latios of the triangles PBG, PGA, PAB to the tiiangle of 
refeience ABG be given These latios aie denoted by v, y, z 
lespectively, and are called the meal co-ordinates of the 
point P 

The aieal co-oidinates of any point aie connected by 
the 1 elation a: y -f- = 1 

Since as = ^ . and 2 = |^ , we at once find 

tlie equation in areal co-ordinates which corresponds to any 
given homogeneous equation m tiilinear co-ordinates, by 

substituting in the given equation ^ - for a, ;8, «y 

respectively , for example the equation of the line at in- 
finity IS as + y + z^Q We will however find the areal 
equation of the circumscribing circle independently 


291 To find the equaUon in areal co-m'dinates of the 
circle winch circumscribes the trw/ngle ofrefeience 

If P be any point on the circle circumsciibing the tri- 
angle ABG, then by Ptolemy’s Theoiem (Euclid vi. D) 
Ave have 


P^l BG ±PB GA + PG AB=Q 


W- 


But since the angles BPO and BA 0 are equal, we have 

AB AC ~ similarly foi y and z , hence, paying 

legard to the signs of x, y, z, ive have fiom (i) 

PA PB PG , PA PB PG PA PB PG 
a 5 -4- b . -f- c ; = 0 , 


hex 


or 


cay 

X y z ' 


ahz 


which is the equation required. 
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202 If tlic conic, icpiP«*ciilofl bv Ibo gciiei.il ei|U.iiion 
of llio HTond dogicc m iiiliiicai co-oulin.iics, vi/ 

w«“ + H- tf'Y + d- 2vya. + '2vja^ = 0, 

be tbe ‘s.nne as tb.it repieseuted in areal co-ordinates b}* 
ihe equation 

Xa** -f + jc’ + 2\'i/s + 2 ft z, I + 2va // = 0 

“T V Z 

then <iiK 0 — — ,*4i = , we ba\ e 

07. bp cy 

It r v< u' ?'* 11 ) 

Xn” /dr I'C* \'bc fica vab 

Hence we can obtain tlic relation between the coefficients 
in tbe areal equation "wbicb coriesponds to anj gneii 
relation between tbe cooflicieiits m the tnlmcar equation 

Foi example, tbe condition that «a® + 7’/S’*i ?i; 7®=0 
may be a iccfaiigular bypeibola is u -hr + to = (), hence the 
condition tbit Xa-'-^-zii/’-fic’^O in.i\ be a lectangulai 
b) perbola is Xc/’ d- /x6* d- I’C® = 0. 

TAM.L.XTIAL ro-OUDINVTnS 

203 If /, 1 / 1 , u be tlie three constants in the tii- 
biKxir or aieal equation of anj' stiaigbt line, tbe position 
of tbe line will be d« tei mined when /, i/i and ?i aio given , 
and b} changing the tallies of /, 7/i, and ii the equation 
may be made to iopre‘'ent aii\ straight line wdi.itevei 

'File quantities /,7/i, and w wbub thus define tbe position 
of a .stiaigbt line are called the ct/-o/ dtno/ei of the /i/ie 

If the equation ol a sti.iight line in aieal eo-oidinates 
be br d- «»// d- 7IZ = 0, 

tbe lenglbs of tbe pci pendicnlars on the line from tbe 
angular points of tbe tiiangle of lofeience will bo pio- 
poitional to /, 1 /t, V This follows at once from Ait 2’)7, 
we will bowtwer give .in independent proof 

Let the lengths of the pcipendicul.ai's from the angular 
points A, JJ, C of the iiiangle ol reference be q, r 
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tangential equations 


lespectively Let the line cut BG in the point K, and let 
the co-oidmates of K be 0, y', z. 

Then 2 ? BK GK . -z' y 

But, since K is on the line, ‘tny’ + nz =0, theiefoie 
q r m n 

294 The lengths of the peipendiculara on a stiaight 
line from the angular points of the tnangle of reference 
may be called the co-ordinates of the line. It any two of 
these perpendiculars be diawn in different directions the}’' 
must be considered to have different signs 

Fiom the preceding Aiticle ivc see that the equation of 
a line whose co-ordinates axe p,q,i is px + qy + 'ijs^Q 

When the lengths of two of the peipendiculars on 
a straight line aie given, there arc two and only two 
positions of the line , so that, when two of the co-ordinates 
of the line aie given, the third has one of two paiticular 
values Hence there must be some identical relation 
connecting the three co-oidinates of a line, and that 
relation must be of the second degree 

295 To find the identical i elation winch exists betioeen 
the co-ordinates of any line 

Let 0 be the angle the line makes with BA, then we 
have q-p-csin 0, and q — r — asm{0-\-B) The elimi- 
nation of 6 gives the requned lelation, vu 

a- {q -pf - 2ac cos B {q -p) {q~r)-\- c‘* {q - 1 )- = 4A“, 
oi 

““ (fj “ ?) 0^ “ 0 + (fZ - »’) (» -p) (^' —f)- 

296 If the hne px + qy+i z = Q pass thiough a fived 
point ( f, g, h), then 

P/+ qg + ih = {) (i) 

So that the co-oidinates of .ill the lines wdiieli pass 
thiough the point w’hose areal co-ordinates aie f, g, h 
satisfy the relation (i; 

Hence the equation of a point is of the fii*st degree 
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297 If tlic co-oidinatos of a sliaiglifc line aie con- 
nected by any lelation the line will envelope a curve, and 
the equation which expiesses that lelation is called the 
tangential eguation of the cuive 

Wo have seen that tlie tangential equation of a conic is 
of the second degice, and that cveiy curve wlwsc equation 
IS of the second degice is a conic If {I, m, n)=0 be 
the tangential equation of the come whose areal equation 
IS ^ (a, y, z) = 0, and if the coefficients in the equation 
^ = 0 be «, Vt Wy ii'y w' y the coil esponding coefficients in 
the equation ->^ = 0 will be IT, V, TF, U', V', TP, the minors 
of u, V, 10, Uy v'y It} resjiectively in the deteiminant 

u , lo'y v' 

W'y V , u' 
v'y a', w 

Since w, Vy to, n', iT, to' aic piopoitional to the iniiiois of 
U, V, W, U'y V'y Tl^' 111 the detciininant 

Uy IP, T 

TP, Vy U' y [See Ait 239] 

V'y U'y W 

it follows that if "(Ir (?, m, n) = 0 be the tangential equa- 

tion of the conic whose aieal equation is ^ (pc, y, z) = 0, 
then ^ (Z, w, 7i) = 0 will be the tangential equation of the 
conic whose areal equation is yfr (x, y, z)=0. 

298 We can find the equation of the point of contact 
of any tangent by an investigation similai to that in 
Alt 261. 


The equation is 


u, A 

,d<}) ,d6 ,d<f) f. 


where ^ (p,’ 7 ) is the equation of the come, and p', q', r' 

are the co-oidinatos of the tangent 


S.C S. 
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EXAMPLES 


If q\ i') be not cl tangent) to the cujvc, the above 
equation iviU be the equation of the pole of (/, q, i ') 

The centre is the polo of the line at infinity -whose 
co-oidinatea aic 1, 1, 1 , hence the equation of the centie 

oftl.eourvojs ^ + ^+^ = 0 

299 We shall conclude this chaptei b}' the solution 
of some examples 


(1) Jf the sides of tico triangles touch a given conic, their six angular 
poinU mil he on another conic 

Take one of the tnauglcs foi the tnanglc of reference 
Let the equation of the gi%cn conio bo 

J\a+Jfip+iJyy=0 

Let tbc equations of the sides of the second triangle be 

/jO + j«j/S+»ij7=0, Lo+»njS+«27=0, 

and 73a + 7»3,S+«j7=0 

Then 

L (/jtt + w jS + n,y) {l^a + + h jv) + Jf (f^a + niaS + n^y) {l^a + 7h,)S + n^y) 

+ iV (^o + 77 Ij/ 5 +7q7) {IgU + 7H_S + tuy) =: 0 
-nill bo the gcnei-al equation of n come ciicumscribing the triangle formed 
b^ these straight lines 

This coma will pass thiough the angular points of the triangle of 
reference if the coefficients of o®, and 7® arc all zero That js, if 

Ij I273+ J/ljb+X/jlossOj 
Lnuvi^ + J/nijWii + NvijVi, = 0, 
and ZhjIi, + JfHjUj + Nn^it , = 0 

Eliminating L, jlf, K, wo sco that the condition to be satisfied is 


hh . 

Vi « 

/j/g =0, or 

1 

1 

1 

Moinj, 

IHjWlj, 

7/ljfRg 

h ’ 

^ ’ 

h 

«2»3 . 

«1«I . 

VjVj, 

1 

1 

1 




, 1 ;;' 

7". ’ 

W'j 




1 

1* 

1 



i 

«l’ 

77„ ' 

»'3 


But, Biiico the three lines touch the gi\on conic, wo hn\o 


k , 11 1 * \ U, V \ n |i 

h ™1 ”1 la W'j 71, 7jl 7;jg Jljl 

Ehminaimg X, /t, p, we see tliot the required condition is satisfied 


[Sco also Alt 322, Ex 2 ] 
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(2) If one inattglc can be tnsci ibed m one conic with tti sides ionchtng 
anothei come, then an infinite number of triangles can be so described 

Let ABC be the tnangle whose angnlai points are on the conic E,and 
whose sides tonch the conic S 

Let any other tangent to S be drawn cutting i in the iioints B', C, 
and let the other tangents to S through B', C meet at A'^ Then A'B'C' 
and ABC are two triangles whose sides touch S Therefore by the pre- 
cedmg question the six points A, B, C, S, C, A' are on a conic But 
five of the points, viv A, B, G, B', C, are on the come 2 , and only one 
come will pass through file points, therefore O' also is on 2 

( 3 ) Four circles are desci ibed so that each of the four ti langles, formed 
by each three of four given straight lines, m self-polar with respect to one of 
the circles, prove that these four circles and thg circle circumscribing 
the tnangle formed by the diagonals of the quadrilateral have a common 
radical axis 


Take the tnangle formed bj the diagonals for the tnangle of reference, 
then the equations of the four straight lines ivill be laiimp:S^ny =0 
All conics with respect to which the hnes 

?tt+mp+m7=s0, Itt- 1)1^+117=0, and la +i)i/S- 117=0 
form a self-polar tnangle are included in the equation 

L {la + nip + 117)- + (itt — 171/3 + 717)- AT (la + 1)1/5 - ny)- =0 (i) 

If this conic be a circlo its equation can be put in the form 

0/87 + bya + ca^ + (Xa +pP+ vy) (aa + b/S + cy) = 0 (11), 

and Xa+iu/3+i'7=0 IS the radical axis of (11) and of the circnmscnbmg 
circle Companng coeflicicnts of a?, fiP and 7^ in (1) and (11) we obtain, for 
the equation of the radical axis 


£,+!«> +!L%.o 

a b^c 

This IS clearly the same for all four circles 


( 4 ) A line cuts two given conics in P, P', and Q, Q', so that the range 
Pt Qt P'1 Q' 11 harmonic, find the envelope of the line 

liefer the conics to their common self-conjugate triangle and let their 
equations be 

«tt= + U / 5 ! + 1Cr'=0, tt ' tt =+ t )'/82 + w'75=:0 

Let the equation of the line be 

Za+ 1)1/5+117=0. 

Then the lines AF, AF aie given by the equation 
11 ( 7 )i/ 3 +n 7 )-+P))/ 5 =+f 2 ipyS= 0 , 
or /8* (Mm-+t;r-)+2nm7i/37+(im®+wZ®) 7®=0 


20—2 
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And similarly JQ,AQ' aio given bj 

p^{u'm^+vT)-i 2u’mnPy 7®=0 , 

If tbciefoi-c 1 \PQI^Q’) is barmomc, we inubt have [Art IB] 

(HHI-’ + vV) ill'll^ + w7=) + (««» + wP) + v'P) ^2itv'm‘n- , 

ahicb 1 educes to 

(t!io'+ loii') ?- 1 uw')nr-\ (««>' I 

Tbib condition sbcns Ibiit the bno always toncbes the conic 

=0 

Vto' + ICl’' wu'+ttw' vv' + vu' 

It IS easy to shew that the envelope touches the eight tangents to the 
given comes at their four points of intersection 

( 6 ) The dxrector-eiicles of all conics winch are inscribed in the same 
quad) ilatcral have a common ladtcal arts 

Let tlie triangle foimcd by the diagonals of tlio quadrilateral ho taken 
for the triangle of referenoe 

Then the equations of the four lines mil he ladi.mpMny=0 [Ait 
259] 

The equation of any one of the conics will ho iia^ 1 107 ®= 0 
[Art 281] 

The equation of the two taiigcntb fiom the point {a'fi'y') is 
(«a® + vp- + 107®) (Ha'® + v(f" + «>7'®) - (hb'o + v^’/S H W7'7)® = 0 

The condition that these hues may ho pcipendicular is [Art 268] 

« (v/S'® + W7'®) + V (wy'- + Ha'®) + 10 (Ha'®+ rjS -) + 2 vw /S'y' coS A 

-p 2wii'/a' cos ZJ + 2itta'/3' cos C = 0 

Hence the equation of the dircctoi cucle of the come i(a®+t/3® + 107^=0 
will he 

iS®+7®+2j8ycos A ^ 7® + a® + 27a cos ^ a® +/3® + 2a/ 3 cos C . 

u V ^ IP ~ 

But, since the conic touches the four lines laJzmpi:ny=0, we have 
?= w® «s „ 

-+— + —=0 ( 11 ) 

Companng ( 1 ) and ( 11 ) wo see that all the direotoi-cucles pass through 
the points given by 

4- 7 ® + 2Py cos A _ 7 ® + a® 4 - 270 cos Ji _ a® 4- /3® + 2tt)3 cos G 
P m- iP 

[See also Ait. 243, Ei. (2), and Art, 307 ] 

(6) To find the tanqential equation of the cvcle with respect to which 
the trianqle of lefercnee is self-polar 

The trilmcnr equation of the ciicle is 

o®rt cos A 4- cob B 4- 7'c cos (7= 0 
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The line Ja+inp ^ «7'=0 \\ill tuncli the circle, if 


P _ VI - 

a CO'S h CO*? ]i 


Zto'iV ^ 


If j), q, I be the pcrpcndiculnrs on the line fioin the angular points of 
the tnniigle 

£=^L=-[iVrl 257] 

I VI n 


VI 

It h e 


Hence from the roiuhtiun of taiigency 

jj- tan A + q-ian B + tan C= 0, 
irluch is the rcqnircil tangential equation 


J5\AM1*MJ> on OllAfTlU XI] J 

1. Show that the minor axis of an ellipse insciibed in a 
giion triangle cannot exceed the diametei of the nisei ihcd 
oiiclc 

2 Pmd the aion of a triangle in teims of the tnlincar oi 
arc'll CO oidinates of its angulai iiouits 

3 If four conics liavc a coninion self-conjugate liiangle, 
the foui ])oints of intoi’section of mv tM o and the fom points 
of iiilcixection of tlie other two he on a come 

4 Shew that the ciglit points of contact of tivo conics 
with then coninion tangents lie on a conic 

5 Shew that the eight tangents to two conics at then 
common jiomts touch a come 

0 ^Vnv three pin-s of points winch divide the tluee 
diagonals of a quadrilatei'al hannomcally are on a conic 

7 Find the equation of the nine-point cn cle by considciing 
it a-s the ciicle cncumsciibing the tiiangle foimed by the lines 
nn — hfi — cy 0, hfi - cy — aa = 0, and cy — an — hft=^0 

S Sliew' that (he equation of the cncle coiicrntiic with 
ttfty -1- hya + iufi~0 and of r.idiiis ? is 

r^-n- 

ahe 

wheie Ji is the nidiiiH of the circle cucuni«icribmg the tiiangle 
of 1 eference 


(fm + /i)8 + cy)® - 0, 
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EXA5IPLES ON CHAPTER XHI 


9 The equation of the circumsciibmg conic, whose 
diameters parallel to the sides of the tnaiiglo of lefeience aie 

a 0 C n 

— TT- -I Sn ^ ^ 

r,-a rffi y 

10 ABG IS a tnangle mscnbed in a conic, and the tangents 
to tlie conic at A, B, G aie B'G', G'A', A'ff lespectively , shew 
that AA\ BB', and CG' meet m a point Shew also that, if D 
be the point of intersection of BG, B'G' , B the point of intei- 
section of CA, G'A\ and F the point of mteisection of AB, 
A'B', 1), E, F will be a straight line 

11 Lmes aie di-awn fiom the angulai points A, B, G oi a. 
tnangle through a point P to meet the opposite sides in 
A', E, C B'G' meets BG in K, G'A' meets GA in L, and A'E 
meets AB in M Shew that K, L, M are on a sti-aight hne 
Shew also (i) that if P mores on a fixed stmight line then 
KLM will touch a conic mscnbed in the tnangle ABG , (ii) 
that if P moves on a fixed conic ciicumsciibing the tnangle 
ABG, then KLM will pass tluough a fixed point, (m) that if 
P mores on a fixed conic touching two sides of the tnangle 
wheie they aie met by the third, KLM will envelope a conic 

12 Lines dra-wn tluough the angulai pomts A, 2?, (7 of a 
triangle and through a point 0 meet the O 2 ) 2 )osite sides in 
A', E, G' , and those diawn tluough a 2 )Ouit O' meet the 
opposite sides in A", 71", G" If P be the point of lutci'sectiou 
oi EG' and E’G", Q be the pomt of mteraectiou of G'A', G"A", 
and R be the point of intersection of A'E, A"B" , shew that 
AP, BQ, GR will meet in some point Z Shew also that, if 
0, O' be any two points on a fixed conic tluough A, B, G, the 
pomt Z M'lU be fixed 

13 The locus of the pole of a given straight lino ■with 
icspect to a system of conics through foui given points is a 
conic which passes through the diagonal-points of the quad- 
iniigle foimed by the given pomts 

14 The envelope of the polar of a given 2 >oint with lespect 
to a system of conics touchmg foiii given straight lmes is a 
conic luch touches the diagonals of the quadrilateral formed 
by the given lines 
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15 Shew that the locus of tho points of contact of 
tangents, drawn pirallel to n fixed line, to the conics in- 
sciibed in a given quadiilateral, is a cubic, and notice any 
icmniknblo points, connected -with the quadiilateral, through 
vliich the cubic passes 

16 An ellipse is insciibcd vithin a tiiangle and has its 
centre at the centie of the ciicnmscnbing circle Shew that 
its major and minoi axes aie R + d and li-d respectively, R 
being the radius of the ciicumsciibing ciiclo and d the distance 
between the centie and tho oithocentro 

17 Provo that a conic ciicumsciibing a tnanglc ABC 
Mill be an ellipse if the centie he within the tnanglc DBF o\ 
within the angles veitically opposite to the angles of the 
tiiangle DBF, where D B, F aio the middle points of the 
sides of tho tiiangle ABC' 

1 8 Shew that the locus of the foci of pai abolas to wdiich 
the tiiangle of refeivnco is self-polai is tho nine point ciicle 

19 Show that the locus of tho foci of all conics touching 

the four lines fa* = 0 is the culuc 

p* pj pj‘ p; 

I 4 - 4 - ’ 4 - - . * ■ ■ ■ . 0 

la-^v)P + ny fa — mfi — ny —fa+mfi—ny —la—mP+ny ’ 
w here P,* — P + nP + oP — 2m» cos /( — 2nl cos B — 2lm cos C, 
and P/, P^, P^- have bimilai Aalues. 

20 If a conic be insciibed in a given tiiangle, and its 
major axis pass tliiough the fixed point {f, q, fi), the locus of 
its focus IS the cubic 

fa (/?-’ - f) + gfi (Y - «*) + (a* - = 0 

21 If the centie of a conic nisei ibed in a tiiangle move 
along .1 fixed stiiiight line, the foci will lie on a cubic ciicuni- 
bci ibiiig tho tri ingle 

22 The locus of tho centies of the icctangulai hypeibolas 
with inspect to which the tiiangle of lefcrence is self-con ]ugate 
IS the ciicumsciibing ciicle 

2'» I'lie locus of the centies of all icctangulai hypeibolas 
insciilied in the tiiangle of icfeience is the self-conjugate 
circle, 
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24. Sliew that the inne-point cnrlc of a ti Jangle touches 
the inbciibcd ciiclo tUicl e<ii.h ot the esciihocl oiicles 

25 The tangents to the niue-ponit enclc at the ijoints 
^^helc it touches the insciibetl and csciibcd ciiclcs foim a 
quadiilatcial, each diagonal of which jiasses tliiough an angulai 
lioint of the tu.ingle, and the lines joining coiicspondmg 
angulai points of the ouginal tiianglc and of the tnangle 
foiincd by the diagonals aio «ill jiaiallel to the ladical axis of 
the lune-poiut ciicle and the cncuinsciibing ciicle 

26 The polai-s of the points A, B, G with lespect to a 
conic aie B'G\ G'A\ A'B' icspectively, shew that AA', BB', OG' 
meet in .i point 

27 If an equilateial hypeibola pass thiough the middle 
points of the sides of a tiian^le ABG and cuts the sides BG, GA, 
AB again in a, y lespectively, then Aa, Bfi, Gy meet in a 
point on the cucuinsciibed circle of the triangle ABG 

28 Shew that the locus of the intersection of the polaw of 
all points in a given straight line with lespect to two given 
conics IS a come ciiciiinscnbing then common self-conjugate 
tnangle 

29 Two conics have double contact , slieiv that the locus 
of the poles with lespect to one conic of tlie tangents to the 
othei IS a conic which has double contact with both at their 
common points 

30 Two tiiiuigles are insciibed in a conic j shew that their 
SIX sides touch aiiothei conic 

31 Two tnangles aie self-polai witli lespect to a conic, 
shew that then six angulai points aie on a second conic, and 
tliat then six sides touoli a tliiid conic 

32 If one tnangle can bedesciibed self-polai to a given 
conic and with its angulai jioinls on anothei given conic, in 
infinite number of tnangles can be so desenbed 

33 A system of siinilai conics have a common self-conju- 
gate tnangle , shew that their centies aie on a cun e of the 4th 
dpgiee •which passes thiough the cuculai points at infinitj and 
of which the angulai points of the tnangle aie double points 
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34 If A, Ji, G, A', Ji', C" be six points such th.it AA\ BB', 
CG' meet m .i ])oiut, llieu Mill the six stiaight lines AB', AG\ 
BG', BA', GA' and GB' touch .i conic 

35 A conic is insciibed in a tinviigle tuid is such that 
the noiinals at the points of contict meet in a jioiiit, piove 
that the point of concuiicnec desciibes a cubic ciiivc M'liose 
nsyniptotcs aie peipendiculai to the sides of the tiianglc 

3G If 2*\i !>«■) Vi lengths of the pei pendiculais 

draMTi from the leiticps -1, B, G, J) of a qiiadrilateial ciiciim- 
scribed about a conic on any othei tangent to the conic, shew 
that the ratio of to mtII be constant 

37 The polai-s with lespect to any come of the angulai 
points A, B, G (A triangle meet the opposite sides in A', B’, 
O' , shoM' tint the ciiclcs on AA', BB', CG' as diameteis have 
a common radical axis 

38 A paiabola touches one side of a tnangle in its middle 
point, and the othei two sides produced , prove that tlie per- 
pcndiculara drawn fiom the angulai points of the triangle 
upon any tangent to the parabola aie in h.iimonioal jiio- 
grcssion 

39 SheM' that the tangential equation of the cnciim- 
scribing ciicle is a + b Jq + c = 0 Hence shew that the 
tangential equation of the nme-point cii cle is 

+ ^) + b + 2 >) + c p + q) 

40 The locus of the centre of a conic insciibed in a given 
tnangle, and having the sum of the squares of its axis constant, 
IS a circle 

41 The director circles of all conics nisei ibed in the same 
tnangle are cut oithogonally by the ciicle to Mdiich the tnangle 
of leleicnce is self-polai 

42 I’lie ciiclcs desenbed on the diagonals of a complete 
quadiilateial aie cut oithogonally by the cncle lound the 
tnangle foiraed by the diagonals 

43 If thiee conics ciicumsciibe the same quadnlateral, 
shew that .i common tangent to any tivo is cut liaimonically 
by the thud 
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44 If thiee comes aie msciibetl la the same quadiilateial 
ilie tangents to two of them at a common point and tlie tan- 
gents to the third fiom that point foim a haimonic pencil 

45 The locus of a point the pairs of tangents fiom which 
to two given conics foim a haimonic pencil is a conic on which 
lie the eight points in winch the given conics touch their com- 
mon tangents 

46 The locus of a point fiom ivhich the tangents drawn 
to two equal ciicles fonn a haimonic pencil is a conic, which is 
an elhpse if the ciicles cut at an angle less than a light angle, 
and two paiallel stmight lines if they cut at light angles 

47 A triangle is ciicumscnbed about one conic and two 
of its angulai points aie on a second come, iind the locus of the 
tliiid angulai pomt 

48 A tiianglo is insciibed in one conic and two of its 
sides touch a second conic , find the envelope of the thud side 

49 The angulai iioiuts of a tnangle aie on tlio sides of a 
given triangle, and two of its sides pass tliiougli ft\ed points, 
shew that the third side vill em elope a conic 

DO Fiom the angulai points of the fundamental tnangle 
pail’s of tangents aie diawn to {nvivu'v\o'^yz)- and each 
pan deteimine mtli the opposite sides a pan of points Find 
the equation to the conic on which these siv points he, and 
shew that the conic 

Jx {v'lo' - vu') + Jy (w'u' - vv) + Jz {u'v - tow') = 0 

and the above two conics have a common insciibed quadri- 
lateral 
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Reciprocal Polars Projections. 

300 If wo have any figiuc consisting of any number 
of points and straight lines in a plane, and we take the 
polars of those points and the poles of the lines, with 
respect to a lived conic G, we obtain another figure which 
is called the polar i ccipi ocal of the foimei with lespect to 
i\\Q axmliar y come 0 

When a point in one figuie and a line in the recipiocal 
figure aio pole and jiolar ivith icspect to the aiixiliaiy 
come C, ive shall say that they co) respond to one another. 

If in one figure we have a cuivc S the lines wdiich corre- 
sjiond to the diffeient points of S will all touch some curve 
S. Let the lines coiTcsponding to the tw'o points P, Q 8 
meet m T; then T is the pole of the line PQ with lespect 
to C, that IS the hue PQ corresjionds to the point T Now, 
if the point Q nune up to and ultimately coincide with P, 
the tw’o conespoiiding tangents to (S' will also ultimately 
coincide with one anothei, and their point of intei section 
T will ultimately be on the curve S' So that a tangent to 
the Cline S corresponds to a point on the cuive S', just as 
a tangent to S' corresponds to a point on S Hence we 
see that S is generated fiom S’ exactly as S is from S 

301 If any line L cut the cui-ve S in any numbei of 
points P, Q, li we shall have Umgents to S^ coiresponding 
to the points P, Q, li , and these tangents will all pass 
thiougli a point, viz. through the pole ot L wuth lespect to 
the auviliaiy conic Hence as many tangents to S' can be 
drawn thiough a point as theie aie points on S lying on a 
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sfciaiglit line Tluit is to saj' the class [Ait 240] of S ^ is 
equal to the deg tee of S Recipiocally the degtee of H' is 
equal to the class of 8 

In paiticulai, if 8 be a conic it is of the second degiee, 
and of the second class Hence the lecipiocal curve is of 
the second class, and of the second degree, and is tlieiefoie 
also a conic 


302 To find the polai i eciprocal of one conic with 
7 espect to another 

Let the equation of the aiixiliaiy conic be 

a-c® + /3y® + 1 = 0 (i) , 

and let the equation of the conic whose reciiirocal is 
lequired be 

ax- + fty® + c + 2/y + 2gx + 2/iAy *= 0 . (ii) 

The line lx + my + n = 0 will touch (ii) if 
AV + Bnv + (7)1® + IFnm + %Gn.l + ^Hhn = 0 (ui) 


And, if the pole of h + my + 7i = 0 with respect to (i) be 
(x\ y'), its equation is the same as oux'x + ^y'y + 1 = 0 

Tlierefoie — — T 

ax py 1 


Substitute, in (iii), and we have 

Aa%'- + B8Y +G+ 2F8y' + ^Gaaf + tEa^tdy = 0 


Hence the locus of the poles Avith lespect to (i) of 
tangents to (ii) is the conic whose equation is 

A(co^ + B^f + (7 + "^F^y + 2,Gax + 2IIa0xy — 0 


303 The method of Becipiocal Polais enables us to 
obtain from any given theoiem concerning the positions of 
points and hues, another theoiem in which stiaight lines 
take the place of points and points of stiaight luies Befoie 
piocceding to give examples of such lecipiocal tlieoieins we 
Avill give some simple cases of coirespoiidence 

Points in one figuie coiiespond to stiaight lines in the 
lecipiocal figuie 

The line joining two points in one figuie coiiesponds 
to the point of inteisection of the conesponding lines in 
the otliei 
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'I’he tauffcnt In any cmvv in ono fijruro coirespouclh to a 
point- on tho concsponding cuivc in the ieoipioc.il hgiiic 
Tlic point of oniit.ict ot a l.uigciit coiicspoiitls to the 
tangent at the con c^iioin ling point 

If two cni\ei» tench, tliat is h.iM* two coincident points 
common, tlic lecipiocal cuivos will have two coiucidcut 
tangents common, and will fhcrcfoic also touch 

The chord joining two points coircspoiids to the point of 
intersection of the corresponding tangents 

The chord of contact of tw'o tangents conesponds to the 
point of intersection of tangents at the coiiesponding 
points. 

Since the pole of any line through the centre of the 
auxiliary conic is at lufimtj', wc see that the points at 
infinity on the icciprocal ciiivc coricspoiid to the tingents 
to the original cnivo Irom the tentic of the .auxiliary conic 
Hcncc the reciproc.ll of ,i conic is an hyperbola, paiabola, 
or clhpse, .iccorduig ,is the hnigcnts to it fiom the contic 
of the auxiliaiy conic aic leal, coincident, or imaginaiy, 
that IS according as the centre ol the .auxiharj'’ conic is 
ouUside, upon, or withm the curve 

The follow'ing aio examples of iccipiocal theoicms 


If tho angular points of two 
tnangle^i ore on a conic, their rix 
Rides will touch another conic 
Tlie three iiiterbcctions of opj>o 
Bite sides of a hcragon inscribed in 
a conic he on a straight line 

(I’rt.crt/V Thiort-in) 
If the three Hides of a iiiaiigle 
touch u conic, and two of its niign- 
lar points he on a second conic, the 
locus of the third angular point is 
a conic 

If the sidcH of a triangle touch 
a conic, the three lines joining an 
angular jKiint to the point of con- 
tact of the opposite side ini'ct in a 
point 


If the sides of two triangles 
touch a conic, their six angular 
points arc on aiiothci come 

Tho three hues joining opposite 
angular pointK of a hexagon de- 
scribed ahout a conic meet in a 
point {Jh Kivchon'h Theorem) 
If tho tlm'o angular points of a 
trinnglo he on a conic, and two of 
its Miles toneh .i hccoiid come, the 
ciii elope of the third side is a 
come 

If the angular points of a tri- 
angle he on a come, the three points 
of intoi section of a side and tho 
tangent at the ojiposilc angular 
point he on a hue 
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Tliepolarsofagnenpoint-witli The poles of a given straight 
lespect to a system of conics through hne mth lespect to a system of 
four given points all pass through a comes touching four given straight 

fixed pomt lines all lie on a fixed straight Ime 

Tlic locus of the pole of a gi\cu The envelope of tlie polar of a 
hne mth rcqiect to a system of given point mthresiiect to a ^stem 
comes through four fixed pomts IS a of comes touching four fixed lines 
conic IS a come 

304 We now pioceed to consider the results which, 
can he obtained by lecipiocating with respect to a circle 

We know that the line joining the centie of a circle to 
any point P is peipendicular to the polar of P with respect 
to the circle Hence, if P, Q be any two points, the angle 
between the polars of these points with respect to a circle 
IS equal to the angle that PQ subtends at the centre of 
the circle Eeciprocally the angle between any two 
straight hnes is equal to the angle which the line joining 
their poles with respect to a circle subtends at the centre 
of the circle 

We know also that the distances, fiom the centre of 
a circle, of any point and of its polar with respect to that 
circle, are inversely proportional to one another 

If we reciprocate with respect to a circle it is clear that 
a change in the ladius of the auxihary cucle ■mil make no 
change in the s/iajje of the lecipiocal curve, but only in 
its sise Hence, if e are not concerned with the absolute 
magnitudes of the lines in the leciprocal liguie, we only 
lequiie to know the ce/itie of the auAihaiy circle We 
may theiefoie speak of recipiocatmg with respect to a 
jpm7ii 0, mstead of -viith respect to a circle having 0 for 
centre 

305 li any come he reciprocated with lespect to a 
pomt 0, the points on the reciprocal curve ■winch corre- 
spond to the tangents through 0 to the origmal curve 
must be at an mhnite distance 

The duections of the lines to the pomts at infinity on 
the recipiocal curve are peiqiendicular to the tangents 
from 0 to the origmal cuive, and hence the angle between 
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llic a&yiiiptotes of Ihc leoipiocnl cunc is siipplenienlaiy 
(o the iiiigle betAicon the tangents fiom 0 to the oiiginal 
cm VC 

.In paiticuliu, if the langcnts liom 0 to the onguial 
curve ho at light angles, the lecipiocal conic will be a 
lecfangnlar liypeibola 

The aces of the lecipiocal conic bisect the angles 
hotween its asymptotes The axes aie theiefore parallel 
to the bisectois of the angles betivcen the tangents fiom 
0 to the onginal conic 

Corresponding to the points at infinity on the onginal 
conic INC have the tangents to the leciprocal conic which 
pass through the origm. Hence the tangents fiom the 
origin to the reciprocal conic are perpendicular to the 
directions of the lines to the points at infinity on the 
original conic, so that the angle between the asymptotes of 
the onginal conic is supplementary to the angle between 
the tangents from the ongin to the lecipiocal conic 

In particulai, if a i octangular hyiierbola be recipro- 
cated with respect to any point 0, the tangents from 0 to 
the lecipiocal conic will be at right angles to one anothei , 
111 other noids 0 is a point on the diiectoi -circle of the 
reciprocal conic 

306 The lecipiocal of the oi igiii is the Lne at infinity, 
and therefoie the recipiocal of the polai of the oiigin is 
the pole of the hue at uifinit}’’ That is to say, the pola? 
o/’f/tc onom rccipi oca tes into the centic of the recipiocal 
conic 

307 As an examjile ol recipiocation take the known 
theoiem — “If two of the conics W’hich jiass through four 
given points aie rectangulai hjpeibolas, they w'lll all be 
reckingular liyjieibolas ” If this be leciprocated w'lth 
respect to any point Owe obtain the folloiving, “ If the 
director-cncles of two of the conics wdiicli touch lour given 
•stiaight luics pass thiough a point 0, the directoi-ciicles 
of all the conics will pass through 0 ” "Whence we have 
“The dll ectoi -circles of all conics wdiicli touch foui given 
sliaight lines have a given radical axis” 
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308 To find the imlm i ecipi ocal of one cii cle with 
1 espect to another 



Let G be the cenfcie And a be the radius of the circle 
to be lecipiocated, 0 the centie and h the ladius of tho 
auxiliaiy cucle, and lot c be the distance between tho 
centres of the tivo ciicles 

Let PN be any tangent to the cucle 0, and let P' be 
its pole with respect to the auxiliary cucle. Let OP' 
meet the tangent in the point N, and diaw GM peipen- 
diculai to ON 

Then OF ON=k\ 

= 0N= OM + MN = c cos Q0M+ a 
Hence the equation of the locus of P' is 

~ = 1 + - cos^ 

r a 

This is the equation of a conic having 0 for fooiis, 
— for semir-latus rectum, and ^ foi eccentneity The direc- 
trix of the conic is the line whose equation is 

¥ . ¥ 

— = c cos p, 01 a = — 
r 0 

Hence the diiectrix ot the lecipiocal cuive is the polar 
of the centre of the oiiginal cucle 
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It is clear fiom the value found above for the eccen- 
tricity, that the reciprocal cuive is an ellipse if the point 
0 he within the circle G, an hyperbola if 0 be outside that 
circle, and a pa; ahola if 0 be u 2 )on the circumference of 
the circle 

E'c 1 Tangents to a come subtend equal angles at a focus 

Reciprocate with respect to the focus — then corresponding to the 
two tangents to the conic, there arc two points on a circle, the point of 
intersection of the tangents to the conic corresponds to the line joining 
the two points on the circle , and the points of contact of the tangents 
to the conic correspond to the tangents at the points on the circle Also ' 
the angle subtended at the focus of the conic bj anj tiro points is equal 
to the angle between the lines corresponding to those two points Hence 
the reciprocal theorem is — ^The lino joining two points on n circle makes 
equal angles with the tangents at those pomts 

Er 2 The enielope of the chord of a come which subtends a right 
angle at a fixed point Ois a come hat ing 0 for a focus, and the polar of 0, 
with respect to the original come, /or the corresponding directrix 

Reciprocate with respect to 0, and the proposition becomes— The 
locus of the point of intersection of tangents to a conic which arc at right 
angles to one another is a concentric circle. 

Ex 3 If tao comes hate a common focus, two of their common chords 
will pass through the intersection of their directrices 

Reciprocate with respect to the common focus, and the proposition 
becomes — Two of the points of intersection of the common tangents to 
two circles arc on the line joining the centres of the circles 

Ex. t The orthoeentre of a triangle circumscribing a parabola is on 
the directrix 

Rccijirocating with lespect to the orthoeentre we obtain — A conic 
circumscribing a triangle and passing tlirough the orthoeentre is a rect- 
angular hj^perboln 

Many of the examples on Chapter THL arecnsilj proxed by reciproca- 
tion for example, the reciprocal of 23 with respect to the common focus 
is — circles are described with equal radii, and with their centres on a 
second circle ; pro\o that tlicj all touch two fixed circles, whoso radu are 
tlio sum and difTcrcnce respectively of the radii of the moiing circle and 
of the second circle, and which are conccntnc with the second circle 

21 
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309 If Tve have a system of cirdes with the same 
radical axis we can recipiocate them into a system of 
confocal conics 

If we leciprocate with respect to any point 0 we 
obtain a system of conics having 0 for one focus, and 
[Art 306] the centie of any conic is the reciprocal of the 
polar of 0 with respect to the corresponding circle Now 
either of the two ‘ limiting points’ of the system is such 
that its polar with respect to any circle of the system is 
a fixed straight line, namely a hne through the other 
limiting point parallel to the radical axis If theiefore the 
system of circles be reciprocated with respect to a limiting 
point the leciprocals will have the same centre, and if 
they have a common centre and one common focus they 
will be confocal Since the radical axis is parallel to and 
midway between a limiting point and its polar, the re- 
ciprocal of the radical axis (with respect to the limiting 
point) IS on the line through the focus and centre of the 
reciprocal conics, and is twice as far from the focus as the 
centre , so that when we reciprocate a system of coaxial 
ciiclos with lespect to a limiting point, the ladical axis 
reciprocates mto the othei focus of the system of confocal 
conics 

The followmg theorems are reciprocal 


The tangents at a common 
point of two confocal conics are at 
right angles 

The locus of the point of inter- 
section of two lines, each of which 
touches one of two confocal comes, 
and which are at right angles to 
one another, is a ciicle 

If from any point two pairs of 
tangents P, P' and Q, Q' he draivn 
to two confocal conics, the angle 
between P and Q is equal to that 
between P' and Q' 


The points of contact of a com- 
mon tangent to two circdes subtend 
a right angle at one of the hmit- 
ing pomts. 

The envelope of the hne joining 
two points, each of which is on one 
of two circles, and which subtend 
a nght angle at a limitmg point, 
IB a conic one of whose foci is at 
the hmitmg point 

If any straight line cut two 
circles in the pomts P, P' and 
Q, Q'f the angles subtended at a 
hmitmg point by PQ and P'Q' ore 
equal 
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prom any point four tangents 
P, F and Q, Q' are dra-sm to two 
confocal comes, and the point of 
contact of P is jomed to the points 
of contact of Q, Q', shew that these 
hues male equal angles with the 
tangent P [Art 229 ] 


Any Ime cuts two circles in P, 
P' and Q, Q' respectively , and the 
tangent at P cuts the tangents at 
Q, Q' m q, q\ shew that Pg, Pg' 
snbtend equal (or supplementary) 
angles at a limiting point 


Projection 


310 If any point P be joined to a fixed point V, and 
FP be cut by any fixed plane in P', tbe point P' is called 
the projection of P on that plane The point V is called 
the vertex or the centre of projection, and the cutting plane 
IS called the plane of pi ejection 

311 The projection of any straight line is a straight 
line 

For the straight lines joining V to all tbe points of 
any straight line are in a plane, and this is cut by tbe 
plane of projection in a straight line 

312 Any plane cui-ve is projected into a curve of the 
same degree. 

For, if any stiaight line meet the onginal curve in 
any number of points A, B,G, D , the projection of the 
hne iviU meet the projection of the cui’ve where VA, YB. 
VG, YD. . meet the plane of projection. There will 
therefore be tbe same number of pomts on a straight 
line in the one curve as in the other. This proves the 
proposition 

In particular, the projection of a conic is a conic 

This proposition includes the geometrical theorem that 
every plane section of a nght circular cone is a conic 

313 A tangent to a curve projects into a tangent to 
the projected curve 

For, if a straight hne meet a curve in two points A, B, 
the projection of that hne will meet the projected nurve 
in two pomts a, b where YA, YB meet the plane of pro- 
jection Now if A and B coincide, so also will a and 6 « 

21—2 
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314, The relation of and polar with i espect to a 
conic are unaltered by jy'> ojection 

This follows from the two preceding Articles 

It IS also clear that two conjugate points, oi two con- 
jugate hues, with lespect to a conic, project into conjugate 
points, or lines, with respect to the projected conic 

315 Draw through^tlie vertex a plane parallel to the 
plane of projection, and let it cut the original plane in the 
line E'L' Then, since the plane VK'L' and the plane of 
projection aie parallel, their line of intersection, which is 
the projection of ICJJ , is at an infinite distance 

Hence to project any particular stiaight line K'L' to 
an infinite distance, take any point 7^ for vertex and 
a plane parallel to the plane VK'L' for the plane of pro- 
jection. 

Straight lines which meet in any point on the line 
K'L' will be projected into parallel stiaight lines, for their 
point of mteisection will be projected to infinity 

316 A system of parallel lines on the original plane 
wall be projected into lines ivhich meet iii a point 

For, let T^P be the line through the veitex parallel 
to the system, P being on the plane of projection, then, 
since T-^P is in the plane through Y and any one of the 
parallel lines, the projection of every one of the parallel 
lines will pass tliiough P, 

For different systems of parallel Imes the point P wall 
change, but, since VP is ahvaj's paiallel to the oiiginal 
lilane, the point P is always on the line of intersection of 
the plane of piojection and a plane through the vertex 
parallel to the onginal plane 

Hence any sjstem of parallel lines on the onginal 
plane is projected into a system of lines passing thiough 
a point, and all such points, for different systems of 
parallel lines, aie on a straight line 

317, Let KL be the line of intersection of the original 
plane and the plane of piqjection Draw thiough the 
vertex a plane parallel to the plane of projection, and let 
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it cut the onuiml in the line K' IJ TiOt the li\o 

stnu^hl AOA\ BO]i' meet tlie hnoi* KL, K'V in 
the peinti. A, H ami - 1 ', IV ro*-jiCHttxeh , nml let IV meet 
the plane of prujoclion in O'. Then AO' ami JW arc the 
projections of AO A' ami JUjli . 

Since the planes VA'Ji,AO'}i aie painlh'l, ami jiaiallel 
planes are cat hy the^anio plane in parallel lines, the lines 
V^r, VJt am parallel ro^peclneh to O', Jt 0 . Tlie nnjjlo 
yl'17^ IS therefore equal to the .anqle yl 07/, that is, A' VJV 
IS equal to the anjjle into whieh -10// is piojecterl 



HimihrU, if the sti.u^ht line" ('D, h'P, mml A"// in 
C, 7 / "ptetixeh, the angle r 17 )'x\ijl he equal to the 
angle into v.hich CPIJ is projecteil. 

From the aho\e i\« obtain the iuml.ummt il propocition 
in tin thotirj of piojri>tions, \i/ , 

ylw.V strnxtfhl lute urn Ir projtdrtl to injhnti/, nnd at the 
htimr tnu*' tmif tn‘t) (nufli'i^ into ruvcn tiuqh s 

For, let the straight lines boumlmg the tn<»angh'S meet 
the lino Mhich is to hu piojeitol to luHnit} in the points 
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A',j3' and 0',D', draw any plane thiougli and m 

that plane draw segments of circles through A', B' and C, 
jy lespectively containing angles equal to the two given 
angles Either of the points of intersection of these 
segments of ciicles may be taken for the centie of pro- 
jection, and the plane of pi ejection must be taken parallel 
to the plane we have drawn through A' B'G'D' 

If the segments do not meet, the centre of projection is 
imaginary 

Ex 1 To shew that any quadrilateral can be projected into a square 

Let ABGD be the quadrilateial , and lot P, Q [see figure to Ait CO] 
bo the points of intersection of a pair of opposite sides, and let the diago- 
nals BB, AG meet the lino PQ m the points S, B. Then, if we project 
PQ to infinity and at the same time the angles PBQ and BOS into right 
angles, the projection must be a square For, since PQ is projected to 
infinity, the pairs of opposite sides of the projection will be parallel, that 
IS to say, the projection is a parallelogram , also one of the angles of the 
paiallelogram is a light angle, and the angle between the diagonals is 
a right angle , hence the projection is a square 

Ex 2 To shew that the triangle formed by the diagonaU of a quad- 
rilateial is self-polar with lesjiect to any conic which touches the sides of 
the quadrilateral 

Fioject the quadnlatcral into a square, then, the circle circumscnbmg 
the square is the director cirdc of the conic, therefore the intei'scction of 
the diagonals of the square is the centre of the conic 

Now the polai of tlio centre is tlie hue at infinity , hence the polar of 
the point of intersection of two of the diagonals is the thud diagonal 

Ex 3 If a come be inscribed in a quadrilateral the line joining two 
of the points of contact will jiass through one of the angular points of the 
triangle formed by the diagonals of the quadrilateral 

Ex 4 If ABG be a triangle circumscribing a parabola, and the 
parallelogiams ABA'O, BGB'A, and CAG'B be completed, then the chords 
of contact mil pass respectively through A', B', G' 

This IS a particular case of Ex 3, one side of tlie quadrilateral being 
the line at infinity 

Ex 5 If the three lines joining the angular points of two triangles 
meet in a point, the tin ee points of intersection of coi responding sides will 
He on a straight line 
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Project of the points of intersection of corresponding sides to 
infiuit}, then two pairs of corresponding sides will bo parallel, and it is 
easy to show that the Uurd pair will also ho parallel 

Ex 6 Any tico comes can he projected into concentric conics [See 
Art 283 ] 

318 yitiy conic can be ivtojected into a ciicle lowing 
the pi ejection of any given pennt foi centi e 



Let 0 be the point whose projection is to ho the 
centre of the projected curve 

Let P he any point on the polar of 0, and let OQ he 
the polar of P, then OP and OQ are conjugate lines 
Take OP', OQ' anothei pan of conjugate lines 
Then pi eject the polar of 0 to infinity, and the angles 
POQ, P'OQ' into right angles We shall then have a 
conic whose centre is the projection of 0, and since two 
pans of conjugate diameters are at right angles, the come 
is a circle 

319 A system of conics insci ibed in a quadrilateral 
can be projected into confocal conics 

Let two of the sides of the quadrilateral inteisect 
in the point A, and the other two in the point B Draw 
any conic thiough the points A, B, and project this conic 
into a ciicle, the line being pi ejected to infinity, then, 
A, B are projected into the circular points at infinitj^, and 
since the tangents fiom the circular points at infinity to 
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all the comes of the system are the same, the conics must 
he confocal 

Ex 1 Gomes through four gxven points can he projected into coaxial 
circles 

For, project tlie lino joining two of the points to infinity, and ono of 
the conics into a circle , then all the conics will be projected into circles, 
for they all go through the circular points at infinity 

Ex 2 Conics which have double contact with one another can he 
projected into concentric circles 

Ex. 3 The three points of intersection of opposite sides of a hexagon 
inscribed in a conic he on a straight line [Pascal’s Theorem ] 

Project the conic into a circle, and the line joining the points of inter- 
section of two pairs of opposite sides to infinity , then we have to prove 
that if two pairs of opposite sides of a hexagon msenhed in a circle arc 
parallel, the third pair arc also parallel 

Ex 4 Shew that all conics through fom fixed points can he pro- 
jected into rectangular hyperholas 

There are three pairs of hnes through the four points, and if two of 
the angles between these pairs of hnes he projected into right angles, all 
the conics will be projected into rcctangulai hyperbolas [Art 187, Ex 1] 
Ex 5 Any three chords of a conic can he projected into equal chords 
of a circle 

Let AA', BB', CC' be the chords , let AB', A'B meet m K, and AC’, 
A'C in L Project the conic into a circle, IHL being projected to infinity 
Ex 6 Jff two triangles are self polar with respect to a conic, their six 
angular points are on a come, and their six sides touch a come 

Let the tnangles be ABC, A'B'C Project BG to infinity, and the 
conic into a circle , then A is projected into tlie centre of the circle, and 
AB, AG are at right angles, smee ABC is self polar, also, since A'B'C' is 
self polar with respect to the circle, A is the orthooentre of the triangle 
A'B'C' 

Now a rectangular hyperbola through A', B', C' will pass through A, 
and a rectangular hyperbola through B will go tlirough C Hence, since 
a rectangular hyperbola can bo drawn through any four points, the six 
points A, B, C, A', j5', C' are on a conic 

Also a parabola can be drawn to touch the four straight hnes B'C', 
CA', A'B’, AB And A is on the directrix of the parabola [Art 107 (3)] , 
therefore AG is a tangent Hence a come touches the six sides of the 
two tnangles 
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320 Propel ties of a figure winch aic true for any pro- 
jection of that figure are called projective properties In 
general such properties do not involve magnitudes There 
are however some projective properties in which the mag- 
nitudes of lines and angles are involved the most impor- 
tant of these is the following — 

The cross latios of pencils and ranges aie unaltered 
hy projection 

Let A, By G, D he foui points m a straight line, and 
A'y B'y G'y D' he their projections Then, if Y he the 
centre of projection, VAA', VBB', YCG, Pi?!)' are straight 
hues, and we have [Art 55] 

[ABCD] = Y[ABGD] = {A'FG'B'] 

If we have any pencil of four straight Imes meeting in 
0, and these he cut hy any transvemal in A, B, G,D, then 
0 [ABGB] = {ABGD} = V{ABGD] = [A'B'GD’] 

= a [A' BCD'] 

From the above together with Article 62 it follows that 
if any nunibet of points he m involution, their projections 
will he in involution 

Ex. 1 Any chord of a conic through a given point 0 is divided 
harmonically by the curve and the polar of 0 

Project the polar of 0 to infinity, then 0 is the centre of the projec- 
tion, the chord therefore is bisected in 0, and {POQco J is harmonicwhen 
PO=OQ 

Ex 2 Conics through four fixed points are cut hy any straight hue 
in pairs of points in involution [Desorgue’s Theorem] 

Project tiro of tho points into the circular pomts at infimty, then the 
comes arc projected into co-axial circles, and the proposition is obvions 

321 The cross ratio of the pencil formed hy four 
intersecting straight lines is equal to that of the range 
formed hy their poles vnth respect to any conic 

Since the cioss ratios of pencils and ranges are 
unaltered hy projection, we may project tho conic into a 
circle Now in a circle any straight hne is perpendiculai 
to the hne joining the centre of the circle to its pole with 
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respect to the circle Hence the cross latio of the pencil 
formed by foiii intersecting straight lines is equal to that 
of the pencil subtended at the centie of the circle by then 
poles, and thereiore equal to the cross ratio of the lange 
toimcd by then poles 

322 The cross i atio of the pencil formed, hy pining 
any point on a co?iic to four fixed points is constant, and 
IS equal to that of the range in which the tangents at those 
points are cut hy any tangent 

Since the cross ratios of pencils and ranges are un- 
alteied by projection, we need only piove the proposition 
foi a circle 



Let A, B, G, D be four fixed points on a circle ; let P 
be any other point on the circle, and let the tangent at P 
meet the tangents at A, B, G, D in the points A', B', G', D’ 

Then, if 0 be the centre of the circle, OA' is perpen- 
dicular to PA, OB' to PB, OG' to PG, and OB' to PB 
Hence 

{A'B'G'B'} = 0 {A'B'G’B'} =P [ABGB] 

But the angles APB, BPG, GPB are constant, smco 
A, B, G, B 8,1 e fixed points 

Theiefoie {A'B'G'B'}=P{ABGB} = const 

If Q he any point which is not on the circle, Q {ABGB} 
cannot be equal to P {AB GB} , this is seen at once if we 
take P such that AP Q is a, straight hne, and consider the 
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ranges made on BO by the two pencils Hence we have 
the following converse proposition 

T/ a point P move so that the a oss i atio of the i^encil 
formed hy jmmng it to four fixed points A, B, 0, D, is con- 
stant, P loill descnbe a conic passing though A, B, C, D 

Ex 1 The four extremities of two conjugate chords of a come subtend 
a harmonic pencil at any point on the curve 

Let the choids be AO, BD , let E be the pole of BD, and let F be the 
point of intersection of AC, BD four points subtend, at all points 

on the curro, pencils of equal cross ratio Take a point indefinitely near 
to D, then the pencil is D{ABOE} But the range A, B, G, E is 
harmonic, vrbicb proves the proposition 

Ex 2 If two triangles eircumsenhe a come, their six angular points 
are on another conic 

Lot ABO, A! EG bo the two triangles Let EG out AB, AO in E', E, 
and let BO cut A’E, A'G m E,D Then the ranges made on tbo four 
tangents AB, AC, A'B', A'G by tbo two tangents BO, EG arc equal 

Hence {BGED]={E'D’EG), 

A' {BOED}=A{E'D'B'G}, 
or A'{BCB'G}=:A{BCB'G}, 
which proics the proposition 

The proposition may, also bo proved by projcctmg B, 0 into tbo 
cucular points at infinity, the conio is thus projected mto a parabola, of 
which A IB the focus, and it is known that the circle circumscribing 
A'EG will poss through A 

323 Def Banges and pencils are said to be homo- 
graphic when every four constituents of the one, and the 
coixesiionding four constituents of the other, have equal 
cross ratios 

Another definition of homographic ranges or pencils is 
the following — two langes or pencils are said to be homo- 
graphic which aie so connected that to each point or line 
•of the one system corresponds one, and only one, point of 
the other 

To show that this definition of homogiaphic ranges is 
equivalent to the former, let the distances, measured from 
fixed points, of any two corresponding points of the two 
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systsms be y } then we iiiust have an equation of the 
form 

cy-^d 

The proposition follows from the fact that the cross 
ratio of every four points of the one system, namely 

(a, -a;,) ’ 

IS not altered if we substitute — for , and similar 

cy^-'rd 

expressions for and x^ 

Ex 1 The points of intersection of corresponding lines of two homo- 
graphic pencils describe a conic 

Let P, Q, E, S be four of the points of interseotion, and 0, O' the 
vertices of the pencils 

Then 0{PQIi8i=0'{PQJtS}, therefore [Art 322] 0, O', P, Q, E, S 
are on a conic But five points are suificient to determine a come , hence 
the conic through 0, O' and any three of the mtersections will pass through 
every other intersection 

Ex 2 The lines joining corresponding points of two homographie 
ranges envelope a come 

Let a, h, c, d bo any four of the points of one system, and a', V, o', d' 
be the corresponding pomts of the other system Then aa', bb', cd, dd' 
are cut by the fixed hnes in ranges of equal cross ratio Hence a conic 
will touch the fixed lines, and also aa', bb', cc', dd' But five tangents are 
sufficient to determine a come, hence the come which touches the fixed 
hnes, and three of the hnes joming corresponding points of the radges, will 
touch all the others 

Ex 3 Two angles PAQ, PPQ of constant magnitude move about 
fixed points A, B, and the point P describes a straight line, shew that Q 
describes a conic through A, B [Newton ] 

Corresponding to one position of AQ, there is one, and only ofae, 
position of BQ Hence, from Ex 1, the locus of Q is a conic 

Ex 4 The three sides of a tnangle pass through fixed points, and the 
extremities of its base he on two fixed straight lines , shew that its vertex 
describes a conic [Maclaunn ] 
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Let A, B, Clie the three fixed points, and let Oa, Oa' he the t\\o fixed 
straight lines Suppose triangles dra\m as m the figure 



Then the ranges [abed } and {fl'6'c'd' } are homographie There- 
fore the pencils B [abed } and 0 [aWd' } are homographic 

Ex 5 1/ all the sides of a polygon pass through fixed imvnts, and all 
the angular points but one move on fixed straight lines, the remaining 
angular point mil describe a conic 

Ex 6. A, A' are fixed points on a come, and from A and A' pairs of 
tangents are drawn to any eonfocal come, which meet the original come tn 
C, JD and C, D', shew that the locus of the point of intersection of CD 
and CD’ is a come 

The tangents from A to a eonfocal are cc[ually inchned to the tangent 
at A [Art 228, Cor 3], therefore the chord CD cuts the tangent at A in 
some fixed point 0 [Art 195, Ex 2] So also C'jy passes through a 
fixed point O' Eow if we draw any hue OCD through 0, one eonfocal, 
and only one, will touch the hnes AG, AD, and the tangents from A' to 
this eonfocal will determine C and C, so that correspondmg to any 
position of OOD there is one, and only one, position of CCD' The 
locus of the mtcrsection is therefore a conic from Ex 1 

Ex 7 If AOA', BOB', COC, DOC he chords of a conic, andP any 
point on the curve, then will the pencils P{ABGD } and P{A'B'C'iy } 
be homographie 

Project the come mto a circle haring 0 for centre 
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Ex 8 If tliere are tico systems of points on a come which subtend 
homographic pencils at any point on the curve, the lines joining corre- 
sponding paints of the two systems will envelope a conic having double 
contact until the original conic 

Let A, B,C,D , and A', B', G\ D’ be the two systems of points 
Project AA‘, BB', CG’ into equal chords of a mrctle [Art 319, Ex 5), let 
P, P' be any pair of corresponding pomts, and 0 any point on the circle , 
then we have 0 {ABGP}=^0 {A'B'G'B'}. Hence PP' is equal to AA', and 
therefore the envelope of PP' is a concentric circle 

Ex 9 a polygon be inscribed tn a conic, and all its sides but one 
pass through fxed points, the envelope of that side will be a come 

This follows from Ex 7 and Ex 8 

324 Ant/ two hues at ? ight angles to one another, and 
the lines through thevt mtersection and the cit cular points at 
infinity, foi ni a harmonic pencil 

Let the two lines at nght angles to one another he 
icy = 0, then the lines to the circular points at infinity will 
he given hy By Aii; 58 these two pairs of 

hues are harmonically conjugate 

We may also shew that two hnes which aie inclined at 
any constant angle, and the lines to the circular points at 
infinity, form a pencil of constant cross ratio 

Ex The locus of the point of intersection of two tan- 
gents to a conic which divide a given line A'B hai monicaUy 
IS a conic tluough A, B, and the envelope of the choid of 
contact IS a conic which touches the tangents to the original 
conic from A, B 

Project A, B into the circular points at infinity and 
the proposition becomes ' the locus of the point of mter- 
section of two tangents to a conic which are at right angles 
to one another is a circle, and the envelope of the chord of 
bontact is a confocal conic 

£ 4 < 

325 The following are additional examples of the 
methods of reciprocation and projection. 
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Ex 1 If the sides of a tnangle toueh a come, and » f two of the angular 
points move on fixed confocal comes, the third angular point will describe a 
conjocal conic 

Let ABC, A'B’C be two indefimtelj near positions of the tnangle, 
and let AA', BB', CC produced form the tnangle PQB The six pomts 
A, B, C, A', B', C are on a conic [Art 322, E\ 2], and this conic will 
ultimately touch the sides of PQB in the points A, B, C Hence P^, QB, 
P(7 will meet in a point [Art 186, Ex 3], and it is easily seen that the 
pencils A {QCPB}, B{BAQG), C{PBBA\ are harmonic Now, if A move 
on a come confocal to that which AB, AG touch, the tangent at A, that 
IS the hne QB, will mahe equal angles with AB, AC Hence, smee 
A {QCPB} IS harmonic, PA is perpendicular to QB Similarly, if B 
move on a confocal, QB is perpendicular to BP Hence BC must be 
perpendicular to PQ, and therefore GA, CB make equal angles with PQ , 
wdience it follows that G moies on a confocal conic 

[The proposition can easily be extended For, let ABGD be a quadri- 
lateral ciicumscnbing a conic, and lot A, B, C moie on confocals Let 
BA, CB meet lu E, and AB, DC mP Then, by considering the tnangles 
ABE, BQF, we sec that E and P move on confocals Hence, by con- 
Bidormg the tnangle CEB, wo see that D will move on a confocal ] 

If we reciprocate with respect to a focus we obtain the following 
theorem 

If the angular points of a tnangle are on a circle of a co-axial system, 
and two of the sides touch circles of the system, the third side will touch 
another circle of the system [Poncelet’s theorem ] 

Ex 2 The six lines joining the angular points of a triangle to the 
points where the opposite sides are cut by a conic, will touch another 
come 

The reciprocal theorem is — 

The SIX points of intersection of the sides of a triangle with the tangents 
to a come drawn from the opposite angular points, will he on another 
come 

Project two of the points into the circular points at infinity, then the 
opposite angular point of the tnangle will bo projected into a focus, and 
wo have the obvious theorem — 

Two lines through a focus of a come aie cut by pairs of tangents 
parallel to them in four points on a circle 
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Ex 3 Tho following theorems are dcdncible from one another 

(i) Two lines at j ight angles to one another are tangents one to each 
of two confoeal conics, shew that the locus of then intersection is a circle, 
and that the envelope of the line joining their points of contact is another 
confoeal 

(ii) Two points, one on each of two eo-axtal circles, subtend a right 
angle at a limiting point, shew that the envelope of the line joining them 
IS a conic with one focus at the limiting point, and that the locus of the in- 
tersection of the tangents at the points is a co axial circle 

(in) Two lines which are tangents one to each of two comes, cut a 
diagonal of their circumscribing quadrilateral harmonically, shew that 
the locus of the intersection of the lines is a come through the extremities 
of that diagonal, and that the envelope of the line joining the points of 
contact IS a come inscribed in the same quadrilateral 

(iv) AOB, COD are common chords of two conics, andP, Q are points, 
one on each conic, such that 0{APBQ} is harmonic, sheto that the envelope 
of the line PQ is a conic touching AB, CD, and that the tangents at P, Q 
meet on a conic through A, B, C,D 

(v) If two points be taken, one on each of two circles, equidistant ft om 
their radical axis, the envelope of the line joining them is a parabola which 
touches the radical axis, and the locus of the intersection of the tangents at 
the points is a circle through their common points 


Examples on Ohaptee XIV 

1 Shew that an hyperbola is its own reciprocal with 
respect to the conjugate hyperbola 

2 Shew that a system of conics through foui fixed points 
can be reciprocated into concentric conics 

3 Shew that foui conics can be desenbed having a common 
focus and passing through three given points, and that the 
latus lectum of one of these is equal to the sum of the lateiu 
recta of the other thiee Shew also that then directiuces meet 
two and two on the sides of the tnangle 

4 If each of tw'o comes be reciprocated with respect to 
the other , shew' that the two conics and the two recipiocals 
have a common self-conjugate tnangle 
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5 Two conics X, and aie leoiprocalg with lespect to a 
conic U If be tlie lecipiocal of with leapect to L^,, and 
J/g be the lecipiocal of with respect to Z, , shew that 
and aie iccipiocals with lespect to U 

6 If two pans of conjugate rays of a pencil in ini ohition 
bo at light angles, eveiy pan -will be at right angles 

7 If tMO paii-s of points m an involution have the same 
point of bisection, eveiy pan will have the same point of bisec- 
tion. Wheie IS the cenne of the involution ? 

8 The pairs of tangents fiom any point to a system of 
conics which touch foui fixed straight lines form a pencil in 
involution. Hence show that the directoi circles of the system 
have a common radical axis 

9 Two circles and then centies of similitude subtend a 
pencil 111 involution at any point 

10 If two finite lines be divided into the samo^number of 
parts, the lines jounng concspondmg points will envelope a 
parabola. 

11 If jP, P' be correspondmg points of two homographic 
ranges on the luies OA^ OA\ and the parallelogram POP’ Q be 
completed , shew that the locus of Q is a conic 

12 Three conics have two points common , shew that the 
tlirce lines joining then othei intei sections two and two meet 
in a point, and that any lino through that point is cut by the 
conics in six pomts in involution 

13 Shew that, if the tliieo points of intersection of corie- 
spoiidmg sides of two tiiaugles lie on a straight line, the two 
tnangles can both bo piojected into equilateral tiiangles 

14 Shew that any tliree angles may be piojected into 
nglit angles 

15 A^ By G aic tliiec fixed points on a come, find 
geometiically a point on the curve at winch AB, BO subtend 
equal angles 

16 Thiough a fixed point 0 any line is draivn cutting 
tlio sides of a given tnanglo in A', B’, G' lespectivcly, and P is 
the point on the fine such that {A'B’G'P} is hai monic , sliew 
that the locus of P is a conic 
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1 7 Wlicii loin conics jiass through tour giveu point-^, the 
pencil, foiincd by the jiolais of any point with respect to them, 
IS of constant cross latio 

18 If two angles, each of constant magnitude, tuin about 
their vei tices, in such a manner that the point of intersection 
of two ot then sides is on a conic thiough the vertices, the 
other two sides will intersect on a second conic through their 
vertices 

19 If all the angular points of a polygon move on fixed 
straight Imes, and all the sides but one turn about fixed points, 
the fiee side of the polygon will envelope a conic 

20 If a polygon be cucumscribed to a conic, and all its 
angular ^loints but one lie on fixed straight lines, the locus of 
that angular point will be a coma 
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3 Ans ~ 

+ ( - l)"Pn(j/ “ = ® ^ lines make equal angles with one 

anotlier n Take OA, OB for axes, and let OA, OB, OP, OQ be a, i, 
li, k respectively Smee AF=c BQ, we ba\e h-a=c{k-b) If {x,y) 
bo middle pomt of PQ, 2x=h, 2y = k, wbcnco reqmred locus is 
2x~a=c{2y-b) 7 Toko the fixed lines for axes and let P bo {x, y) and 

Q bo (*', y") Then a/sa+ycos w, j/=y+xcosu Find x and y m 
terms of 2 ' and y', and substitute m tbe equation of tbe locus of P 
8 Use polar co ordinates with 0 for pole 10 The equations of AB, 
AB, BG, CD are <?=0, 0—a, rsin (d-o)+asina=0, and rsm^=bBma, 
where a, b are the lengths of AB and AD, and a is the angle BAD 


The equation of AG is d=tan~i 


bsma 


and of BD is ra sm 0 


a+bcoso’ 

— ab8intt + brsin{tt-d)=0 14 Ans 7y-3a:-19=0, 7x+3y-33=0, 
7y-3x+10=0, and 7*+3y-4=0 lo If the base bo taken as axis 
of X, the sitm of the positive angles the sides make wxtli it is constant 

16 The equation of the locus is _ y _+ (-c-cHa^-d) 

a—b c-d 

The pomts are on the axis of x and a, b, c, d are their distances from the 
ongin 18 Thocquationofthelocu8is(a-a'}a;y + f(x-a}(x-a')=:0, where 
AB IS axis of X, the other given lino the axis of y, and OA=a, OB=a', 
and I the intercept on axis of y 21 The bisectors of the angles between 
the two pairb of straight lines comcido [Art 39] 22 Ans {ah' - a'b)~ 

=4{lia'-h'a) {h’b-hb') 23 Tins is reduced to the precedmg by means 

of question 2 26 The result easily follows from the polar form of the 

equation, \i7, 7;itnn3d+l=0 29 If the straight Imes be y=m^x, 

»„a h.v, 

22—2 


But 
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ay^-\-hy°x+cy3^+d3?3.a(y-m^x){!/-m^)[y~m^), and {l+rniS)(l+ 7 n 52 ) 

(1 + 7«3=) = 1 + (nil + JHo + Ma)® - 2 (Bijm, + JHo^n, + mj^ni) + (miin^ + 7ns7nj 

6® c c® „d6 d® 

+7n37Kj)®-2«tiJ«-W8(«h+®"2+”‘3)+«‘i®"'a®'«3®=l+^ ' ^ ’ 

whenoo tbo result 30 The equation of any pan of perpendicular lines 
IS a:®+Xa;y-p®=0 Hence given equation must bo equivalent to (£x+Fij) 
(x-+\'By — y~) ~0, so tbat E=A, l'+'\Fl=3Sf and \F — E-=3G 


33 Tbo biios are aiii?+2hxy+by- — *^,(a'x^+2h'xi/+b'y-)s=‘0 [Ait 38] 

34 Let lif 0 be (Uji Ji)» (^21 ^ 2 ) ®'^d (o^<f ^ 3 ) , and A ^ E ^ G bo (nj, ^j)j 
(ttj, /Sj), ( 03 , /Sj) Tbc equations of tbo three perpendiculars from A B', G' on 
tbo sides of ABG aiox (« j - fla) + y (bj - ba) - «! (Oa - fla) - ft (b. - ba) = 0 (1), 

S’ K - «i) +' 2 / (ba - bi) - «s («a - «i)- ft (bs-bi) = 0 (2), and x(ai~a^ 

H »/(bi-b..)-o 3 (oi-« 2 )-ft(bi-bj )=0 (3) If (1), (2), (3) mcotinapomt 
the sum of tbo constants is vero, and tbis sum can be written m 
tbo syminotrical form Oiiu - omi + - Ua^a + <* 3 ®i ~ ®i ®3 + boft 

+ bj^3 — bjft + bjft - bj^j = 0 


OHAPTEE IV 

4 The locus is (l-n®) (icS+y®+tt®)-2o(l+7i®)a:s=0, where (a, 0), 
(-a, 0} are tbo two points A, B Tbc common radical axis is 2;=0 
6 Ans *®+y®+2d!e+2cy+/(yl«+Ey)=0 7 Ans 2a?+2y®+2a5+6y+l=0 

K" 

8 See Art 38 9 and 10 Substitute — for t* in the 2 )olar equation of tbo 

hue or of the cirola 12 If a common tangent, BQ, of two of the circles 
cut tbc radical axis in 0, tbc tangents from 0 to all tbo other circles of 
tbo system, mcludivg tbc ItmiUng circles, will bo equal to OP, tlicieforo 
tbo limiting pomts are on a circle on PQ as diameter 13 If one circlo 
IB witbin tbo other, (1) tbc radical axis must cut in imaginary points, 
tbcrofoio b is positive, (2) tbo centres must bo on tlio same side of tbo 
ladical axis, tberoforo a and a' have tbo same sign 13 Sec Ait 8G 
19 Wo may take 

a:cosa+i;Bina-a=0, xoos ^a + ^^+ysin ^ 0 + -o=0, &c 

for tlic equations of tbo sides Tbc sum of tbo squares of tlio perpen- 
diculars from (x, y) is sum of squares of loft sides , and in this sum tbq 

ooolbcients of x- and y- are equal, smeo cos 2a + cos 2 ^ a -h =0 , 
also tbo cocibciont of xy is zero, since sin 2a + sin 2 ^a + — ^ -j- =0. 
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20 -+ -=2, (/(, 1) being the point tlirongb wlncb PQ passes 21 If P 
SC y 

be any point on the circle, and A , P tbo ends of n diameter, PA- +PS-=AP^, 
express tbis in polar co-ordinates 22 Eliminate 0 Condition for 
o fl 5 5 

tangencyis_p=:2flcos-^orp=-2asm*2 23 a;=g,j/=-j 21 Two 

circles 25 The whole lengths of the lines, from the points of contact to 
their intersection, are equal to one another 20 The giicn lines 
must intersect on the radical axis of the circles 27 If gi\cn 
pomts are (±a, 0), and tangents arc parallel to 2 /=rtan d, the equation 
of the locus IS y-+2xi/cot0-x^ + a-=0 29 Por straight lines, 

A-i-B + C=0 31 Anj circle through (±a, 0) is a^ + 7/^-2b!/ -a^=0 

The orthogonal circles areas'’ +y--2esr+fl-=0 33 Tabe T®+2/®-2na:=0, 
a--i-7j--2btj=0 for the equations of the circles 35 The equation 
of the locus IS {h-+c-){x-+ii^-^a-)A‘2tt{b- — c-)x^ ‘lahcij = (x--i-y--a-]^ 
The bisectors touch the circles a:-+(y±a)®=4(i»±c;® 30 Tlio centio 

of the required circle must be tbc radical centre of the three esciibcd 
circles The equation of circle tonclung BC, and AB, AG produced is 
x^+y^+2xy cos A -2s {x+ y) 4-ii-=0 (i), AB, A 0 being axes The radical 

centre of the escribed circle is given bv ^ its co- 

fl + C 0 * C 0 + 0 - 

ordinates are therefore and ^ The radius required is equal 

to the tangent to one of the circles from the radical centre, and this is 
found by substituting the co-ordinates in (i) 37 Let the centres of 

the circles be {x', if), {x", y"), the fixed points (:^o, 0), and the point of 
contact {x, y) Tlien wo have (i) (a:'-o)=+y-=c®, (ii) (a:"+o)» + i/"2=c-, 
(ill) (a:'-a!")- + (y'-y")-=4c’ Also 2a:=a/+a:", and 2y=y’+y" From 
(i) and (II) (y - y') (y + y') 20 (y + x") + { 1 / - y”) {f ^ y'] = 0 , 1 0 a: (y - x") 
-2ax+y = 0 This with (iii) gives ns (if - if') and (y - x") Then, 

tabing (ill) from twice the sum of (i) and (ii), we have (y+y') 2 +(y'+j ^')2 
+4a-~4a (y-y')=0, whence the required locus 


CHArTER V 

4 The parabola is oa:, where 1 n is the given latio 

5 (i) a straight line through the vertex, (ii) the curve y‘=inx-+2ax 

G y-=x-+0ax+a- 10 Tbo chord of coiitactof tangents from ( -4a, k) 

IS yk=2a{x-4a) The equation of the hues joining vortex to pqmts 
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of contact is [Act 


38] y-~ or r-a?-^^ay=0 


Tlie qnnmetiy of tbis 


11 rA-=: and rir=y'=-*-4fl«, Tvhere (*’, y’) is 2 12 Let 

the axis of x be midvray between tbe axes of the parabolas, then their 
equations will be {y — b)‘=4ar, (y-^h)-=iax If y=T} cat the cnrvesin 
{xi, y) and (aij, y) respectively, we have ij=+ 6 -= 2 a(Xi-«-X;) Hence, 
if (S, y) be the middle pomt of intercept, Tf~-h-=ia^ 15 The chord 
whose nuddle pomt is (x', y') is parallel to the polar of {x', y'), its 
equation therefore is (p - 1 /') p' = 2 a (i - a^) If the chord pass through the 
fixed pomt (7i, A), we have {k~y'}y'=2a (h -x‘) Hence the required 

locus IS the parabola y[y-7)=2a{x-h) 25 Let y=mjxx-^ (i), 

y=7n^j-— (u), p=»i 3 X+— (m), and y=j» 4 *+— (iv), be the equa- 

7/li OT 3 

tions of the four tangents The ordinate of the pomt of mtersection of 
( 1 ) and (n) is a , and the ordmate of the pomt of mtersection of 

(ui) and (iv) is a , hence the ordinate of the middle pomt of 

these mtersections is + — •^ — + — ^ Tlie symmetry of this 

2 \mi wi, nig wi^/ •' 

result shews that the ordmate is the same for the middle point of the 
other tiro diagonals 27 If the fixed hne and the two tangents 
make angles a, dj, 6, with the axis, we have 2a=6i + 0^ And if 
(x', y") be the pomt of intersection of the tangents, tmflj and tan 

are the roots of «'= 7 nx'-r — We therefore have tan 2 tt=- , which 

shews that the intersection of the tangents is on a fixed straight hne, 
therefore, &o 33 At pomts common to 4ax=0 and any circle 

x*+y-+2px-i-2fp + c=0, we have ^-j-y^+2g ^+2fy-c=Q Theco- 

efhcient of y^ is zero, hence 27i+j/.-rj/3-pg=0 If therefore the normals 
at Pj, Pj, p 3 meet rn a pomt, pg is zero, for we know that Pi+y 2 +Pa =0 
[Art lOG] 38 Thenormal at {x', p') is 2o(p-p'}+p'(*-x')'=0 If 
tins pass through (ft, A), we have 2aA + p'(ft.-x'-2a)=0, whence daSA-^ 
= 4ax' (ft — x' - 2a)® This gives a cubic equation for x' from which we have 
af+x"-ra^"= 2 ft— 4a,oT(x'— fl) — (x’'+a)— (x"'-}-a) + a= 2 ft, therefore, &C 
41 Take for axes the tangent parallel to the given imes and the diameter 
through its pomt of contact 43 The hne is x = 2a + c 44, The 
ordmates of the normals which meet m (ft, 7 ) are given by 2 a (p-A)+ 
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y (iB-7t)=sO If {7i, 1) be on the curve, wo have 2a(j/-I) + {y--l^=0 

Hence the ordinates diffcient fiom h are given hj y(y + l)+8a~=:0, so 
that yiyn=8a- The cqnation of the chord is y {yi+Vt,) - ^av -yjy^=0, 

hence this outs the axis where »=- - 2a 47 Let y^, y», j/j, y^ 

be the ordinates of the points A, B, 0, D , and let AB, BG, GA, AD 
niabe angles dj, 0., 0^, ^4 with the axis Then [Art 102],2/i+yj=4aootdi, 
and so for the rest Hence cotdi+cotd3=cot0s+cot04, which shews 
that if three of the angles arc constant, the fourth also is constant 
50 Let P, Q, B, S bo j/j) Ac The equation of the circle on PQ as 
diameter IS (y-yj) {y — yi) + (x ~ Xj)(x- ar2)=0 Where tins meets y®=4aa:, 

we have (i/-!7i)(y-!/j)+j^(l/®-yr)(y®-2/2“)=0 Hence y^, 7/4 are the 

roots of lCa-+{yTyi)(y+2/i)=0, so that 273174=^12/2+ 16a" But PQ, MS 

out the axis at points whoso nbscissm are aiid hence 


the difference of these abscissm is 4a 


CHAPTER VI 


4 Gi^ie equation of a lino through the middle point of a chord per- 
pendicular to the chord can bo written down by assuming Art 114 (111) 

15 The ellipse 18 ^ + p 18. UBey=wia:+v7{n®m® + 6®) 

20 Use ccccntno angles 21. The line 27=ni(a;-ae) cuts theelhpse 

where ^2 Puta:=i^ac+^j-p, and shew that the 

product of the roots of the quadratic in p is independent of in 27. If 


P be {a^, y'), the point of intersection of QH and R8 is 



30, The semi-axes of the locus of P are the semi-sum and semi- 
diffcrenco of the radii of the circles 36 The chord which has {a^, y') 
for middle point is parallel to the polar of (s', 17'), its equation is therefore 

{x-x') ~+(y~i/) p=0 Hence, if the choi'd pass through a fixed point 


(/i, 7.), the middle point is on the ellipse {h^x) ^p+(7.-2/) j„=0 37 Let 

P bo (of, y'), and let the chord malvo an angle 0 with the major axis of the 
ellipse The co ordinates of the point on the chord at a distance r from 
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P arc x'+raosO, and y'+rsintf, substitute these co-ordinates in the 
ec^uation of the elhpse for PQ, and in tho equation ^ -f-^=0 for PR, 


then see Art 111 38 

(t (t. 4 . 


/as® ly® 

The equation of tho locus is f ^ ^ - 1 
/a? »/®\® a:®-j-j/® 

39 Tho equation is 


40 Let o, p, y, 8 he tho co ordinates of tho angular points A, B, 0, D 
of the quadnlateral, then, since AB, BC, CD are parallel to three fixed 
straight hnes, we have (o-f/3), O+7) and {7+S) constant, therefore 
(a -I- 5} IS constant 43 Let the co ordinates of Q bo a cos 0 and h sin 0, 
then quadrilateral OPGQ=2 tnangle OCQ=hbBinO-lacQB0—A, sup- 
A h k 

pose Therefore — = - sin ^ cos (1) But (/», h) is on tho tangent 
at <3, therefore ^cosff+g sm tf=l (2) ITrom (1) and (2) wo have 


= — , + ^ - 1 The area of the triangle POQ can be readily deduced 
a-o- a-* 0- 

from that of the quadrilateral 50 Ans 2(J!^®+rt®r®)®=(a®-5*)® 
(o®a:®-6V)® If ^ be tho eoeentno angle of P, tho co ordinates 

of Q are (a+5)cos^ and (a+b)Bin^, or (fl-b)cos0, {b^a)Bin<p, ac- 
cording as PQ IS measured along the noimal outwards or inuards 
55. Let T be (x', y’) In tho quadratic equation giving tho absoissic of 

points whero^ + ^=1 outs tho clhpse, substitute for r [Art 110], 

the product of the roots of tho equation in 7 will bo equal to SP SQ 


CHAPTER VH 

3 An hyperbola 4 An hyperbola 6 A rectangular hyperbola 
19 27y-t-3®-f4=0, 20 *-2=0, y-3=0, ®y-3®-2y+ 12=0 26 The 
lines ]oimng (ay) to the two fixed points (±a, 0) are {yx^~xi/')^=a-(y~y')- 
These are parallel to y®{a:'®-a®)-2®'y'ay+y'2as=0, the bisectors of 

which are Since these bisectors are fixed lines, wo 

have const 
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CHAPTER Vni 

4 If o, ft 7 be the \cotonal angles of A, B, C respectively, 


SA=- 


2 cos® 5 

A 


, and SA'= 


I 


-By 
2 cos g cos ^ 


, Ac 5 As in Art 165 (5), the 


perpendicular on tbe tangent at a makes with the axis an angle 
. Tlicreforo, &c 7 See Art 165 (3) 10 If the conics 


taii~i 


sing 

e+cosa 


I V I 

nre-=l+eco3d, nnd-=l+c'co3 (d— o),the common diords nre--ccos 0 
T T T 

iV ) I V 

= ±} — e'eos 13 If the conics are -=l+ecosft and - 

(r J r r 

Id: I' 

=:l+c'co3(0-a), the common chords arc — =ccoB0dze'coB(O~a) 

T 


7sfcr <{ 

These touch respectivdy the conics — =1*- cos 0 


16 If A bo the 

cdt 

distance of tno focus from the dircctnx, the conics will be — =:l+ccos0, 

1 

e’d 

and — s= 1 + c' cos (d - a) If the conics touch one another at some pomt 

€(t C^tt 

ft the equations — =cco3(?+ cos(<?-/3), and — =:e'cos(d-a)+cos(f/-j3) 
will represent the same straight hnc Wnto the equations m the 


d 

forms - =oos 0 
r 




- Bins , d 
+8in0 — and -=oobi 
e r 


f cos S\ 
|cosa+-/J 


+sm<?^sin , equate the coefficients of cos 0, and of sm 0, and 

chmuiate /3 17 Let the equation of the circle be i =a cos (0 - a), and 

the equation of the conic -=l+ecos<? Eliminate ft and we obtam a 

T 

biquadratic for r 


CHAPTER IX 

7 Ans X=1 8 Aus 10r?+21a:j/ + 9p®-41a:-39y + 4=0 9 Ans 

Sx--2xy~5if+’Jx~Qy + 2=0, and Sx'‘ -2vy - By- + 7x-2y + 20 = 0 
10 Ans. 0x--7xy-3y-~2x~Sy-4:=Q, and Ov^-lxy -3y-~2x-Qy-2 
=0 11 Take 0 for origin, and the axis of x through the centre of 

the circle The equation of the circle will be r=d cos 0 (1) , the equation 
of the conic ox-+2hxy+'by-+2yx+2fy+c=0, or m polars a»®coB®d 
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+ 2/ir®cos 0 sm O+lr^ sin^ ^ +2jrcos 0+2/r sin 0+c=O (2) Eliminate 0 
from (1) and (2), then wo obtain an equation in r tbe product of the four 

cd^ 

roots of which will be , — Since the origin is fixed, c is 
[a — o)“ + 4«^ 

constant, and (a — &)’+47t- is constant from E\ 11 


CHAPTER X 

3 To find tho fixed point m Ex 1, take OP, OQ parallel to the axes, 
then PQ, is a diameter, and CO, PQ make equal angles with the axis 
Hence tho co ordinates of the point can be found referred to the centre 
and axes of tho conic The fixed point in Ex 2 is the point whore the 
tangent at 0 is met by the tangent nt the other extremity of tho normal 
through 0, ns is seen by taking OP, OQ indcfinitcl} near to the nominl 
For locus see Art 138 (4) 7 Take 0 for origin and the chords for 

axes Wb have to proio that is independent of tho direction of tho 

axes 13 In tho parabola p'y" is constant 20 Take 0 for origin, 
the chord and its conjugate for axes, then the equation of the cuno will be 
ax-+by-+2/ti+e=0 Tangents from(a:', yiarcgncn by <^(a!, y) 4>(x', jf) 
- {axr'+6yy+/(y +y ) +c}®=0 , in this put w=sO , then tho cocfiicient of 
X will bo rero if /y'+cs=0, that is if [af, y') bo on the polar of 0 Or, 
let the tangents at P, Q meet m K , then KL, tho polar of 0, is parallel 
to AP , and if QOP meet the polar of 0 in L, \QOPL] is harmonic 
Hcnco {TOS »} is harmonic, and therefore TO = OS 22 (i) a conic, 

(ii) a straight lino 25 A curve of the fourth degree 28 Corre- 
sponding to any point T on the tangent nt P there is one point T such 
that T, T' aic cqmUistant from tho centre, and there is one inter- 
section of tho tangents nt T, T', hence even tangent to tho ellipse 
cuts tho locus in one and onl^ ono pomt the locus is therefore a 
stiaight line If T, T' aro on the director circle, tho tangents from T, T 
aro parallel, therefore the direction of tho pomt nt infinity on tho 
locus is pcipcndiculnr to tho tangent at P, also when T, T are both 
at infinity, the tangents from T, T aro parallel to tho tangent nt P, 
and therefore intersect at tho oxtremitj of tho diameter through P, 
which pnnes the proposition 37 The centre of tlie conic is 

given Hence, if P be tho giien point, P', tho other cxtrcmitj’' of tho 
diameter through P, is on all the conics Tho locus is sucli that SP . SI*' 
IS constant, tins curve is called a Icmiiiscatc 40 Let S, S’ bo 
the foci, S being given, C the centre, P tho given point, and 0 tho 
middle point of SP. Then CD-=:SP . S'P=s ISIO . 00. Tins proves that 
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the locus of i? 19 ft parabola, smco CD and OG ftro dra\in in fixed 
directions, and SO IB fixed. d3 Let the Nanablo dlipso toncli at P, 
and let the tangents at S, P meet in T GT bisects SP in 7'’, and is 
therefore parallel to S'P, so that CT and SP make equal angles ■nitb the 
tangent at P, hence VT—VP=VS, therefore SPP is a nght angle, 
and GT is Uie radius of the director-circle of the lariablo clhpse 
Hence, since CT=\ {SP-^S'P)= constant, the question is reduced to 37. 
44 This follows from Ex 23, Cliaptcrsii 47 {PGOG'} is harmonic, 
and GOG' IS a right nnglo, therefore CP and CO make equal angles with 
CG Then sec solution of 2 53 Ans e = ^ab o4 Lot the 

come which goes through A, B, G, D, B out the circle ABE in G, then, 
AB and CD make equal angles with the axes, and so also do AB and 
EG , hence EG is parallel to CD, so that G and F arc coineidcnt The 
direction of the axes is known, we have therefore onlj to find the centre 
If V, T'' are the middle points of CD and EF respectively, W' is a 
diameter Draw a circle through D, C, E if this out the come in a 
fourth point JI, EH and CD make equal angles with the axes of the 
conic, tbereforo EH is parallel to AB , hence the lino through the 
middle points of AB and EH is another diameter Thus the centre 
13 found 55 The six points arc always on a conic, and tho conic 
IS (a*-*" + hi/!/" - 1) («*’ + ly- - 1) - (a®*' + hiji/ - 1) (aare" + hijif - 1) = 0 

[see Ex 8, Art 187] Tho conditions for a circle are x'x" - !/'!/"■= ^ J (1)* 


anix'y"+3^'y'=0 (2) Square and add, then (af^+y'*) (®"'+y"*)= - ~j , 

that IB CP CP'—CS^, where C is tho centro and 5 is a focus, also from 
[2) CP and CP' make equal angles with the axis of x , and (1) and 
(2) shew that P, P' are on different sides of tho transvciso axis “When 
tho curve is a parabola P, P' are on a lino through the foous, and equi- 
distant from the focus 53 The chord of aa:"-l-5y®-l=0 which has 
(*' , y') for middle point is paiallel to the jiolar of (x', y') and its equation is 
(x-x^ a3f+(y-y’) hy'=sQ Tho lino through (a:', y') perpendicular to tho 

chord must pass tlirough 0 (/, g) , hence we have t so that 

(of, y’) 18 on a rectangular hjpcrbola 59 Anj come of tho system is 
given by aa:H6yS-l-X{(a:-a)S+(y-/5)=-c=}=0, where (a, pt) is tho 
point 0. Find tho ccntic, and eliminate X G3 If tho nomal 

to ax-+hy^~l=sO at P(x',y') pass through 0 (/, /;) wohavo'^^ s=~^, 

(tic y 

or/bi/'-nyar' +(«-&) ay- 0(1) Wchavo toshew that ^^ + ’^*'-=0, 

X y 
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or xy +ya^-23fy’=0, vpill go tlirough the same point if (sB'.y') is my 
one of the four points of intersection of (1) and the conic The pointy 
y 2 


X 

18 ~ •" — — - 
fb -ag b-a 


73 A conic 


75 The four points are 
&o, where {*'«') 5.c ore the feet of the normals Now, if 

V !/7 

(ft a) he the point at whicli the normals meet, 

Hence is on the straight line/® - oy=a‘ - b-, and so also are tlio 

\» yj 

other three points 83 If y=m(x-ae) be the chord, the circle is 
a?-a-+y^+2viaey -m-b~=0, 01 + ^^—1 - -^^(aey -7nb^-‘=0 96 If 

xy=s<? ho the equation of the hjqiorholn, and (®i, y^) Ac ho the four 
pomts, and (a. /3) be P, then PA Pa=--^^^ ~ ~ 


OHAPTEB XI 

3 Let the equation of the conic which passes through 0 bo ax- +2hxij 
+by^+2fys=0, the tangent and normal at 0 being axes If a'v-+2h'xy 
+ 1/y‘^+2g'x+2f'y 4-c'=0 bo the equation of another conic, all the conics 
through their common points are included in ax" + 27ixy+by^+2fy 

+}i{a'x^ + 2h'<xnj + b'y-+2g'x +2/y + 01=0 Put w=sO, then — + -i- 

®i ®2 

2n' 

= and therefore is independent of A 5 The axes of the paia- 

holas are alwajs parallel to conjugate diameters [Art 207] Now in a 
given ellipse the acute angle between two conjugatcdinmcters isleastwhcn 
they are the equi-conjugates , and in different ellipses tlie angle between 
the equi-conjugatos is greatest in that whicli has the least eccentricity 
Hence if a pair of conjugate diameters are known, the conic has the 
least eccentncity when they are the cqui-conjugates 6 If 2'<2, TQ' be 
the tangents, and 7'^ bo the middle point of QQ', TV and QQ'are parallel to 
conjugate diameters See solution to 6 1C Use the result of Ex 2, 

Art 219 21 A circle 24 tan® where ^ is the angle between 

the tangents 25 The result follows from Art 229 and Art 186, Cor 
1 28 Art 227 33 If TO' be tlie other bisector of the angle QTP, 

then T{QOPO'} is hnnnonic, and therefore TO' is the polar of O Let 
BOB' cut TO' in A', then 2' {BOB'JT} is harmonic, and OTP is a right 
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nngic, hunco RT, R'T make equal angles with OT 37 and 38 Use 
*If a citclc cut a parabola in four iiomts the sum of the distances of thoso 
points from tho axis of tho parabola is zcio ’ 42 Show that the conic, 

nith respect to \ihich tho triangle formed by » = 0, y=0, and lx+niy + 1 
s=0 IS self-polar, 18 av~+2lnixy + by-+21x+2my+l=:0 50 Lot tho 

hj'pcrbola be 2xy=c, and tho first circle x-+y- + 2gx+2fy=:0 Let 
[xi, yi) Ac bo the four points The equation of tho second circle is 
**4 y-+2xx^+2yy^=0 Tho pomt of mtcrsection of the tangents at B, G 

18 ( 2 , — - — j, this IB on tho second circle if c®(x 2 +a;j + a: 4 ) 

\ ai. + iCg Tj+a-j/ 

+ Ix^r 4 (a:jr 34 -a^a: 4 +a: 4 a:j)= 0 (l) Now the equation givmg tho abscissai 
of *1, B, G, J) is 8(yar'+4/ca:+c®=0 Hence ix-^x^^^=c-, and 
a:;i(x.j4*a+»4)+a2*3+*b®4+*i®a=®t and these show that (1) is true 


CHAPTER XH 


1 A 2 )nriibolu 3 An hyjierbola 4 (1) A similar clliiise (2) 

All cIliiisc 12 A common chord, which is not a diameter, subtends a 
nght angle at the centre Tho envelope is a circle 16 If tho 
come IS aa:? 4 (y*=:l, and c the radius of tho ciiclc, tho envelope is 

1 1 

iu?+by^ss—^ Tho envelope is the origmal conic if c®=- 4 x » that is, 


a b 

20 See Art 197 25 

26 If the origmal conic 


27 Take the fixed 


if tho circle is the director-circle of the conic. 

The equation of the cnvcloiic is xy= ±iah 

IS -;4,-o=l, the cmclopo is -i + ^,-f2-=( 
a- b^ “■ a- b- a 

point foi ongiii, and let the lines be (x- n) (x-a')=0, then tho cn\ elope 

is (a-n')-y*=4rt«'(*-a) (aj-a') .11 Take tho given diameters for 

axes, and let tho conic be t-2/ixy + by--l=0 , then the envelope is 

4.(ax+/iy)(bx+by) = j^'^~ 18 Let the equation of the como be 

fla:®45y®-=l, and let 0 bo (o, /3) Trnnbfer tho origin to 0, and let 
lx+}ii'/ + l=0 bo tho equation of BQ, one of the cliordb Write down 
the equation of OB, OQ [Ait 38], thou the condition of pcrpcudiciilarity 
gi\es the tangential equation, vi/ (P+ni-) (tia- + b^-l)-2aal-2b^m 

+ a + b=iO One focus is (0, 0), tho centre is ^ ~ 

tlio otlici focub 18 ^ 

\ a-ib’ a+bj 

aro coiifocal 


If n b lb const int, the envelopes 


If the given conic is a rectangular hjqierbola a46=0, and 
tho envelope is a parabola 



APPENDIX. 


N B Tlio following aro important special forin'^ of tho tangential 
cq.natiou ^ (1, in)=0 

(i) If c=0, tho conic IS a parabola 

(u) Jfa=b=0, tbo conic toaclics the axes 

(ill) If n=6, and h =2rt cos u the ongm is a focus 


CHAPTER XIH 

abc 

a'. /S'. 7 ' 

8A- 

e". p', y" 


o'", p\ 7 "' 


3 Tho four points of intersection of any two of the comes aro of tho 
form i/, ip, ± li Tho conic «o 2 +^/S*+^^ 7==0 nill pass through tho 
points (±/, ±</, ±70, and (±/', ip*, iA*) if «/®+tp'+w7r=0, and 
«/^ + iil^+jc7i'2=0 6 Let the lines be laJ=mp^ny=Q , then the 

tno pomts on tho diagonal tt=0 are given b 3 Mi®)S®+2Xj3Y+n*y>=0, tt=0 
The other pairs are n-y^+2jiya + Pa-’=^0, P—0, and Pa-+2vap+vi-p^ss0, 
ys=0 These are all on the conic Par+m-p‘+n^+2\py+2nya.+2vap=t0 
7 The peipendicnlar distances of (a, p, y) from the three sides are 

i («a- bp-cy), Ac Hence the equation required is 

a* Ifl c= 

1 ^ _ =0 

hp+cy~aa cy+<ia, — hp aa+bp-cy 

8 The equation of the onde is of the form ojSy + 670 + 00 / 3 +X {aa+bp 

+ C7)*=0 If this cut BC m P, F, then BP. BP'=i^-B,- 9 Tho 

point nhich is at a distance p from (oj, /3 q, 7 o), on a hne parallel 

to BO IS (oj, /Sj+psin (7, 7 Q-psm B) If this pomt be on tho conic, we 

have 


PiPi.= 




-IsmB smC 


Hence we haio 


if a* ?«> 

[If the conic aero giion bj the geneial equation no should ho\e 

p p Po, To) 

V saPG+w sin-B -Sii'sin Bsm <7 * 

Hence we find at once the conditions for a circle, viz tc*+w6--2M'6c 
£= similar expressions ] 
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11 If T be {j, q, h), K, L, M me on Iho lino “ h ^ -i | = 0 If I' be on 
Ja+vip-i-ny^O KL'^TioadiC’i tjla + iJmp+^ny—Q 12 If 0 bo 

(f, q, h) mul O' be If, q', ;»') then /f is p\cn by jy-^^^'Zg'U) 


= -rr,-r V- / r If O' 0“ 

qq {>ij - by ) hh {tq ~j q) 

^i5v^ /i7tt+>'«^=0, Z IS the filed point (\, p, t>) 

(ll\oinplc,s 11 nnd 12 nro tfihen from mi interesting psper hj llov H 
Mm tin published in the ^Trsffl^qerof Mothenmltcs, Vol IV) 

18 If «a®-J t/P-rirT® =0, bo n pambolft it will toueh the lino nt infinit} , 
nnd thmforo nil the four lines gixen hj aai&jSiC7=:0 20 If 


/J, 7') be one focus, the olhci Mill bo 



MTito down tho con- 


dition Hint the fixwl iKiiiil (/, 0. h) tnnj be on the line joining these two 
jwiiits 3 1 Let ( f, q. It) bo the point of inlcrKection of A f', HJi' , GC, 
Uieii A' is (f , q, ;<), il' IS 0. (I't b), mid C is If, g, W) JiC, C’/t' intersect 


III A*" where ° y Honce the equation of I' A*’ is 

a /* 7 1=0 

/' q b 

r q’ b'* 


II IS clear that A‘A'\ mid also tho other ti.o diagonals li’Ji", C C", of 
the hexagon foniu'd b\ the six lines, pass through tho point {j ) /', q+q’, 
h-^h'] lI«nco bj lltianehon's Theorem tho hexagon ciroumsciibcs n 
conic 10 Consider nnx two of thf comes, nnd driiM their fourth 
cnnnnon tangent Then, tho radicnl axis of their director-circles is tho 
direttrix of the parnbola touching the four lines [\it 200 (5)], fhomdicnl 
nxiB thereforo [Art 008, Ilx 1] passes tlirough tho orthocciilro of tho 
onginnl triangle Tlien, sinco tho dircctor-circlcs nro equal, it follous 
that the centre s of anij heo of the conics, and therefore tho centres of all 
tho conics, arc equidistant fioin tiioortliocr litre of the triangle 11 Tho 
centre of tho circle i\ith respect to mIhcIi the tnaiiglo is self polar is tho 
orthocentre Hence, from Ih, the theorem Mill bo true for all comes 
mIiosc director circles nro equal, if it be true for nnj one of them Let 
AJiC be tho triangle, and O the orthocentro, nnd lot OA cut J}C m A' 
Then, if J> he nnj point on JJC, the hue AP n. u limiting form of an m- 
senbed conic, nnd the circle on Al* ns ilinmetcr is its director-circle , nlso 
OA O i' IS equal to the hquaro of the tmigcnt to this cuclo from 0, nnd 
OA.OA' IS cqu.1l to tho square of the rndiusof tho self-polar circle, lienee 
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the Eelf'polar circle cuts the director circle at right tingles Tins proves 
the proposition, since P is any point on BG 60 The equations of 
the tangents from the angular pomts of the fundamental tnangic are 
Fs-,+ Wy~-2V'yz=:0, Sta Hence the six points arc on the coma 
F7rrs+ WUy-+ UVe^-2UU’yz-2VV’sx~2WWsaj=0, 

1 ' intersects 

17'%s+ry+ We^-2V'W'yz-2W'irzx 2U'rxy=0 
in the same four points ns 

(jnv- v‘)ttP+ +2 (rir - vir)yz + =o 

But this latter conic is the oiiginnl come, smoe VIJ’’- I7'-=mA, &o 


THE END 


axinmincn puimed bt johm ciiax, m a at the nvivEnsiir piinss 




